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Abstract: We consider a two-qubit superconducting system. By introducing the two measures of Concurrence 

and discord, we calculate the value of the correlations of this system and also determine the changes of the 

correlations of this system with respect to the temperature and the coupling of the circuits. 
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1 Introduction 

Quantum correlation is an important feature in quantum mechanics. Correlated systems are divided into 

entanglement and non- entanglement correlations. For each of these categories, a specific measurement is 

required. The most well-known measure for measuring entangled system is the Concurrence. The discord 

measure is also used to measure the whole of quantum correlations. The Discord for the first category is non-

Zero, but the Concurrence for the second category is always zero. 

Recently, several types of superconducting qubit studied such as phase qubits [3], flux qubits [4] and else. 
The system discussed in this paper is a superconducting system that can create a two-qubit entangled state, 
using a particular arrangement, and the superconducting qubits are fluctuations of ng1 and ng2 (ng1 and ng2 are 
value of charge in circuit 1 and 2). 

2 Model 

We make two superconductor qubits by two Quantronium circuits. (The two paired quantum circuits are 

considered as entangled qubits) 
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Fig. 1: Two paired superconducting qubits, each qubit containing a circuit with several Cooper pair boxes, a charger and a 
capacitor 

The two qubits are coupled to each other by an intermediate capacitor. The Hamiltonian of this system is 
equal: [2] 

H = EC1(ng1 − n1)
2

− Ej1 cos ϕ1 − EC1(ng2 − n2)
2

− Ej2 cos ϕ2 + Em(ng1 − n1)(ng2 − n2)                       (1-2)  

 
(That Em is energy of intermediate capacitor, 𝐸𝐶1

, 𝐸𝐶2
are energy of capacitors C1 and C2.) According to the 

approximations EJ1,2 ≫ Emas well as the methods mentioned in the article in Ref. [2], the effective Hamiltonian 

of system is as follows:[4] 

 

𝐻 = −
1

2
(𝐸𝑗1𝜎𝑧1 + 𝐸𝑗2𝜎𝑧2 − 𝐸𝑚𝜎𝑥𝜎𝑥)                                                       (2-2) 

 
That Ej is the Josephson energy of any circuit and σz, σx are Pauli matrices at the basis{|𝑛𝑔

1
>}  =  {|0 >

, |1 >}, {|𝑛𝑔
2

>}  =  {|0 >, |1 >}. The eigenvalues of this Hamiltonian matrix are equal to: 

 

𝐸1,2 = ±
1

2
√(𝐸𝑗1 − 𝐸𝑗2)

2
+ 𝐸𝑚

2 , 

𝐸3,4 = ±
1

2
√(𝐸𝑗1 + 𝐸𝑗2)

2
+ 𝐸𝑚

2 ,   (3-2) 

 
And the eigenvectors are also calculated as follows: 

𝑉1,2 = {0. ,
(−N ± M)

Em
, 1. ,0. } 

𝑉3,4 = {
(−L ± M)

Em
, 0. ,0. ,1. } 

                                                                        (4-2) 
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Where in (3-1) L, M, N are as follows: 

M = √(𝐸𝑗1 − 𝐸𝑗2)
2

+ 𝐸𝑚
2  

N = (−𝐸𝑗1 + 𝐸𝑗2) 

L = (−𝐸𝑗1 − 𝐸𝑗2)                              (5-2) 

 

The density matrix is 𝜌𝑡ℎ =
1

𝑍
exp (−

𝐻

𝑘𝑇
) (at equilibrium temperature 𝑇) where 𝑍 = 𝑇𝑟 (exp (−

𝐻

𝑘𝑇
)) is the 

partition function and k is the Boltzmann constant. 

3 Introduction of Measures used in this study 

To calculate the correlations of this system and also to study the changes in the correlations of this system 

with respect to temperature, we must first introduce the measures used. For this purpose, we introduce two 

measures, Concurrence and Quantum discord. Concurrence is one of the most suitable measures of 

entanglement, which was originally proposed for arbitrary two-qubit states by Wootters [5]. Concurrence is 

calculated the following formula: [5] 

 

C = max(0, λ1 − λ2 − λ3 − λ4)          (1-3) 

λi are eigenvalues in descending order of the Hermitian matrix √√ρρ̂√ρ , where ρ̂ = (σy⨂σy)ρ∗(σy⨂σy) is at 

the basis |0,0 > ,1|و ,0 > 0,1| و > 1,1| و > . 

Quantum discord is defined as the difference between total and classical correlations were: [1] 

𝑄𝐷 = 𝐼(𝜌) − 𝐽(𝜌)      (2-3)

  

Where 

𝐼(𝜌𝑎𝑏) = 𝑆(𝜌𝑎) + 𝑆(𝜌𝑏) − 𝑆(𝜌𝑎𝑏)                                            (3-3) 

Where  𝑆(𝜌) = −𝑇𝑟(𝜌 𝐿𝑜𝑔2𝜌)is von Newman entropy and 

𝐽(𝜌) = 𝑆(𝜌𝑎) − 𝑚𝑖𝑛
(𝛱𝑗)

𝑆𝛱 (𝜌(𝑎|𝑏)).                (4-3) 

Density matrix of Equation 1 for EJ1 = EJ2 = EJ and 
Em

k
= 1is as follows:  

ρth = (

a 0 0 b
0 c d 0
0 d c 0
b 0 0 a

)                            (5-3) 

 

Here: 
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a =
e

β

2 ((−1 + eα)Ej + (1  + eα)Δ)

2χΔ
 

b =
e

β

2(−1 + eα)Em

4χΔ
 

c =
1  + eβ

2 Γ
 

d =
−1+ⅇβ

2Γ
                                                                   (6-3) 

 

In the above relation (6-3), Δ2, α, β and χ are defined as follows: 

Δ2 = Ej
2 + 0.25Em

2 ,α =
2Δ

kt
,         β =

Em

kt
    ,Γ = 1  + eβ + e

−α+β

2 (1 + eα) , χ = e2α + eα+
β

2 + e
β

2 + e
α

2
+β (7-3)     

And the Concurrence of relation (5-3), is as follows: 

Concurrence =  Max[0,2(|b| − √c2), 2(|d| − √a2)]                                                                                                           (8-

3) 

 

The following graph (Fig. 2) shows changes in quantum correlations with respect to the increase in 

temperature and energy of the Josephson energy. 

 

 
Fig.2: Concurrence (blue chart) and quantum discord (red chart) with changes in temperature and Josephson energy. 

 

 

We calculated Concurrence with increasing Josephson energy in both circuits in different temperatures (Fig.3.).  
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Fig .3. Concurrence with respect to𝐸𝐽1
, 𝐸𝐽2

 𝑎𝑛𝑑 𝑇.(a): T=0.1, (b): T=0.3,(c): T=0.7, (d): T=1 
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4 Conclusion 

In summary, we calculated the value of the correlations, we also determine the changes of the correlations of 

the two-qubit superconducting system with respect to the temperature and the coupling of the circuits. 

The results show that: 

1-Maximum of both measures (Concurrence and the Quantum discord) are at EJ1 = EJ2 = EJ =2mJ, and the 

value of this maximum decrease with increasing temperature. Both measures behave similarly. 

2-At energies less than 1 mj, with the increasing amount of energy, the quantum discord becomes more 

significant than the concurrence, of course, this comparison is quantitative, not qualitative, because the two 

measures are fundamentally different. 

3- As the temperature increases, the maximum concurrence a shift towards high energy (Fig .3).  
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