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Abstract: In this paper we study the existence of positive solutions for a class of boundary value problems.
We introduce a cone and completely continuous operator. We provide sufficient conditions under which
this system according to the fixed point index theorem, has positive solution.
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1 Introduction

This paper is concerned with a multi-point boundary value problem system. We study the existence of
positive solutions for a class of boundary problems:

{ Apu=—fi(u)gi(v)  (1.1)
Npyv = —fa(u)g2(v)
{ w(0) = >0 au(&;) u

cou(l) =300 au(ni) - (1.2)
v(0) =32 biv(&)  , v(1) =

>y biv(mi)

where

. a1 1 .
Ams = ¢m(5/):¢m(5) = |S|pl 257]31' > 17¢qi = (¢P@) 17}7 + ; = 17ai Z 07b1 Z 070 S Zai < 17

* i=1

a 1
0<) bi<1,0<& <& <. <én < pbitm=Li=12_.n

i=1

and f;, g; € C([0,+0),[0,+00)) .

In recent years, the existence and multiplicity of positive solutions to boundary value problems have been
studied by many authors [, B, @, &, I0].

In [5] author, studied the problem

py (u1) + ha(t) fr(ui,u2) =0
©py (ud) 4 ha(t) f2(u1,u2) =0
u1(0) = w1 (1) = u2(0) = uz(1) =0
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By introducing a cone and completely continuous operator, the author proves the existence of positive
solutions for this system.
In [8] the author consider the boundary value problem

(op(2'(8))" + q(t) f(t, 2(t), 2 (t)) = 0,t € (0,1)
z(0) =0=z(1)
z'(0) =0 = 2'(1).
The author define a cone and completely continuous operator and then by using the fixed point theorems

in cone, they prove the existence of solutions to this problem .
In [I0] authors, investigated the existence of solution to the problem

2 (t) + a®)z' (t) + b(t)z(t) + f(t,z(t),z'(t)) =0, te(0,1)

m—2
2(0) =0,2(1) = Y ax(&)
i=1
m—2
2'(0) =0,2(1) = Y a;z(&).
i=1
A completely continuous operator is defined and by using the fixed point theorem in cones, the existence
of multiple solutions is proved.

2 The preliminary lemmas

Definitions [[7]. Let E be a real Banach space. A nonempty convex closed set K C E is said to be a cone
provided that

i) au € K for all w € K and a > 0 and

ii) u, —u € K implies that u = 0.

Let E := C([0,1],R) and

K:={ue FE:u(t)>0,te[0,1]},|u] := maz{|u(t)| : t € [0,1]}

and
B

(u, U)H = max{”u”v HUH}7 (qu) €EEXE
{(u,v) € E? : ||(u,v)|| < r} for 7 > 0. Then (E, || . ||) is a real Banach space and K, K? are cones.

We define the following operators:

L(u,v) = (L1 (u, v)(¢), L2(u, v)(t))

such that
L)1) = e Soan [ 6t (hmer)ands
Lo, 0)0) = st 2 [ 60l ((utrma(ulrands

Hence L : K? — K? is an completely continuous operator.
The main tool of this paper is the following theorem.
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Theorem 2.1. [2]. Let E be a real Banach space and K C E a cone. Suppose that Q C E is a bounded
open set and T : QK — K is a completely continuous operator. Let xo € K \ {0}

(1) If x — Tz # nxo forn > 0,z € QN K, then i(T, 2k, k) = 0, where i indicates the fixed point index
on K.

(II) Let E be a real Banach space and K a cone in E. Suppose that Q C E is a bounded open set with 0 € Q
and T : QN K — K is a completely continuous operator. If x —nTx # nxo forn € [0,1],2 € 6QN K, then
(T, Q2N k, k) = 1.

Remark 2.2. Suppose that © € K is concave on [0,1] , || z ||= z(1). then || z ||< ’;—2 fol x(t)sinFtdt.

Lemma 2.3. (Jensen’s Integral Inequality for Nonnegative Concave Functions) Suppose that u € C([a,b], R), ¢ €
C(R™,R%). If ¢ is cocave, then

(

b b
bia/ u(t)dt) > bia/ P(u(t))dt.

In particular, if b—a < 1, then we have (f: w(t)dt)* > (b—a)*! f: u®(t)dt > f: u®(t)dt for 0 < a < 1.

Let C is a cone in a Banach space (K| . ||), the Bonsall cone spectral radius of T is defined by Rc(T) :=

litim oo || T™ |75 = infons1 | T™ ||

Lemma 2.4. [0/, Let C'is a cone in a Banach space (K, || . ||), andT : C — C' is a countivous homogeneous.
If Re(T) < 1,u,u0 € C satisfy u < Tu+wuo , then u < (I —T)g"uo, where the Bonsall cone spectral radius
of Tis Re(T) := limm—oo || TT ||i: N fmz1 || TT ||# and (I — T);" is the inverse operator of I — T
on C.

