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Frame and G-frame in Hilbert spaces
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Abstract: In this paper, we investigate frames and g-frames and show that constructs the direct sum
of frames for a finite number of frames. also, We show under what condition it becomes g-frames to
T* —g-frames. Finally, we generalize Sun ’s theorem to Parseval frames.
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1 Introduction

Frames for Hilbert spaces were first introduced by Duffin and Shaeffer [[0] in 1952 to study some

problems in nonharmonic Fourier series, reintroduced in 1986 by Daubechies et al. and popularized from
then in [, 2, 8, 0T]. Frames are generalizations of bases in Hilbert spaces, a frame as well as an orthonormal
basis allows each element in the underlying Hilbert space to be written as an unconditionally convergent
series in linear combinations of the frame elements, however, in contrast to the situation for a basis, the
coefficients might not be unique. Frames are very useful in characterization of function spaces and other
fields of applications such as filter bank theory, sigma-delta quantization, signal and image processing and
wireless communication, see[3, 04, @, [T, I3].
Nowadays, frame theory is a standard notion in applied mathematics, computer science and engineering,
but technical advances and massive amounts of data which cannot be handled with a single processing
system have increased the demand for the extensions of frame e.g, fusion frames, g-frames, weaving frames,
etc. [2, B, 3]. Fusion frames are generalized frames and were introduced in [I3]. Fusion frames have
important applications e.g. in distributed processing, sensor networks and packet encoding. Over the
years, various extensions of the frame theory have been investigated, several of them were contained in the
elegant theory of g-frames. Sun [i5] introduced g-frames as another generalized frames. He showed that
oblige frames, pseudo-frames and fusion frames are especial cases of g-frames. Some authors call it the
operator-valued frame. Kaftal et.al developed operator theoretic method for dealing with multiwavelets
and multiframes, see[l, B, [H]. Throughout this paper, H denotes a separable Hilbert space with inner
product (.,.) and Iis a finite or countable subset of Z, and {H; : ¢ € I} is a sequence of separable Hilbert
spaces. Also, for every i € I, B(H, H;) is the set of all bounded linear operators from H to H;, and B(H, H)
is denoted by B(H).
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Definition 1.1. A family of vectors {fi}icr in a Hilbert space H is said to be a frame if there are constants
0 < A < B < oo such that, for every f € H,

AN FIPSY KA P <BI LI

i€l

where A and B are lower frame bound and upper frame bound, respectively.
A frame is called a tight frame if A = B, and is called a Parseval frame if A = B = 1. If a sequence
{fi}icr satisfies the upper bound condition, then {f;}icr is called a Bessel sequence.

Remark 1.2. Let {fi}icr be a Bessel sequence in a Hilbert space H. Then

T:0*(I) — H, T(ci)ier ::Zcifi

il
defines a bounded linear operator. The adjoint operator is given by
T™: H— (D), T°f ={f fidier

Furthermore,

DA SIT PSP (f € H).

icl
We call the adjoint of the synthesis operator, the analysis operator.
Composing T with its adjoint T™, we obtain the frame operator

S:H v H, Sf=TT"f =) {f.fif
iel
Note that in terms of the frame operator,
(SE )= Kf £ (f € H).
iel

Theorem 1.3. Let {fi}icr be a frame for H with frame operator S. Then the following hold:
(1)S is invertible and self- adjoint.
(i3) Every f € H can be represented as

F=Y LS =) L f)ST
el el

Proof. Ref []. O

Note that because S : H — H is bijective, the sequence {S™' f;}ics is also a frame. Tt is called the
canonical dual frame of {f;}er.

Example 1.4. Let {e;}?, be an orthonormal basis for a two-dimensional vector space H with the inner
product. Let
f1 = 2eq, f2 = 3ey, f3 = 2e1 + 3ea.
For every f € R?,
A FIPSY KA P <220 £ 1P

i€l
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Then {f:}i_, is a frame for H. Using the definition of the frame operator,

3
Sf=> (f.fi)fi,
=1
we obtain that
Se; = 13e1 + 6eo, Ses = 6e1 + 13es.
Thus,
2,12 618
T 1™ > T 1337 T 133
By linearity, the canonical dual frame is
26 78 36 70 15
{S fz}z 1 {133 1+m 2,@ 17@62’17%617@62}'
Theorem 1.5. Let {f; : i € I} be a frame for H and A € B(H) be invertible. Then {Af; : i € I} is a
frame for H.
Proof. Ref [@]. O

Corollary 1.6. Let {f; : i € I} be a Bessel sequence for H and A € B(H) be surjective. Then {Af;:i € I}
is a frame for H.

