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Abstract: The study presents the approximate solutions of Schrodinger equation in D-dimensions with the 

modified Mobius square plus Hulthen potential. The energy eigenvalues and corresponding wave functions are 

obtained using the Nikiforov-Uvarov (NU) method. Special cases of this potential are reported. Numerical results 

are also computed. 
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1 Introduction 

In quantum mechanics, one area that has continued to stimulate study interest is the solutions of various wave 

equations. This is because the solutions to a wave equation serve as useful framework to describe any system 

under investigation. Recently published articles [2,8,21,23,29], have attested to the significance of the solutions 

of wave equations. Attempts have been made to probe some wave equations using techniques such as Laplace 

transform method [3], asymptotic iteration method [4], algebraic method [30], shifted 1/N expansion [11], 

Nikiforov –Uvarov (NU) method [16,17,20], and others. Out of necessity to extend solutions of wave equations 

to various dimensional space, reports on D dimensional solutions have emerged [6,13,18,25]. 

 This study is aimed at investigating the solutions of Schrodinger equation in D-dimensions with combination of 

modified Mobius square (MMS) and Hulthen potentials. Combining the two potentials can be helpful in nuclear 

physics to understand interaction in nucleus. The Mobius square potential is the general case of some potentials, 
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and has many importance [12,28]. Using newly proposed NU - functional analysis approach, Ikot et al. [12], 

recently solved Schrodinger equation for Mobius square potential. They used their results to study Shanon 

entropy and Fisher information. By the use of NU method, the authors in Ref [28] solved Schrodinger equation 

in D dimensions under Mobius square potential. Maghsoodi et al. [15], investigated arbitrary solutions of Dirac 

equation for Mobius square potential using NU method. Applying Supersymmetry approach, the authors in Ref. 

[14] obtained solutions of Dirac equation with Mobius square and Mie potentials. In addition, the Hulthen 

potential is very relevant in particle, atomic, nuclear, chemical and condensed matter physics [26]. By Exact 

quantization approach, Qiang et al. [23], presented approximate solutions of Schrodinger equation for Hulthen 

potential. Ikhdair [10] obtained solutions of Schrodinger equation with Hulthen potential for arbitrary state, 

using NU method to achieve energy eigenvalues and corresponding wavefunctions. Reports on scattering states 

of Hulthen potential have been published [5]. Adebimpe et al. [1], solved Duffin-Kemmer Petiau equation and 

Schrodinger equation with Hulthen and Yukawa potentials combined together. Thus, it is important to study the 

Schrodinger equation with a combination of modified Mobius square and Hulthen potential, as the study will 

give an understanding of some physical properties such as thermodynamic properties of diatomic molecules. 

The modified Mobius square plus Hulthen potential is written as: 
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(1.1) 

where 0V , 1V  are the potential depth ,A , B ,  and , are the range of the potential, molecular bond length, 

and the screening parameter, respectively. 

 

2 The Nikiforov-Uvarov (NU) method 

In applying NU method, a second order linear differential equation is transformed to a hyper-geometric form 

[10]. Using ( )s s x , one can write an equation 

,0)(
)(

)(~
)(

)(

)(~
)(

2

///  s
s

s
s

s

s
s nnn 











 

(2.1) 

where ( )s and ( )s are  polynomials, at most two degree and ( )t s is a polynomial of one degree. 

 In this paper, we consider a parametric approach to NU method following the proposal by Tezcan and Sever 

[24]. In this case, we use the differential equation 
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  Considering Eq. (2.2), the energy equation can be calculated using the expression 
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and the corresponding wave function as  
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The parameters in Eqs. (2.3) and (2.4), are defined as follows: 
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3 D-dimensional Schrodinger equation 

     The Schrodinger equation in D-dimension for spherically symmetric potential [9] reads: 
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(3.1) 

 

H is the Hamiltonian given by 
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(3.2) 

where ( )V r is the potential ,  as reduced mass, as planck constant, nlE  as energy, and D  is the angular 

form of co-ordinate. A hyperspherical harmonic function describes eigenfunction of an operator 2 ( )D D .  This 

gives 
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where ( )m
l DY , and  ( )nlR r  are hyperspherical function, and hyper radial wave function, respectively. In 

addition, a general form of centrifugal barrier in D-dimension, involving  ( )D  is given by  
2

