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Abstract : In this paper, Galerkin and collocation methods have been applied on nonlinear Volterra-
Fredholm-Hammerstein (VFH) integral equations, these methods are besed on shifted Legendre polyno-
mials, then methods transfer the finding solution of a nonlinear integral equation to finding the solution of
nonlinear algebraic equations, in order to solve these nonlinear algebraic equations we use Newton method
composed by generalized minimal residual (NGMRes) method, the iteration number and running time for
implementation of NGMRes method are important parameters that have been considered to solve this
type of integral equations. These methods are applied on several various nonlinear VFH integral equations
that confirm accuracy and efficiency of the methods.
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1 Introduction

Integral equations have found their applications in various fields of mathematics, sciences and
technologies that have motivated a large amount of research works in recent years see [3, I3, 06, 20, 22,
32, B7-39]. VFH integral equations are one of the well-known nonlinear integral equations that arise
in many fields including electricity and magnetism, communication theory, antenna synthesis problem,
mathematical economics, population genetics, radiation, the particle transport problems of astrophysics
and reactor theory, fluid mechanics, etc. The nonlinear VFH integral equations have been introduced in
general form [2F]

y(@) = f(z) + M /O Fa (0, )G (¢, y(£))dt + A /01 ka2, O)Galt,y(1)dt 0 < <1, (L.1)

where A1 and A2 are constants and f(x) and kernels ki (z,t) and k2(z,t) are given functions assumed to
have nth derivatives on intervals 0 < z,t < 1, also G1(t, y(t)) and Ga(t, y(t)) are given continuous functions
which are nonlinear with respect to y(¢) and ¢. In [I'4] the existence of solution to nonlinear Hammerstein
equations has been discussed.

Recently, many researchers have tried to solve this type of equations with several numerical methods and
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algorithms, for example, a variation of the Nystrom method proposed in [[9]. In [21] the nonlinear VFH
integral equations have been solved via Hybrid of block-pulse functions. In [8G] Haar wavelet collocation

method for nonlinear VFH integral equations was proposed. In [I0] Tau-collocation method has been ap-
plied on this type of integral equations and convergence of method has been investigated. In [d0] Legendre
Wavelet method have been applied. for more references see [, I, 2, [8].

Spectral methods are well-known methods that successfully applied in two past decades. These powerful
tools are used to solve linear and nonlinear equations in many fields such as fluid dynamics, quantum
dynamics and etc. Parand et al. in [26] discussed nonlinear Volterra-Fredholm Integro-Differential equa-
tions of Multi-Arbitrary Order. In [27] was solved Volterra’s population growth model of arbitrary order
using the generalized fractional order of the Chebyshev functions. In [29] was presented a new numerical
algorithm based on the first kind of modified Bessel function to solve population growth in a closed system
see 28, B1]. By applying spectral methods on nonlinear integral equations the problems are reduced to
a system of nonlinear algebraic equations, so speed and accuracy of solving this nonlinear system have
key role. Many works have been done to improve solving the nonlinear systems, Newton-Krylov algorithm
is one of the most important and popular method that has been considered in many works such as [2, @, [5].

We organized this paper as follows, in section 2, Legendre and shifted Legendre polynomials are ex-
plained, in section 3, Newton-Krylov GMRes algorithm will be discussed, in section 4, the methods are
implemented on problem, section 5, will be devoted to convergence analysis, in section 6, the numerical
results are reported, and at last section we will have a conclusion of our study.

2 Preliminary and notations

Properties of Legendre and shifted Legendre polynomials
Assuming that the Legendre polynomial of degree k is denoted by Px(z). The recurrence formulae of

Py(z) is

2%k + 1 k B
msz(z) — mpk_l(z), k= 1,2, very

Po(Z):L Pl(z):z

Pry1(2) =

Substituting z = 2z — 1, Legendre polynomials are defined on the interval [0, 1] that may be called shifted
Legendre polynomials. The explicit analytical form of the shifted Legendre polynomial Pj; (z) of degree k is

& )
; | + k)2’
Pi(z) = g -1 ik G+ k) - ,
k( ) jzo( ) (k*])'(k')Q
and this in turn, enables one to get

Pi(0)=(-D"  Pi(1)=1

The orthogonality relation is

1 - , fori=yjy,
[ P@p @ = {251 !
0 0, for i # j.

