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Legendre Wavelets Technique for Special Initial-Value
Heat Transfer Problem in the Quarter Plane
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Abstract : In this work we have solved the heat transfer equation by means of the Volterra integral
equation and Legendre Wavelets. Indeed, numerical facts show that resolving the related partial differential
equation is difficult which motivates the choice of this approach. The integral equation corresponding to
this system is a Volterra type of the first kind. These systems are ill posed, therefore an appropriate
methods to solve this type of systems is wavelets approach, since wavelets can be generated in the space of
solutions. In this work we use Legendre wavelets to solve the corresponding integral equation. Numerical
implementation of the method is illustrated by benchmark problems originated from heat transfer. The
time evolution of the initial heat function along with the z—axis is exhibited in a three dimensional plot.
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1 Introduction

In this paper, we consider the following special initial-value problem describing the heat transfer on a
quarter plane in one spatial dimension

Ut = Ugz, 0<z<oo, 0<t, (1.1)
u(z,0) = f(z), 0<z < oo, (1.2)
/S(t) u(z, t)dz = g(t), 0<t 0<s(t), (1.3)
and ’
lu(z,t)] < Crexp {Calz['t"}, <1 (1.4)

Where u(z,t) is the unknown temperature function C;,7 = 1,2, are positive constants and f, g and s are
continuous functions.

In [, 7] the authors have solved similar problems using product integration technique, which is a good
method in the case of short time intervals and the second kind integral equation [[H, 2, [, 2, B, @, 6]. But
the product integration is not efficient in the case of integral equations of the first kind therefore we solve
this problem by wavelets in the interval [0, 1] and show the efficiency of the method through two simple
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examples. More applications of Legendre wavelets for the integral equations of the first kind can be found

in [0, 0.

2 Equivalent Integral Equation
This section includes some definitions, lemmas and theorems associated to equations (I)-(IA).

Definition 2.1. The fundamental solution of heat equation is denoted by K (x,t), and the Green’s function
is denoted by G(z,&,t),

K(z,t) :=

2
\/Z%exp{—%}, Gz, &) =Kz —&,t) — K(z + &, 1).

Here and throughout this paper, lhs := rhs, means that lhs is defined by the rhs, similarly lhs =: rhs,
means that Ths is defined by the lhs.

Lemma 2.2. For any integrable function f satisfies |f(x)| < C1exp{C2x?}, where C1 and Cs are positive
constants, lim o [*° K(z —&,t) f(€)dé = f(z), and 0 < t, at the point = of continuity of f.

Proof. See Lemma 3.4.3 of [I]]. O

Theorem 2.3. For continuous functions f,g and s with g(0) = fos(o) F(&)dE the solution u of equations
(CM)-(I3), satisfying a growth condition of the form (IA) has the following representation

w(a,t) = /Ow G, €, 1) F()de — 2/0 %—I;(x,t _ P)é(r)dr, (2.1)

if and only if ¢ is a piecewise-continuous solution of integral equation,

t s(t)
2/0 [K(0,¢ — 7) — K(s(t),t — 1) é(r)dr = gt / / Gla, 6, 0)f(6)ded, 0 <t (2.2)

Proof. We are going to search u(x,t) = ui(x,t)+uz(z,t), in such a way that ui, us satisfy the heat equation
and each of them obeys one of the equations (I), (I3). For this aim, let ui(x,t) = —2 ft IR (gt —
T)G(T)dT, uz(z,t) = [ G(x, &, t)f(€)dE. Based on [, chapter one both of w1 and ug are solutlon
of equation (). Lemma 22 yields u(z,0) = ua(z,0) = limyyo [~ G(z,&,t) f(€)dE = limyyo [ K (z —
&, t)fo(€)dé = f(x), where f, is the odd extension of f to —oo < z < 0. Eq. (3) implies

/S(t){/ Gla, &, 0)f(¢ d§f2/ ath Noé(r)dr| de (2.3)

J S(t/ 6o st 2 [ [T 58 - ~ 7)(7)dedr
/s(t/ G(w7§,t)f(§)d§dx—2/ ¢(7)[K($7t—7')]§zg(t)dr