2

( )D D

r
Substituting Eqs. (3.2) and (3.3) into Eq. (3.1) transforms Eq. (3.1) into the Schrodinger equation in D dimension 

as [9],   
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Substituting Eq. (1.1) into Eq. (3.4) gives 
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For 0l , Eq. (3.5) is solvable by use of approximation [7] 
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Substitution of Eq. (3.6) in Eq. (3.5), and taking 2 ,rs e  yields 
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Comparing Eq. (2.2) with Eq. (3.7), we obtain values of constants in Eq. (2.5) as: 
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(3.11) 

Substituting the appropriate parameters obtained in Eq. (2.5) into Eqs. (2.3), we obtain the energy equation as 
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In 3D, Eq. (3.12) becomes 
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Substitution of Eq. (2.5) into Eq. (2.4) gives the corresponding wave function  
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4 Discussions 

Fig.1 examines variation of the potential in Eq. (1.1) against internuclear distance ( )r  for values of . It is 

observed that the potential increases as r  increases. Fig. 2 shows the accuracy of the approximation used. Thus, 

the approximation has validity within small values of screening parameter, <<1. In fig. 3, the energy of the 

potential is seen to decrease as V0 increases but cuts-off just above V0 = 0.00006 eV for all values of quantum 

number, n. In fig.4, there is a sharp decrease in energy as V1 increases for all values of n. In figs.5 and 6, the 
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energy is seen to increase with the potential range, A and molecular bond length, B, respectively. In fig. 7, the 

energy of the system is observed to increase monotonically as the screening parameter, α increases for all values 

of n. We computed the energy eigenvalue for different n  and l  states for 3,4,5,6D with some values of  

 as presented in Tables 1-2.The energies obtained are valid for short range potentials. The energy is observed 

to increase as the quantum numbers, n and l, and spatial dimensionality, D, increase. In table 3, the numerical 

values of energy of the modified Mobius square potential are presented. To show the accuracy of our result, 

numerical values of the energy of Hulthen potential as obtained from this study is compared to those found in 

the literature using the NU method [27], Asymptotic iteration method (AIM) [19], exact quantization rule (EQR) 

[23] and supersymmetric method (SUSY) [10] in table 4. Our results are observed to be in good agreement with 

literature. 

 

 

 

Figure 1: Plot of modified Mobius square plus Hulthen potential against r for different values of  
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Figure 2: A plot of the variation of the centrifugal term of  
2

1

r
 and the approximation as a function of r for  different values of 

0.2, 0.4, and 0.6  

 
 

Figure 3: Variation of energy of the potential with the potential depth, V0, for various values of quantum number, n 
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Figure 4: Variation of energy of the potential with the potential depth, V1, for various values of quantum number, n 

 
Figure 5: Variation of energy of the potential with the potential range, A, for various values of quantum number, n 
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Figure 6: Variation of energy of the potential with the molecular bond length B, for various values of quantum number 

n 

 

 
Figure 7: Variation of energy of the potential with the screening parameter α, for various values of quantum number n 
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Table 1: Energy eigenvalues for 5,4,3D  and 6 with 02.0  and 5.1,5.0,2,2.0 10  ABVV , 

1 . 
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  -3.634693098   

  -3.615732002  
  

  -3.612670010  

  -3.606586558 

  -3.583095774    
      

  -3.580157274  

  -3.574318628 

  -3.565655462    

  -3.540536678    
[ 

      

  -3.537757216                         

  -3.532233886 

  -3.524036884  

  -3.513269084  

  -3.488824120 
  

 

  -3.486234830 

  -3.481088580 

  -3.473449178 

  -3.463410204  

  -3.451092596      

 -3.647802358 
 

 -3.636657940  

 -3.631951526  
 

 -3.614582164 

 -3.610001876   

 -3.602435268  
 

 -3.581992330 

 -3.577596596 

 -3.570333980 

 -3.560298000 
[ 

 

[     
 -3.539492982 

 -3.535334942 

 -3.528463902 

 -3.518966698 

 -3.506961548 

 -3.487851866 
 

 