Any square integrable function y(z) defined on the interval [0, 1], may be expressed in terms of shifted
Legendre polynomials as
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oo 1
y(x) = ZakP;: (z), where, ar, = (2k + 1) / y(x)Pg (v)dz, k=0,1,...
k=0 0

3 Newton-Krylov algorithm

By applying spectral methods on nonliear integral equations a system of nonlinear algebraic equations
is obtained. Consider F(x) = 0 where F' : R™ — R™ is a function F(z) = (fi(x), f2(x), ..., fa(2))T and
x € R" is a vector. By applying the well-known Newton’s iterative method:

F(znt1) = F(T0) + (T — Tong1) F'(z0),
where, F'(z,,) = J(zn) is the n X n Jacobian matrix. therefore
Tnt1 = Tn — J(xn) T F(20).
It is obvious in each iteration, a linear system must be solved, by increasing complexity of equations solving

this linear system mostly could be time-consuming process. one of the best ideas to overcome this problem
is to use NGMRes.

A framework for GMRes implementation

Begin
1. r=b— Az, vi =7/||rll2, p=||7|l2, B=p, k=0.
2. while p > €||b]|2 and k < kmaz do
2.a k=k+1.
2.b Apply Arnoldi to obtain Hy and Vi41 from Vi and Hy_1.
2.c e1 =(1,0,...,0)7 € RFFL.
2.d Solve min ||Be1 — Hiyx|| gr+1 for yx € R*.
2.e p=||Ber — Hiyr||pr+1.
2. xp =20+ Viyr
end while
End

For more details see[8, G, B3].

4 Proposed methods

Spectral methods belong to the family of weighted residual methods (WRMs). WRMSs approximate
the solution y(x) of the integral equation () by a finite sum

y(@) ~yn (@) = > ari(x),
k=0

that ¢x(x), is trial function, and ar, k = 0..N are unknown coefficients, by substitution yn(z) in Eq.
(W), leads us to residual function

ResN(m) = f(x) + A1 /02 ky (x, t)G1(t, yN(t))dt + AQ/O k‘g(:ﬂ,t)Gg(t, yN(t)) — yN(m)dt. (41)

The notion of the WRMs is to force the residual to zero in suitable norm,

N
<.
N
=

(Resn(x), V) = /nResN(w)\I’j(m)w(m)dx =0, 0 (4.2)



4 Mathematics and Computational Sciences, Vol 2(1), 2021

which VU; is the test function, and w is a weight function. Definition of shifted Legendre collocation method
and shifted Legendre Galerkin method is as follows in table 0
where P;"(x), is shifted Legendre of degree ¢, and 6(z — x;) is Dirac delta function and also x; is jth zero

Table 1: Definition of shifted Legendre collocation method and shifted Legendre Galerkin method.

Method Weight function | Trial function | Test function
Shifted Legendre collocation method 1 P} (x) o(x — x;)
Shifted Legendre Galerkin method 1 P} (x) P} (x)

of shifted Legendre of degree N+1. To calculate the Eq. (B=2) we use the Gauss-Legendre integration rule
[6]. Finally we generate N + 1 nonlinear equations with N + 1 unknown coefficients, to solve this system
of nonlinear algebraic equations and obtaining coefficients ax,k = 0, .., N we have used NGMRes method.

5 Error estimate
In this section, the theorem on convergence analysis and error estimation of the proposed is discussed.

Suppose y(z) is sufficiently smooth function on [0,1], and p,(z) is the interpolating polynomial to y at x;
points, where z;,7 = 0, ..., N are the roots of chebyshev polynomial of degree N + 1 in [0, 1], and then

Yy (¢ N
y(z) — pn(z) = N+1 H —z;) €€]0,1], (5.1)
then
MN( )N+1

ly(x) = pn(z)| < 2NFI(N + 1)1 (5.2)

where, My = mazo<qs<1 y<N+1)(m)) :

Theorem 5.1. Suppose that yn(x) = AT P(z) be the shifted Legendre polynomials expansion of the ezact
solution, y(z), where

A= [ao,al, ...7CLN}T,

and
P(z) = [Po(x), Py (x), ..., Pn(2)]".

