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Abstract: In this work, we approximate a typical model form of bivariate static Schrödinger Equation by an 
appropriate approach based on bilinear finite element method (FEM), then we obtain the results of the PDE on 
a new type 3 feather rose coefficient V(x, y) function in a rectangular domain i.e., eigenfunctions or solutions. 
In fact, we search for influence of 3-feather rose and pass by a weak singularity barrier in the origin. We also 
obtain approximate eigenvalues and final stiffness matrix elements. This paper is accompanied by examples of 
the novel Schrodinger’s model. 
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1 Introduction 

Because of vast applications in basic science and technologies, during the last 50 years ago, quantum 

dots (QDs) have been became an encouraging field of research, and among the nanostructures, QDs have become 

subject of intensive experimental and theoretical studies nowadays. The improvements of the semiconductor 

growth techniques have offered the possibility to obtain QDs with various shapes such as spherical, cylindrical, 

ellipsoidal, pyramid-like, and cone-like. In recent years, a wide variety of shapes and forms, such as: quantum 

dots (QDs) arrays [12], conical [24], rectangular[38], cylindrical [2], disc-shaped [36], elliptical [31], lens-shaped 

[30], pyramidal [18], spherical [3], T-shaped [37], Y-shaped [10], etc., for the QD systems have been used. Due 
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to the complicated geometric form of the shapes, the analytic solution of energy levels and wave functions are 

not known [20, 22]. 

In order to study these QDs different mathematical methods such as: variational method [11,27], 1/N 

expansion method [9], quantum cellular automata [15], density functional calculations [28], exact 

diagonalization [16], finite difference technique (FD) [8, 1], finite element method (FEM) [4,5,23,25,29,33], self-

consistent Hartree method [8], k.p theory [32], Monte Carlo [35], molecular dynamics [17], Green’s functions 

[6,14], Nikiforov–Uvarov method [26], Transfer matrix method [19] etc. have so far been used. 

The finite element method (FEM) is a powerful numerical technique for solving PDEs and was 

originally applied to the problems in engineering, structural mechanics, applied sciences and are effective for 

problems with complex domain geometry. In FEM, there is a variational approach for approximating elliptic 

boundary value problems (BVP) such as Helmholtz and Schrodinger Equations., which try to minimize residual 

of the problem over a finite-dimensional subspace defined on some rectangular elements. 

The basic principles underlying the FEM are relatively simple and application of this method involves 

some steps. One of the most important tasks in the Galerkin FEM is the division of the region into suitable non-

overlapping elements. Always, the circular, semicircular and nonrectangular domain is approximated by a 

polygon. This generation of the mesh is particularly important for regions in 2 and 3 dimensions. First, we must 

partition the domain of the problem into a finite number of disjoint elements which the rectangular or triangular 

shapes are most common for 2D problems. For complex regions, the collection of all congruent rectangular 

elements should cover the original region as closely as possible. In the second step, we derive interpolation as a 

linear combination base functions over a typical isoperimetric or physical element by defining a complete 

polynomial base such as {1, 𝑥, 𝑦} over an element. After assembling, the smooth degree of the final global 

polynomial, determine continuity of global approximation. In this paper, our FEM approximation belong to the 

space
1 0H C . In this step, we determine blocks and entries of the original stiffness matrix. In the third step, 

we need assemble all regular elements to obtain global matrix. In the final stage, the resulting system of 

equations will be solved. 

In our study, we limit our discussion to a special type of the model problem [4, 5,7,21,23,25,29,33,34], 

and approximate a typical 2D Schrodinger Equation by means of the FEM. Finally, we evaluate the energy 

eigenvalues and corresponding eigenfunctions of the 3-feather rose type potential. 