/S(t/ Gla, &) F(€)deda — 2 /¢ Bt =) - K0t =m)dr,

equivalent to the equation (Z). Note that in row 2 we apply Fubini’s theorem. By consideration of
chapter3 of [I1] the solution u is unique in the class (I) and hence the proof is completed. O

g(t)
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3 Legendre Wavelet technique

Wavelets were first applied in geophysics to analyze data from seismic surveys, used in oil and mineral
explorations to get ”pictures” of layering in the subsurface rock [[0]. There are several bases for wavelets,
such as Haar wavelet, Daubechies wavelets, Chebyshev wavelets, Legendre wavelets, etc [IT, 7, B, 06, [3].
In this work we consider the Legendre wavelets, which belong to an orthonormal set of functions with
respect to the weight function w(t) = 1, in the interval [0, 1], as follow

1ok/2 ky
wnm(t)—{ Ovm+22 Pu@t=2n+1), gimr St<zmw o)) (3.1)

otherwise

where n = 1,...,271, k is an integer, m is the degree of Legendre polynomial P, m = 0,1, ..., M — 1, for
some positive integer M. A function f € LQ[O7 1], can be represented as series of Legendre wavelets

0-2

nmwnm(t), t€[0,1], (3.2)

ﬁMS

where fom =< f,%nm >, is the inner product of f and 4y, in the Hilbert space L?[0,1]. In numerical
processes, we consider the following approximation

2k=1 pr—1

YD famtam(t) = FTUE) = P (f(1),  te[0,1], (3.3)

n=1 m=0

where

|
I

T
I:floaflh (a3} f17M717f207f21’ "'af271\/1*1a (A f2k*1,07 "'aka'*l,]\/Ifl]

[f17f27"'7f1\/15fM+17"'af2k*11\/I]T7 (34)

U(t) = [10(t), P11(t)s ooy P1,00-1(8), Y20(£), Y21 (£), ooy 2,001 (), ooy i1 (), vors P g1 ()]
[ (£), P2(), ooy 0ar (£), Prr 41 (£), ooy Pop—1 0 (1], (3.5)

and for the simplicity of numerical evaluations, we rearrange indices in the second representation of
vectors by the mapping ([52] 4+ 1,4 — M[52] — 1) — i, 1 =1,...,2" "M, where [z] denotes the greatest
integer less than or equal to . Now, we are going to give a theorem on convergence analysis of the
approximated equation (B33). For this aim, let us define vM .= {zpnm in=1,..,2" m=0,1,...,.M — 1},
then

Theorem 3.1. Let f € CM[0,1] and P} (f(t)) € Vi, then

1) = B ()] < M2 max [ 700(e)|,
€

where My ,is a constant, and P} is defined by (G3).

Proof. See Theorem 2.4 of [i4)]. O
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4 Numerical solution of Weakly singular Volterra integral

equation
In this section in order to solve numerically the integral equation (E=2), we use Legendre wavelets. For
given functions f, g and s, the right hand side function rhs(t) = ﬁ( S(t) Iy Gz, &) f(f)dfdx)
is known. So the integral equation (E72) yields
! s(t)® o(7)

1-— — dr =rhs(t), 0 < t. 4.1
[ [i-e{-a 25 }] e =i, 0 < )

Using Eq. (B33) for approximate ¢(t) ~ ®7 U (t) and rhs(t) ~ RT¥(t) in Eq. (&), implies

t)? v(r) T

<I>T/ 1— s( H dr = RTU(t), telo1], 4.2
e {2 G = AT, e (4.2

2
where ®7 = [c1, ¢z, ..., Con—137]", is an unknown vector. Let w(t) = fot [1 — exp {—4??_)7) } 3%0{7', then

from Eq. (B33) we obtain w(t) ~ W¥(t), where W is a 2° "' M x 2*' M known matrix. Substituting these
quantities in (B22) yields, ®TW¥(t) = RT¥(t). Hence, the linear system W7 ® = R, must be solved.
5 Numerical results

Example 5.1. In the problem (I0)-(IA), for f(z) = 1,s(t) = V1,

g(t)—;+{ (176Xp{1j4t )\/@Jr\/zEch(\/%)’ 1<t 7

0, otherwise

_ N/ — Nz / 1
and rhs(t) = (1 exp{ = 4'5}) 1+4e+ Erfc( 1+4t) va<t , the integral equation as-