Let yy(x Z a; P;(x) be the approzimate solution obtained by the method proposed in Section 4 and

My = maz0<z<1|y ( )|, then, there exist real numbers o and By such that

_ My (1)N+? _
lly(z) —Tn(x)]]2 < am + Bul|A — Allz, (5.3)
where
A= [607617 ‘-waN}Ta

also the norm on the right hand side is the Euclidian norm for vectors.
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Proof. Let R,[z] be the space of all real-valued polynomials of degree < n. Using the definition, y,(z)
and y,,(z) are in Ry[z] and y,(z) is the best approximation of y(z) in Ry,[z]. It’s clear that

lly(z) —un(@)ll2 < ly(z) —yn @)z + [lyn (2) = Yn (@)]]2- (5.4)

By using Eq. (62) we have

() — yn (@)l = (/ y(@) — () dz)é

< (f [t ) )

Mx(1 N+1
= \ﬁm. (5.5)

Also, we have

N

> 1P

i=0

([ g ] )

VRS
= [|A - A (lzm.“) : (5.6)
i=0

Finally from Egs. (B4)-(60) we conclude that Eq. (B33) is valid with

a=VI, BN =

6 Illustrative Examples

In this section, In order to illustrate the performance of presented methods in solving VFH integral
equations and justify the efficiency of the methods, we considered some various examples. To study the
convergence behaviour of the methods, the maximum and mean errors have been used with the following

definition, respectively
e lloe = max (g)ej0,1)|tex () — un ()]

e llz = (/Ol(uw(a:) - uN(x))de>

(S
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The numerical implementation is carried out in Microsoft.maple.15, with hardware configuration: desktop
32-bit Intel core 2 Due CPU, 4 GB of RAM, 32-bit operation system.

Example 6.1. Consider nonlinear VFH integral equation given in [28], with the exact solution of y(z)=cos(z):

y(z) = 2cos(z) —2+3 /Om sin(z — t)yQ(t) dt + D /o (1-1) cosQ(x)(t + y(t)) dt, (6.1)

7 — 6 cos

we solve the Eq. (BX1), Table B shows the ||el|2, |le||es, Tunning time and number of iteration for implemen-
tation of Newton-Krylov algorithm, in Table B and Table [, the absolute error for collocation and Galerkin
methods at some point for different number of N is shown, respectively, Figure 0 displays the absolute error
for N = 15.

Table 2: Some numerical results for example B

Collocation method Galerkin Method

N
llell2 llel|oo Time (s) Tteration llell2 [le]]oo Time (s) Iteration
2 371x107% 1.05x10°2 1.21 3 482 %1073 9.19 x 1073 3.26 2
4 253x107% 482x10°6 1.74 5 2.12x 1076  4.81 x 10~ 5.43 3
6 367x107% 6.12x107° 1.86 5 3.92x 1079  6.56 x 1079 6.07 3
8 229x 10712 449 x 10712 2.15 5 2.74 x 10712 4.95 x 10712 7.18 5
10 157x10715 275 x 10710 3.01 5 6.89 x 10714  1.52 x 10713 7.93 5
Table 3: Absolute error of collocation method for example G
X N=2 N=4 N=6 N=8 N=10
0.0 1.02x107% 718 x 107 5.06x 10710 741 x10~" 3.17x 1017
0.2 235x107* 7.80x1077 899x 10~ 822x 107 5.65x 10717
0.4 886x107* 821x1077 6.45x10710 935x 10713 1.27 x 10716
0.6 1.17x107% 9.00x 1077 6.90 x 1071 1.00 x 10712 2.10 x 1016
0.8 1.04x1073 215x1076% 9.32x1071° 1.09x 10712 293 x10-16
1.0 1.13x107% 280x107% 1.20x107° 1.31x107'2 3.68x 10716
lle]la 3.71 x 1073 253 x 1076  3.67 x 1072 2.29 x 107'2  1.57 x 10715
Example 6.2. Consider nonlinear VFH integral equation given in [28], with the exact solution of
02 6
=In(——————— ). 0 =4cos(~) :
y() n(2cosz(%(x - %))), cos(4)
1
y(z) = / K(z,t)eV™ dt, (6.2)
0
where
—t(1 — <t<
K(z,t) = t(l—z), 0<t<u; (6.3)
—z(l—t), z<t<1
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Table 4: Absolute error of Galerkin method for example B