 -3.483978060 

 -3.477575346 

 -3.468722686       

 -3.457527680  

 -3.444123832         

 -3.645810774 
 

 -3.634693098 

 -3.628442346  
 

 -3.612670010 

 -3.606586558 

 -3.597561530 
 

 -3.580157274 

 -3.574318628 

 -3.565655462 

 -3.554278530            
[ 

    

 -3.537757216 

 -3.532233886  

 -3.524036884 

 -3.513269084  

 -3.500063266 
   

[ 

 -3.486234830 

 -3.481088580  

 -3.470480368 

 -3.463410204 

 -3.451092596       

 -3.436641584 

  -0.6472641912 

  -0.6421173445 
 

  -0.6392176363 

  -0.6319175005 
 

  -0.6291101192 

  -0.6252416027 

  -0.6168484872 
 

  -0.6141762136 

  -0.6104935556 

  -0.6058570579 
     

    

  -0.5971766407 

  -0.5946784012 

  -0.5912351992 

  -0.5868995775 

  -0.5817366364 
[ 

 

  -0.5732402484 

  -0.5709501545 

  -0.5677934164 

  -0.5638178586 

 -0.5590828148 

 -0.5536576534 



Approximate solutions of Schrodinger equation in D Dimensions with the modified Mobius … 11 

Table 2. Energy eigenvalues for 5,4,3D  and 6 with 03.0   and 5.1,5.0,2,2.0 10  ABVV  
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Table 3: Numerical values energy for modified Mobius square potential with A = 0.4, B = 0.5, V0 = 1 

n      l        01.0                  02.0                             03.0  

                    

 

 

 

 

 

 

 

 

 

 

 

 
 

Table 4: Numerical values of energy in eV of the Hulthen potential for various states of various values of the screening 

parameter with Z = 1 in atomic units ( 1e )   
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-0.0025683196 

-0.0001012346                

-0.0005159959                 

-0.0013452292                

-0.0017404594                 

-0.0025883676                

-0.0029837662                

-0.0037745107                 

-0.0042445896                

-0.0046402052                

-0.0054313873                

-0.0066180365                

-0.0063128513                

-0.0067087264                

-0.0075004321                

-0.0086878778                

-0.0102709250 

-0.0002277778                 

-0.0011608412                

-0.0030255237                

-0.0039152526                

-0.0058190673                

-0.0067096054                

-0.0084904476                

-0.0095376415                

-0.0104291790                

-0.0122120583                

-0.0148858765                 

-0.0141766601                 

-0.0150693309                 

-0.0168545185                 

-0.0195319074                 

-0.0231010042 
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4.1 Special cases 

In this section, we examine special cases of Eq. (1.1) by adjusting the parameters 

 Case I:  Hulthen potential 

When 0 0V ,  Eq. (1.1)  transforms to Hulthen potential of the form 

r
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eV
rV
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2
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(3.17) 

with energy equation as  
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(3.18) 

Further, if we take 3D , and substitute 2 , the energy equation becomes 
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(3.19) 

which is similar to Eq. (61) of Ref. [1].  

                              

Case II:  modified Mobius square potential  

 

     Similarly, when 1 0V , Eq. (1.1) transforms to modified Mobius square potential  

2
2

0 2
( ) .
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r

r
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V r V

e
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 (3.20) 

Here, Eq. (3.12) becomes   
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 (3.21) 

                                                                        

With the choice of 3D , Eq. (3.21) transforms to (3.22) 



14 Mathematics and Computational Sciences, Vol 2(2), 2021 

2
2

0 02
2 2 2 2 2 2

2
0 2

02
2 2

( ) 2 ( )1 1
( 1) 1 (1 2 )

2 2 2

2 ( )
2 1 (1 2 )

nl

V A A B V A B
n n l l n l

E V A
V A B

n l

 

 

5 Conclusion 

In summary, we studied the analytical solutions of Schrodinger equation in D-dimensions for modified Mobius 

Square plus Hulthen potential. To derive energy spectrum and the wave functions, the N-U method is employed 

and the centrifugal term is approximated suitably with Greene and Aldrich proposed scheme. We note that the 

potential yields Hulthen and modified Mobius square potential when 0 0V , and 1 0V , respectively. Our 

result is consistent with literature [1]. To show the accuracy of our results obtained in the study, we carried out 

a further check by providing numerical results of the Hulthen potential and compared to literature results 

obtained by using various methods. Our results are observed to be in good agreement with literature, which 

further highlights the Nikiforov Uvarov (NU) method as a reliable method. This study may have some 

applications in molecular and chemical physics. 