0, otherwise,
sociated to this problem is,

/Ot {1 —exp{—4(tt_7_)H \Z(ii)TdT: rhs(t),

1
17 Z<t

0. otherwise The column 2 of Table O shows absolute errors of ¢

which has the exact solution ¢(t) = {

att = 0.15¢,5 = 1,2,3,4,5,6, ¢ is exact solution and 5 is evaluated by Legendre Wavelets technique with
M =5,k = 3. Figure 0 shows the time variation of these solutions for the Example B

Columns 3,4,5,6,7,8 of the Table @ show absolute errors of u at (x,t) = (0.154,0.157),4,5 = 1,2,3,4,5,6,
u 1s the exact solution and u is the approrimated solution evaluated numerically substituting ¢ by 5 mu
representation Eq. (E2). Here e;5,1,7 = 1,2,3,4,5,6 is the absolute error of u at (0.157,0.157).

Example 5.2. In the problem (I0)-(IA), for f(z) = 1,s(t) = Vt,g(t) = L+ 60\F (64 - 110/24 + 81\/EErfc{%}>,
and rhs(t) = to/g (64 - 110/24 + 81\/5Erfc{%}), the integral equation associated to this problem is,

/Ot {1 — exp {—4(i(i)27) H \Z(f)dT = rhelt)
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Table 1: Absolute errors of qg and u for the Example B.

5

{ |6 — &l e ei2 ei3 €i4 eis ei6
1 negligible negligible 3.22x10~™ 218 x 10~ 221 x10"10 375x10°10 269 x 108
2 negligible negligible 1.22 x 1071 1.63x 1071 8.66 x 1071  1.00 x 10710  4.76 x 10~°
3 negligible negligible 5.41 x 1076 148 x 10716 469 x 1071 3.73x 107" 7.43x107?
4 133 x107'3  negligible 3.53 x 10716 1.22x 10717 1.84x 107" 8.60x 107'2 3.55 x 10710
5 5.17x 1071 negligible 1.32x 10716 1.10 x 10717 559 x 10712 1.52x 107 6.67 x 101!
6 6.64 x 107'2  negligible 3.67 x 10717 1.08 x 1071®  1.06 x 10712 1.29 x 10712  4.19 x 10712
1.0
0.8
08 i ?(x)
B(x)
0.4
0.2 0.4 0.6 0.8
Figure 1: Variations of ¢(t) and ¢(t) as functions of ¢ for the Example 1.
which has the exact solution ¢(t) = t>. The columri 2 of the Table B shows absolute errors of 5 at
t=0.154,1=1,2,3,4,5,6, ¢ is the exact solution and ¢ is evaluated by Legendre Wavelets technique with
M =5k = 3. Figure @ shows the time evolution of these solutions for the Example B2.
Columns 3,4,5,6,7,8 of the Table B show absolute errors of u at (x,t) = (0.15¢,0.157),4,5 = 1,2,3,4,5,6,
u 18 the exact solution and u is the approrimated solution evaluated numerically substituting ¢ by ¢ in u
representation Eq. (E). Here e;5,1,7 = 1,2,3,4,5,6 is the absolute error of u at (0.157,0.157).
Table 2: Absolute errors of % and u for the Example B2.
{ |¢ - ¢|¢ €i1 €i2 €43 €i4 €i5 €i6
1 6.94x1071% 233x107° 1.96x 107" 1.07x107% 1.09x 1072 865x1077 6.92x 1077
2 722x10716 370x10716 1.72x10718 788 x107'% 541 x107" 741 %1079 1.36 x 107°
3 389x1071 1.19x1071 163 x107* 427x107'° 9.72x107'% 1.62x 1071 4.02 x 10710
4 598x 1071 491 x107'7 226x 1071 283x1071° 934 x107'2 1.40x 107 1.14x 10710
5 1.63x 107 234x107'7 1.98x 107! 1.66 x 1071° 447 x107'? 7.93 x 107'2  2.46 x 107!
6 1.46x107'2 1.21x107'7 6.86x 10716 3.89 x 1071¢ 1.63 x 107! 3.01 x 10712  1.05 x 10712
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Figure 2: Variation of the @(x,t) as a function of (x,t) for the Example Gl
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