The structure of this paper is as follows: in Section 2, we introduce the FEM and apply it on the model 

problem, Section 3 we present numerical results of some examples and concluding remarks are subject of final 

section. 
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2 Application of rectangular FEM to the problem 

The procedure of the FEM to solve 2D problems is as follows. We assume a 2-D linear second order Schrödinger 

Eq. as, 

2 2

2 2
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This bivariate static Schrödinger Eq. is a linear eigenvalue problem with Dirichlet homogenous 

boundary conditions (BCs), the domain is rectangular [ , ] [ , ]ph a b c d    and in the normalized case, this 

domain can be scaled and transformed to the normalized form [0,1] [0,1]c   . In Eq. (1), the function  

0 2( , ) ( ) ( )c cV x y H L     have an important role for determining geometrical confining potential and 

2

*2m
   is a given constant.  

Given a general domain, we can approximate the domain by a polygon and then generate a 

triangulation and rectangulation over the polygon, then we can refine the mesh if necessary.  We partition the 

domain c  into some disjoint non-overlap rectangular elements and define the bilinear base functions. We 

assume n  and m  be the number of discretization points along x and y axes, so the x and y steps are 
1

h
n



, 
1

k
m

 , and 0 10 ... 1nx x x     , 0 10 ... 1my y y     , ix a ih  , 
jy c jk  . The 

global piecewise bilinear polynomial base functions define on the rectangular elements can be written as, 
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where 1,2,..., 1i n  , 1,2,..., 1j m  . The node ( , )i jx y is the vertex of 4 adjacent elements. The total 

number of points are equal (1 )(1 )n m  . Since the wave functions degenerate on the boundaries, the 

boundary points is deleted from computing volume. Therefore, the number of unknown variables (and hence 

the number of algebraic equations) are equal to the number of internal discretization points

( 1)( 1)iN n m   . 

Now, we construct the finite element approximation of the eigen wave function through piecewise linear 

combination of base functions by Eq. (2) on all internal nodes, 
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, ,
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where ,i ju  are unknowns on ( , )i jx y  and we look for the solution in the space
0 1C H . For simplicity, we 

use computational, normalized and isoperimetric elements by scaling and mapping 
i

x

x x

h



  and 

j

y

y y

h



 . Therefore, we can rewrite the Eq. (2) as the following alternative, 
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Since, in vicinity of each point ( , )i jx y  there are 9  points and naturally 4  proper elements, therefore in the 

related matrix system, there are 9  non-zero diagonal and ex-diagonal elements. So, we will have a resulting 3-

diagonal block Hamiltonian matrix. Each of these blocks are 3 3  and symmetric. Now, we define residual 

( , )R x y  through substituting the linear expansion (3) into the Eq. (1), 

( , ) ( , ) ( , ) ( , ) ( , ),R x y x y V x y x y E x y                   cx               (5) 

The approximated wave-function  is in the generalized, distributional and weak form [4,23,11], thus we can 

use the Galerkin weighted residual method by multiplying Eq. (5) by test functions 
1

, ( )i j cH   ,  
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And in the normalized space we have, 
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In order to evaluate the equations (6), we need to use Green’s theorem of second kind as [4,5,11,23], if  

1, ( )cU H   ,  

. . ,
U
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
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Where n  is the unit normal to the boundary  , is the gradient operator, .  is the Laplacian 

operator and .
U

U n
n


 


. Due to the homogeneous boundary conditions on the entire boundary, the Eq. (7) 

is simplified into the form by degenerating boundary integral term, 
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Diagram (1) represents a simple description about the local nodal basis functions (2) and (4) in the vicinity of 

the point ( , )i jx y . 

 

 

Figure 1: The 4 neighborhood elements and 9 neighborhood points of an arbitrary internal point ( , )i jx y  

 

Now, through integral (6), we have the following bilinear form  
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consequently three types blocked matrices, for matrix 
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entries as follows in Fig. (2). 
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Figure 2: 1M  matrix structure and entries. 
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Figure 3:  2M  matrix entries. 

 

and for the third matrix 
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Figure 4: 3M  matrix elements. 

 

After evaluating above mentioned sub-matrices by assembling uniform elements and use row-wise ordering for 

the nodal points , we get the following eigenvalue system, 

1 2 3 ,M M EM                                                                                (9-a) 

1

3 1 2( ) ,M M M E                                                                          (9-b) 

Where, E s are energy eigenvalues. There are many direct or indirect methods such as SOR, to solve above stiff 

system (9). 