Let © > 1, we define : ©' := min{2,0},0" := maz{2,0},0. = %':11,9' = %

3 Main Results

Suppose that f, g satisfy:
Al)p17p2 > 17 flvgl € C([Ov +OO), [07 +OO))

ks

A2) There are two constants a > T6»

such that

i) m¥* is concave on [0, +00)

i) fi(u)gr(v) = ml(vpéfl) —¢, f2(u)g2(v) = n1(up/1*1) — ¢ for all u,v € [0,400),
iil) mit (nf? (w)) = tw — d for all w € [0, +00)

As)There are nonnegative constants a1, 81,71, 01, R such that Ry2(71) < 1 and

d > 0 and two nonnegative functions mi,n1 € C([0, +00), [0, +00))

fiwgr(v) < a7+ Bt T fa(u)ga(v) < muP? T 4 G2

for u,v € [0, R),t € [0,1] we define T1 : K* — K2 by Ti(u,v)(t) =

n

1
1= ai ;

2

( a /0 "ok / (0w () + B () dr)ds,

S

1 - Y . .
D I | G R T GLATY
=17 ;—1 0 s
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Theorem 3.1. Let assumptions A1, Az, A3 be satisfied. Then the problem (1.1) has at least one positive
solution.
Proof. Let xo(t) = 2t — 2,

S = {(u,0) € K*|(u,v) = T(u,v) + n(xo,z0)},n > 0},  (3.1)

If up,vo € & then for t € [0,1] we have

n

= o o, ([ Galenlrona))nds + o)

and

lt) = Tgeg Db ([ (Galuor)gato(r)))ar)ds + mao(t)

So we have,
n

w(t) > ——r— 3 / e / (1 (uo(r))gr (vo(r))dr)ds  (3.2)

= n
1= a i1 s
n

wt) > T b [ e[ (Fatuol)aa(un(r))dr)as

=1 i=1 s
It is easy to see that ug,vo are concave and increasing, so by lemma 2.3 we have,

ug = (1) > ﬁ > / ( / ((f1(uo(r))gn (w0 (r))))" dr)ds =

1 - Lo o
m;a/o (min{t, s})((f1(uo(r))g1(vo(r)))"*)ds,  (3.3)

n

B0 > oy 2o ) () inds =

7

o b [ minge s (1)),

Applying lemma 2.3 and conditin A2 we find

ub T (t) = / (min{t, s})m? (v52 " (s))ds — 71, (3.4)

o) > / (min{t, s}k (uf! ™ ())ds — 72

then, we have

ul ) > /0 (min{t, s}Hym?* ( /0 (min{r, s})n?® (bt~ (r))drds —

> L/O (min{t, s})(min{r, s})u;g,lfl(r)drds — Y4

so0,
1 1

ph—1 LT 16 ph—1 LT 2794

t —tdt > — t —tdt — —

/0 ugt( )sm2 > /) ugt( )sm2 —
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1 3
pi—1 T 274
t —tdt < —— 3.5
/0 Ut (singtdl < g5 (3:5)
Since uo ~! s concave and ug 18 increasing, remark 2.2 implies that
2 p1 5
pi—1 pi—1 ™ pi—1 YaT
1) < — t tdt < ——————
ot = 0 < T [ i < T
s0

5 1
AT o1
Juoll < (55, = 55" " (36)

for all (uo,v0) € S we have vy is concave. Then by remark 2.2 we have

! py—1 4 py—1
/ ve? (t)si n Tdt > > | vo2 "I
0

It follows from (3.4), (3.5),
3 1,
EESCUNEEN / ug’l’l(t)smgtdt
0

160 — 74
4 [t - 2
> [ mP b (¢)si —tdt o
™ Jo
4 1 2Ly P
=7/mm@fﬁu“anW—l
T py—1 T
oo "l
16 -1 2"}/1
= jmfl'(ﬂ UgQ ) — o
then,
L1 274717 ’Y17T3 1
ma(]l vo? ) < ( + )P

128¢ — 87 8
By (3.6) and Az, we have limg_oomi(x) = co. So, for (uo,vo) € I there is e > o such that ||vo|| < e, it
means that S is bounded. Let sup{||(u,v)|| : (u,v) € S} < R, where R > 0. thus, L(u,v)+n(zo,x0) # (u,v),
where (u,v) € 9Bx N K?,n > 0.
Theorem 2.1 (I) implies that
i(L,Ba N K*, K?) =0, (3.7)

Now, we define

S = {(u,v) € B,NK”| (u,v) = nL(u,v),0 <n <1}
Let (uo,vo) € 1, so, there exists 0 < no < 1 such that (uo,vo) = noL1(uo,vo) then for

g (t) < 1

B 1_2?:1‘11'2

=1

WA%ULmWWMMWmM@

w(t) S ey 'b/%,lhwmmmmwws
by As for 0 <t <1 we have

1 ° t 1 _ _
w(t) < — e — 3, / o1 / (1P " () + BroP " (r)dr,
1= a i—1 0 s
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1 " t _ _
w(t) < — = D bi / o ( / (w2 () 4 61072 (r)dr
1- Zi:l b; i—1 0 s

by lemma 2.4 we have (uo,vo) = (0,0), thus 31 = {(0,0)} , nL(u,v) # (u,v) where (u,v) € dB.NK?,n > 0.
theorem 2.1 (II) implies that

i(L,B-NK* K?) =1, (3.8)

from (3.7),(5.8) we obtain

i(L,(Bp \ Br)NK* K?) = -1

This wmplise that L has a fized point and problem (1.1) has at least one positive solution.
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manuscript.
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