Remark 1.7. Let H and K be two Hilbert spaces. We recall that HP K = {(f,g9): f € Hge K} is a
Hilbert space with Pointwise operations and inner product

(£.9.(F 9N = )+ la.g)e  (Ff cHog g eK).
Also, if A € B(H,V),I" € B(K,Y) then for each f € H, g € K we define
APTeBHSK,VaY)by (ADT)(f,g9) := (Af,Tg).
Theorem 1.8. Let {f; : i € I} be a frame with bounds A, B let {g; : j € J} be a frame with bounds C, D

. Then {fi®g; € HOK : (i,j) € I x J} is a frame. Furthermore, if Sy, Sy and S¢ag are frame operators
respectively, then we have Sygg = S§ @ Sy.

Proof. Let {f; : i € I} and {g; : j € J} be frames for H and K, respectively. Since A, B and C, D are
their bounds respectively. Then for every f @ g € H & K we have

ANFIPSY AP <BIFI?

i€l
ClglP<d Kog)*<Dllgl?
jet
Hence
min{A,C} || f @ g ||*= min{A, C}(| f I + | ¢ |I*) <
S K9 (FogP = D K f)+ (fi gl
(i,5)€IxJ (i,5)€IxJ
<max{B,D} || f&g|
Therefore {f; ®g; € H® K : (i,j) € I x J} is frame and moreover,
Sree(f,9) = Y (1,9, (fg))(firg) = > ((f> fi)m + (9,90 x)(fir 92)
(3,5)EIxJ (3,5)€IxJ
= S¢(f) ® Se(g) = (Sf ®Sg)(f D g)-
Therefore Sygy = Sy +5y. 0
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2 G-frame

We observe that various generalizations of frames have been proposed recently. For example, bounded
quasi-projectors , frames of subspaces, pseudo-frames, oblique frames, and outer frames [2, [3, 4, I5]. All
of these generalizations are proved to be useful in many applications. Here we point out that they can be
regarded as special cases of g-frames and many basic properties can be derived within this more general
context.

Definition 2.1. We call a sequence A = {A; € B(H, H;) : i € I} a generalized frame, or simply a g-frame,
for H with respect to {H; : i € I} if there are two positive constants A and B such that

AFIPSYINFIPSBIFI®  (f€H).

i€l

We call A and B the lower and upper frame bounds, respectively. We call {A; : i € I} a tight g-frame if
A = B and a Parseval g-frame if A= B = 1.

If only the right-hand side inequality is required, A is a g-Bessel sequence.

If A is s g-Bessel sequence, then the synthesis operator for A is the linear operator,

TA : (Z @Hi)éz — H TA(fi)ieI = ZA:fZ

i€l i€l

We call the adjoint of the synthesis operator, the analysis operator. The analysis operator is the linear
operator,

Ty :Hv— (> _®H)pe  Tif = (Aif)ier.
iel
We call Sn = TATx the g-frame operator of A and Saf = > . AiAif, (f € H), for more details see
[7‘7, /L]
Theorem 2.2. A frame is equivalent to a g-frame whenever H; = C,i € I.

Proof. Ref [I3]. O

Definition 2.3. Let T € B(H) and {A; € B(H, H;) : i € I} be a g-frame. We say {A;}icr is a T-g-frame
if there exist 0 < A < B < oo such that

AT fIPS i MM IPSBIFIP (f € H).

Theorem 2.4. Let {A; € B(H,H;) : i € I} be a g-frame for H w.r.t {H; : i« € I}. Suppose that
T; € B(H;, Z;) and these exist m, M > 0, such that for each i € I, z; € H;

m||zi|| < || Tl < Mllal,

where each Z; is a Hilbert space and T € B(H). Then
(i) {Ti\N;sT € B(H, Z;) : i € I}, is a T™-g-frame.
(i) If T is invertible, then {T;\;T € B(H, Z;) : i € I}, is a g-frame.