X N=2 N=4 N=6 N=8 N=10
0.0 222x107* 840x107% 6.61x10710 437x10713 293 x 10~
0.2 581 x107* 266x1077 847 x10710 875x 10713 4.98 x 10~
04 736x107% 887x1077 228x 10710 1.04x 10712 1.11x 10715
06 925x107% 1.16x1076 9.75x 1071 191 x107'2 2.30x 10715
0.8 2.07x1073% 998x1077 1.03x1072 1.40x 1072 206 x 10~™
1.0 336x1072 243 x107% 2.05x107° 258 x1071? 1.32x10" 14
lle]la 4.82x 1072 212x107% 392x107° 274x 1072 6.89 x 10714

we solve the Fq. (62), Table B shows the ||el|2, |le|lcc, running time and number of iteration for implemen-
tation of Newton-Krylov algorithm, in Table @ and Table [1, the absolute error for collocation and Galerkin
methods at some point for different number of N is shown, respectively. Figure B displays the absolute

error of collocation and Galerkin methods for N = 25 and N = 20, respectively.

Table 5: Some numerical results for example B2

Collocation method

Galerkin Method

N
llell2 [le]]oo Time (s) Iteration [le]|2 llelloo Time (s) Iteration
5 312x107° 545x10°° 1.16 16 527 x 1079  9.29 x 1079 3.58 5
10 4.96x107% 1.20x 1078 1.53 17 480 x 10714 7.17x 107 26.10 3
15 1.22x10712 1.81 x 10~ 1! 1.28 23 0.39 x 10715 1.86 x 10~ 32.78 3
20 3.17x107 6.69 x 10~™ 3.40 30 811 x 10726 1.42x 10725 52.69 5
25 6.18x10°'® 1.75 x 10718 4.41 35 - - - -
Table 6: Absolute error of collocation method for example B2
X N=5 N=10 N=15 N=20 N=25
0.0 191x10% 752x1079 878x1071¥ 482x10715 1.52x10°1
0.2 285x107% 499x107° 9.83x107¥ 9.07x10715 5.33x10°1
04 662x107% 755x1079 9.14x 1071 294 x 10715 1.27 x 10716
06 9.66x10% 349x107° 810x 10~ 529x 1015 3.84 x10~1°
0.8 453x10% 914x1079 1.13x107'2 238x10715 257 x10°19
1.0 7.98x107% 1.02x10"% 127x10712 875x 10715 4.25x 10~
lle]ls 3.12x 107> 127 x107% 1.22x 10712 3.17x 107 6.18 x 10718

Example 6.3. Consider nonlinear Volterra-Hammerstein integral equation given in [36], with initial con-
ditions y(0)=1. which has the exact solution y(z)=exp(-x):

(~22) - / "2+ y(0)) dt,

3 1
y(@) =5 — jexp

2

(6.4)
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N=15
2. x 107241
1.5 x 107241
1. x 107241
5 % 10-25,
0 T T T T )
0 0.2 0.4 0.6 0.8 1
X
(a) Collocation method
N=15
2.5%x 1072
2. %1072
1.5x 1072
1. x 1072
5 x 10-22,
0 ‘ ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1