 

Reference    

[1] O. Adebimpe, C.A. Onate, S.O. Salawu, A. Abolanriwa, A.F. Lukman, Eigensolutions, scattering phase shift and 

thermodynamic properties of Hulthen-Yukawa potential, Results in Physics, 14 2019, 102409. 

[2] A.L. Ahmadov, S.M. Aslanova, M.Sh. Orujova, S.V. Badalov, S.H. Dong, Approximate bound state solutions of the Klein-

Gordon equation with the linear combination of Hulthén and Yukawa potentials, Physics Letters A, 383(24) 2019, 3010-

3017. 

[3] A. Arda, R. Sever, Exact solutions of the Morse-like potential, step-up and step-down operators via Laplace transform 

approach, Commun, Communications in Theoretical Physics, 58(1) 2012, 27. 

[4] O. Bayrak, I. Boztosun, H. Ciftci, Exact Analytical Solutions to the Kratzer Potential by the Asymptotic Iteration Method, 

International Journal of Quantum Chemistry, 107(3) 2007, 540-544. 

[5] W.G. Feng, C.W. Li, W.H. Ying, Y.Y. Li, The scattering states of the generalized Hulthén potential with an improved new 

approximate scheme for the centrifugal term, Chinese Physics B, 18(9) 2009, 3663.  

[6] J. Gao, M.C. Zhang, Characteristics of droplets ejected from liquid glycerol doped with carbon in laser ablation propulsion, 

Chin. Phys. Lett., 33 2016, 010308.  

[7] R.L. Greene, C. Aldrich, Variational wave functions for a screened Coulomb potential, Physical Review A, 14(6) 1976, 

2363. 

[8]  A. Hassanabadi, A.N. Ikot, C.P. Onyenegecha, S. Zarrinkamar, Approximate bound and scattering solutions of Dirac 

equation for the modified deformed Hylleraas potential with a Yukawa-type tensor interaction, Indian Journal of Physics, 

91(9) 2017, 1103-1113.  

[9] A. Hassanabdi, B.H. Yazarloo, S. S. Zarrinkamar, H. rahimov, Spin and Pseudospin Symmetries of Dirac Equation and the 

Yukawa Potential as the Tensor Interaction, Communications in Theoretical Physics, 58(6) 2012, 807. 

https://iopscience.iop.org/article/10.1088/0253-6102/58/1/05/meta
https://iopscience.iop.org/article/10.1088/0253-6102/58/1/05/meta
javascript:void(0)


Approximate solutions of Schrodinger equation in D Dimensions with the modified Mobius … 15 

[10] S.M. Ikhdair, An improved approximation scheme for the centrifugal term and the Hulthén potential, The European 

Physical Journal A, 39(3) 2009, 307-314.  

[11] S.M. Ikhdair, R. Sever, Nonrelativistic quark–antiquark potential: spectroscopy of heavy-quarkonia and exotic susy 

quarkonia, International Journal of Modern Physics A, 24(28) 2009, 5341-5362. 

[12] A.N. Ikot, G.J. Rampho, P. O. Amadi, M. J. Sithole, U. S. Okorie, M. I. Lekala, Shannon entropy and Fisher information-

theoretic measures for Mobius square potential, The European Physical Journal Plus, 135(6) 2020, 1-13. 

[13] A.N. Ikot, O.A. Awoga, H. Hassanabadi, E. Maghsoodi, Analytical approximation solution of Schrodinger equation in D 

Dimensions with Quadratic exponential type potential for arbitratry l-state, Communications in Theoretical Physics, 

61(4) 2014, 457.  

[14] A.N. Ikot, S. Zarrinkamar, E.J. Ibanga, E. Maghsoodi, H. Hassanabadi, Pseudospin symmetry of the Dirac equation for a 

Möbius square plus Mie type potential with a Coulomb-like tensor interaction via SUSYQM, Chinese Physics C, 38(1) 

2014, 013101. 