Proof. Let {A; € B(H,H;) : i € I}, be a g-frame with bounds A, B. Then for each f € H,T € B(H), we
have

STITATS 2 30 M2 || ATS P M2B || T |

i€l el

SMPB|TIPIfIP.
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For lower bound, we have

DUNTNTL =Y om? | ATS P> m*A | Tf |*=
i€l iel
m*A | (T*) [ |I?
(ii) If T is invertible operator for each f € H, we have

- - R
IAP=I T T PN T P TS IPS 5 1T Y0 1 Tehaf |

iel

1 —1 2 2
< T T;N;T
< o 177 P I AT |
Therefore
Am? | TP LRI T P DD I AT f |
iel

And hence (i7) is proved. O

Corollary 2.5. Let {A; € B(H,H;) :i € I} be a g-frame and S be the g-frame operator. Then {A;S™2
1 € I}. is a g-frame.

Definition 2.6. A sequence {A; € B(H, H;) :i € I} is called

(1) g-complete, if {f : A\if =0,i € I} ={0}.

(2) A g-Riesz basis for H with respect to {H;}icr, if {Ai € B(H, H;) : i € I} is g-complete and there exist
two positive constants A and B such that for any finite subset J C I and g; € K;

2 T 2
AN g IP<I D A5g: 1P<BY sl
jed jeJ jeJ
(3) A near g-Riesz basis, if there exists a finite subset o of I for which {Ai};cr\o is a g-Riesz basis for H
with respect to {H;}icr\o-

Now we generalize Sun ’s theorem [[5, Theorem3.1] to Parseval frames.

Theorem 2.7. Let {A; € B(H,H;):i € 1} and for eachi € I , {fi; : j € Ji} be a Parseval frame for K;.
Then :

(¢) {Ai : i € I} is a g-frame in H w.r.t {H; : i € I} ( g-Bessel sequence) if and only if {(A:)*(fi;) : ¢ €
I,j € J;} is a frame in H ( Bessel sequence ).

(¢3) If {(A)"(fs;) 13 € 1,j € Ji} is a Riesz basis, then {A; : © € I} is a g-Riesz basis. Conversely if
{Ai :i € I} is a g-Riesz basis and there exists m > 0 such that for each i € Iy and (cij)jer, for each finite

Il g Ji’
1
m(> " leg*)2 <11 eisfislls

jel jely

then {(A:)*(fij) i € 1,5 € Ji} is a Riesz basis.

Proof. (i) For every f € H,i € I, A;f € K; and we have

1A 17= D7 KA, Fi) P = D0 [ AT (Fis))

J€J; JjEJ;
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Therefore {A; : 4 € I} is a g-frame if and only if {(A;)*(fi;) :¢ € I, € J;} is a frame.
(23) Let {(As)*(fi;) : i € I,j € Ji} is a Riesz basis with bounds A and B. For each g; € K; we have

9: =

> ies (gis i) fig and || gi |1P= 32,5, gis fig) %

Moreover Aj(gi) = > ;¢ ;. (gi, fij)Ai (fij) and consequently

A Mg IP=AY > 1< fus > 1P <UD D <gifis > Al (fig) |17

i€l i€l jeJ; i€l jeJ;

=D Mg lIP<BY > I<gfu>P=BY lal*.

iel iel jeJ; iel

For the converse, we assume that {A; : ¢ € I'} is a g-Riesz basis for H it follows that

AY g lP<I > Mg 1P<BY gi I,

i€Jy i€Jy i€Jq

where Jy C J is a finite set.
If gi = ZjEJi C»L'jfij and

9: 11°= (g, > ciifis) = Y @ilgir fia)

J€gi JEJ1
1 1 1
<O e 2O Kgi £i)1)7 = O les)2 1 ga |,
Jj€J; jeJ1 jed;
then for each i € I )
2,1
g < (O lews”)2.
J€J;

So, | Xoiey, 2oicy, cishi(fis) I?< B(> e, |ci]~|2)%7 and by the assumption we have the result.
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