3 Numerical results and discussions 

By using the FEM and a compact density matrix formalism, we investigate properties of 3-rose flower 

discontinuous type V . Figure (5) shows the mentioned 3 feather abloom potential V , 
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Figure 5: The diagram of the confining 3 feathers rose potential 0V   in the rose and ( 1) 

otherwise, 3D perspective and contour plot of the potential, the domain [250,250] [250,250]ph   , the 

potential can be gotten by the equations: (3 )r Cos  or (3 )r Sin  , and the potential is zero in the 3-

rose area loop and is 0 otherwise, the radius of the small interior circle is 
1

30
. 

 

 

 

Figure 6: The 3D and contour plot of the eigen-function approximation  , correspond to the minimum 

eigenvalue min 0.0408444  , under conditions 30n m  , 25.0  , 1  , 
230  uniform elements, 

the radius of the small interior circle that is 
1

30
 for prevention of singularity. 
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Figure 7: The data plot of the eigenvalues i , 30n m  , 25  , 
230 elements, 

min 0.040844   and max 3.0928  , the square domain size is fix, the pointwise data graph is increasing, 

the condition number of the stiffness matrix can be computed by min

max




which shows a measure of ill 

conditioning. 

 

In physical interpretation, the 3D figure of 3-feather rose hole in the rectangular domain, indicate the 

distribution of the probability densities inside the quantum structure. This probabilities show the probability of 

finding an electron in an assumed structures and therefore can provide us information about the free careers 

distribution.  We also find that the energy decreases by increasing domain size. 
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Figure 8: The first two approximate eigenfunctions  , 3 -feather rose V , 25n m  , 25  , 

1  , min 0.038936   and 1 0.042003  ,
224iN  , the radius of the small interior circle is equal to

1

20
. 

 

 

Figure 9: The data graph of the eigenvalues i , 25n m  , 25  , 
225 elements, 

min 0.038936  and max 2.432915  , the domain size is fix, the radius of the small interior circle is 

equal
1

20
. 
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Figure 10: The graph of the confined potential V , 0 in the 3 feathers rose and inner circle, and unity 

otherwise, the 3D perspective and the contour plot, the domain size is [250,250] [250,250]   , this 

rose can be gotten by changing (3 )r Cos  or (3 )r Sin   from polar to rectangular coordinate, the 

radius of the small interior circle is equal
1

10
. 

 

 

Figure 11: The pointwise graph of the eigenvalues i , 25n m  , 25.0  , 
225 elements, 

min 0.021899   and max 2.430496  , the domain size is fix, the radius of the small interior circle is 

equal
1

10
. 
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Figure 12: The graph of the first 2 eigenfunctions  , 3 feather hole potential V , 25n m  , 

25  , these graphs correspond to the eigenvalues min 0.021899   and max 2.430496  , and 

224iN  , the radius of the small interior circle is equal to
1

10
 

4 Concluding remarks 

  In this work, we get some approximate eigenvalues of the model problem, and the last two approximate value 

of the Schrodinger PDE correspond to the last two minimum eigenvalues. We can investigate the electronic 

properties of multi-feather nanoflower, by using the FEM, finite difference method (FDM)[1], meshless 

methods[13] etc, we can get effect of any change in the domain size, in the radius of small interior circle and any 
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change on the parameters. We can also show that a nonlinear behavior in the energy value is observed when the 

number of feathers increased ( ( )r Cos n ).  In most of complex models, analytic solution do not exist, 

therefore to analyze the error, have complexity and so error analysis of this work is subject of another paper. 

The application of the radial base functions (RBFs) and meshless methods, is another future struggle of us. In 

present work, instead of Galerkin method, we can use of another weighted residual such as Petrov Galerkin with 

different and smooth test functions such as Hermite type. In our numerical experience, triangular elements, will 

give better approximation than rectangular elements. 
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