[15] E. Maghsoodi, H. Hassanabadi, H. Rahimov, S. Zarrinkamar, Arbitrary-state solutions of the Dirac equation for a Möbius 

square potential using the Nikiforov-Uvarov method, Chinese Physics C, 37(4) 2013, 043105.  

[16] L. Mathe, C.P. Onyenegecha, A.A. Farcas, L.M. Pioras- Timbolmas, M. Solaimani, H. Hassanabadi, Linear and nonlinear 

optical properties in spherical quantum dots: Inversely quadratic Hellmann potential, Physics Letters A, 397 2021, 

127262. 

[17] A.F. Nikiforov, V.B. Uvarov, Special functions of mathematical physics, Springer, 1988. 

[18] A. Niknam, A.A. Rajabi, M. Solaimani, Solutions of D-dimensional Schrodinger equation for Woods– Saxon potential with 

spin-orbit, coulomb and centrifugal terms through a new hybrid numerical fitting Nikiforov–Uvarov method, Journal of 

Theoretical and Applied Physics, 10(1) 2016, 53-59.  

[19] C.P. Onyenegecha, C.A. Onate, O.K. Echendu, A.A. Ibe, H. Hassanabadi, Solutions of Schrodinger equation for the modified 

Mobius square plus Kratzer potential, The European Physical Journal Plus, 135(3) 2020, 1-9. 

[20] C.P. Onyenegecha, U.M. Ukewuihe, A.I. Opara, C.B. Agbakwuru, C.J. Okereke, N.R. Ugochukwu, S.A. Okolie, I.J. Njoku, 

Approximate solutions of Schrodinger equation for the Hua plus modified Eckart potential with the Centrifugal term, The 

European Physical Journal Plus, 135(7) 2020, 1-10. 

[21]  C.P. Oyewumi, O.J. Oluwadare, the scattering phase shifts of the Hulthén-type potential plus Yukawa potential, The 

European Physical Journal Plus, 131(9) 2016, 1-10.  

[22] W.C. Qiang, Y.Gao, R.S. Zhou, Arbitrary-state approximate solutions of the Hulthén potential through the exact 

quantization rule, Central European Journal of Physics, 6(2) 2008, 356-362.   

[23] F. Taskin, G. Kocak, Approximate solutions of Schrödinger equation for Eckart potential with centrifugal term, Chinese 

Physics B, 19(9) 2010, 090314.  

[24] C. Tezcan, R. Sever, A General Approach for the exact Solution of the Schrödinger Equation, International Journal of 

Theoretical Physics, 48(2) 2009, 337-350.  

[25] M.E. Udoh, U.S. Okorie, M.I. Ngwueke, E.E. Ituen, A.N. Ikot, Rotation-vibrational energies for some diatomic molecules 

with improved Rosen-Morse potential in D-dimensions, Journal of molecular modeling, 25(6) 2019, 1-7. 

[26] Y.P. Varshni, Eigenenergies and oscillator strengths for the Hulthén potential, Physical Review A, 41(9) 1990, 4682. 

[27] E.S. William, E. P. Inyang and E. A. Thompson, Arbitrary l-solutions of the Schrödinger equation interacting with Hulth´en-

Hellmann potential model, Revista Mexicana de Fisica, 66(6) 2020, 730-741.  

[28] B.H. Yazarloo, H. Hassanabadi, S. Zarrinkamar, Oscillator strengths based on the Möbius square potential under 

Schrödinger equation, The European Physical Journal Plus, 127(5) 2012, 1-11. 

[29] S. Zarrinkamar, A.A. Rajabi, H. Hassanabadi, Solutions of the Two-Body Salpeter Equation Under an  Exponential 

Potential for any l- State, Few-Body Systems, 52(1-2) 2012, 165-170. 

[30] G.J. Zeng, K.L. Su, M. Li, Most general and simplest algebraic relationship between energy eigenstates of a hydrogen atom 

and a harmonic oscillator of arbitrary dimensions, Physical Review A, 50(5) 1994, 4373. 

 

javascript:void(0)
javascript:void(0)
https://journals.aps.org/pra/abstract/10.1103/PhysRevA.50.4373
https://journals.aps.org/pra/abstract/10.1103/PhysRevA.50.4373