X

(b) Galerkin method

Figure 1: Absolute error of methods for Example 6

we solve the Eq. (BA), Table B shows the ||e||2, ||e]loo, running time and number of iteration for imple-
mentation of Newton-Krylov algorithm, in Table @ and Table I, the absolute error for collocation and
Galerkin methods at some point for different number of N is shown, respectively, Figure B displays the
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Table 7: Absolute error of Galerkin method for exampleG=2

X N=5 N=10 N=15 N=20
0.0 3.90x10719 627x1071° 6.45x10717 413 x 1077
0.2 3.22x107'9 9.07x107'% 539x107'6 8.67x 10727
0.4 939%x10710 968 x 10715 974 x 10717 7.77 x 10727
0.6 4.32x1071 955x10715 945 x 10717 4.01 x 1027
0.8 249x10710 153x10715 3.97x107'6 1.38x 1026
1.0 128x10710 270x 107" 4.49x 1076 6.40 x 10~27
lle]la 527 x 1079  4.80x 1071 9.39 x 10715 8.11 x 10726

absolute error for N = 15.

Table 8: Some numerical results for example 63

Collocation method

Galerkin Method

N
llel]2 [le]]oo Time (s) Iteration [le]]2 llel]oo Time (s) Iteration
2 649x107* 1.67x1073 0.52 2 417 x107* 859 x 10~* 1.26 3
4 272x107% 484 x10°° 1.04 3 1.10x 1076 222 x 1076 1.60 5
6 203x107Y% 461x107° 1.29 3 1.30 x 1072  2.55 x 107° 1.56 3
8 218x 1071 422x10"1 1.37 3 8.03x 10713  1.87 x 10712 1.92 5
10 896 x 10716 1.81 x 1071° 1.42 5 3.18 x 10716 9.46 x 1016 2.17 5
Table 9: Absolute error of collocation method for example B=3
X N=2 N=4 N=6 N=38 N=10
0.0 4.04x107° 3.15x1077 549x 1071 920x 1013 7.08 x 1017
0.2 811x107° 289x106 8.68x10"1° 839x107'2 7.88x10~17
0.4 886x107° 995x1077 1.12x1072 4.25x107*2 9.16 x 10°17
06 6.81x10° 1.84x107% 849x1071© 814x107*? 8.11x10°'7
0.8 439x107° 9.32x1077 751 x1071° 9.15x 107 997 x 1017
1.0 966x107° 7.20x 1077 6.31x10719 548 x 1072 9.56 x 10~17
lle]la 6.49 x 107%  2.72x107% 2.03x 107 218 x 107 8.96 x 10716

Example 6.4. Consider nonlinear Volterra-Hammerstein integral equation given in [I2], with the exact
solution of y(z)=u:

1 1
yl@) =z + ——(e " —1) + / z
0 xT

r+1

e ve VW gp.

(6.5)

we solve the Eq. (B3), Table M shows the |le||2, |||, running time and number of iteration for
implementation of Newton-Krylov algorithm, in Table I3 and Table 3, the absolute error for collocation



10 Mathematics and Computational Sciences, Vol 2(1), 2021

|

|

1.x 107171 ﬂ

8.x107"%1 H

6. % 107181 ” n

4. x 107181

2. % 107181

0 T T 1
0 0.2 0.4 0.6 0.8 1

X

(a) Collocation method

N=20
14x1072

12x10°%
1. % 10-25,

8 x 10-26,

6. x 10—26,
4. % 107201

2. % 107201 L\A

0 - - - -
0 0.2 0.4 0.6 0.8 1

X

(b) Galerkin method

Figure 2: Absolute error of methods for Example 5.2.

and Galerkin methods at some point for different number of N is shown, respectively, Figure @ displays the
absolute error for N = 15.
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Table 10: Absolute error of Galerkin method for example 63

11

X N=2 N=4 N=6 N=38 N=10
0.0 871x107° 135x1077 9.75x 1071 6.08 x 10715 541 x 10717
0.2 7.66x107° 927x10% 1.33x107'° 1.05x107'* 1.78x10°17
0.4 851x107° 861x10"% 6.05x10710 128x 1071 242 x 1017
0.6 645x107° 247x1077 9.75x 10710 247x 107 1.38x 1017
0.8 817x107° 7.75x1077 830x 10710 515x107* 1.25x 1017
1.0 6.76x107° 6.15x1077 572x10719 496 x10~* 2.07x 10717
lle]la 4.17x107% 110 x107% 1.30x 107 8.03x 107 3.18 x 10716
Table 11: Some numerical results for example 624
N Collocation method Galerkin Method
[lel|2 llelloo Time (s) Tteration llell2 llel|oo Time (s) Iteration
2 8.03x10720 1.59x10°19 0.29 6 6.50 x 10718 1.16 x 10~17 0.21 6
4 1.09x1072* 233x10~% 0.31 9 2.03x 10728 242 x 1028 0.27 7
6 873x107% 1.63x 104 0.47 17 2.03x 1074 219 x 104 0.36 7
8 1.12x1075° 228 x 10758 0.52 23 7.65 x 10748 1.05 x 10~%7 0.42 7
10 1.27x107% 242 x 10763 1.07 27 3.07 x 10756 6.01 x 10726 0.44 8
Table 12: Absolute error of collocation method for example 64
X N=2 N=4 N=6 N=8 N=10
0.0 6.08x10722 6.12x1072° 498 x 1073 3.05 x 107%9 8.59 x 10-6°
0.2 7.71x107%2 352x107%5 5.09x107* 231x107% 9.10x 10
04 823x1072! 6.19x1072° 5.36x107* 3.81x107° 246 x 1064
0.6 335x1072! 872x10725 3.61x107%* 4.76x107° 4.85 x 10764
0.8 1.91x10720 9.12x10725 6.41 x107% 269 x 10759 3.35 x 1064
1.0 1.87x10720 990x 1072 423 x107% 7.88x107% 5.07 x 107%4
lle|la 8.03x 10720 1.09 x 10724 873 x 10742 1.12x 1078 1.27 x 10793
Table 13: Absolute error of Galerkin method for example G2
X N=2 N=4 N=6 N=8 N=10
0.0 4.20x1071 914x1073° 852x10"%* 8.02x107° 993 x 1058
0.2 7.02x1071 996 x 1073 8.68x107* 7.20x 10750 249 x 107°7
04 417x107° 240x1072° 9.92x107% 1.23x107% 253 x107°7
0.6 352x10719 237x107%9 138x10~* 1.17x107*° 3.48 x107°7
0.8 944 x107 429x1072° 242x 1074 128 x107% 228 x 107°7
1.0 784 x10719 550x10720 549 x 107** 343 x107* 4.12 x 10757
lle|l2 6.50 x 10718 2.03 x 10728 2.03 x 107%3  7.65 x 10748  3.07 x 10~°¢
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N=15
3. x 107241
2. % 107241
1. x 10-24,
0 T T T T \
0 0.2 0.4 0.6 0.8 1
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(a) Collocation method
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1.5 x 107241
1. x 107241
5.%x 10721
0 ‘ ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1

X

(b) Galerkin method

Figure 3: Absolute error of methods for Example 623
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N=15
3 x 10°100
2. % 10-100,
1. x 101001
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0 0.2 0.4 0.6 0.8 1
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(a) Collocation method
N=15
4 % 10°%21
3. x 10—99,
2 % 10791
1. x 10-°1
0 0.2 0.4 0.6 0.8 1
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(b) Galerkin method

Figure 4: Absolute error of methods for Example B2

13
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7 Conclusion

In this paper, shifted Legendre collocation method and shifted Legendre Galerkin method were used
to solve nonlinear VFH integral equations. By applying these two methods on nonlinear VFH integral
equations the problems are reduced to a system of nonlinear algebraic equations, therefore, running time
and accuracy in solving this system is an important part to approximate nonlinear VFH integral equations.
In this work NGMRes method was used to solve obtained nonlinear algebraic equations system . The
comparison of the obtained results of proposed methods and exact solutions shows that present methods
are powerful tools to find the numerical solutions of such equations.
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