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1 Introduction

In this paper, we study the following system:

Ay + a1 f(wym(v) =0 u(1) =0,u’(0) =0

{A +av tgwn(v) =0 @ {v(l) =0,v'(0)=0 @)

v

Where A, = a® div(|Vu|?~2Vu),p > 1, a = |x|,x € Q c R"®,
Df,g,mn € C(R),uf wym@) > 0,vg(u)n(v) >0, when u,v#0,f,g=¢€; >0 on(0,+],a=0 then
f(0)m(0) = 0,g(0)n(0) = 0.
In recent years, many authors studied the existence of solutions for nonlinear boundary value problems. See, [1-
12] and the references therein. For example, in [10] the problem

—(a"1ppyw)) = e P(@f@,onf01],  (3)
u'(0)=0,u(l)=0 4)
Y € C*(RY), ¢, (x) = |x[P~2x,p > 1, was studied.
We introduce the following eigenvalue problem
~ (0" pp ) = Aa" p(@)lul P2, 5)
u'(0) =0,u(1) =0,
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Consider
u(0) = a,u’'(0) =0, (6)
(W, v)| = [ul + |v].
Lemma 1 [10]. Let {r;}*_, be zeros of an eigen function yj, for (5) corresponding to A, satisfying
O=ry<n..<n =1L1i).
Assume 1 > A, ,1 < i < k, there exista solution z; of
—(a™2'|P~22") + 2a™ w(2)|z| P72z =0, 7)
it has at least two zeros in
(ri_, ). il) forA< A, 1<i<k,
there exist a solution z, of (1) satisfying z,(a) on [r;_4,7;].
Lemma 2 [10]. Let M > 0,w* = max{i(a)|a € [0,1]} and «a satisfy k, + k,F(a) > w*F(M).
We define
1 1
8= Mp ?(ky + kyF(a) —w*F(M)) » > 0. (8)
Then the solution u(a, a) of (3), (6) has the following properties:
i) if u(r, @) has no zero in (ry,7,) and satisfies |u(a, @)| < M on [ry, 1,] for some 7,1, € [0,1],
then we have r, —r; < 6. i) if u(r, @) has no zero in (x,y) for some x,y € [0,1] satisfying y — x > 2§, then
lu(a,a)| > M for r € (x + 8,y — §). For M,a > 0 define Iy, = {r € [0,1]l|u(r, a)| < M}.

2 Main results

In this section I introduce Prufer-type substitution for the solution u(a, @) of (1) and (2) by using the generalized
sine function S, (a) has been well studied by [2]. The function S, , S, satisfies

IS, (@]|” + lS, (a)l =1
C))
| q(a)l
sa(@I"+ =~
|S’p| Slp) + |5p| Sp=0
, 10
%%W%v#wﬁ”&=o a0

[ define phase-plane coordinates p; > 0 and 6; for solutions u(a, a), v(a, a) of (1) and (2) as following. With

p(n 1)
. oo = mear + -
0,00,0) =2,0,(0,0) = 2. { o *)

P2 @) = b0l + - '@, )"

After differentiating with respect to a, we have
a®* f(wym(v
@ §'§|)|—p(z) 5501 @ )" + a5y (01 (@ ) (11)

a1
, _algwn)
:9 Z(ara) - (q _ 1)|v|q_2v

0'1(a,a) =

1S4(62(a, )|*
Also

-n

n-1 _ 1-n
pre@® _ (= @ 0@n® ¢ (g (0, 0))|"S, (6, (0, 0))S o (62(a, @), at ]S (62(@, )|, (12)

p2(a,a) [v|9-2v

he phase function for (1), (2) with 4 = 4,
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¢,1k(ar )-k) = F(ar lk' ¢1)r (13) )
5@ 4 = 6,4, 2), $11(0.2) = 2, o (L A) = kp, d2c(0,4) =3, baic (1,4 = kg,

Lemma 3.
i) Suppose
fwm@)

[ulP=?u

gawn®)
vja=2v

lim supjy|-o < A, limsupjy|-o < A, for k€N,

then there exists a, > 0 such that
0:(1, ) < km,, 6,(1, ) < kmg, forall a € (0,a,).

That is the solution (u(a, @), v(a, @)) of (1) and (2) has at most k-1 zeros in (0,1) for «a € (0, a,].

ii) Suppose

fwym@)

lulP=2u

gwn)
[v|1~%v

lim infjy)-o > A, for k €N,
then there exists a, > 0 such that
0:(1, @) > km,, 6,(1, @) > kmg, when a € (0,a.].

That is, the solution (u(a, a), v(a,«)) of (1) and (2) has at least k-1 zeros in (0,1) for a € (0, a,].

> A, liminfi,0

Proof. i) The assumption implies that, there exists § > 0 and 1 > 0 such that
M</1</1,(,M<A<Akfor0< [ul + |v| < 6.

lulP—2u |lv|9-2v

Since (u, v) = 0 is a solution of (1), (2), there exists a, > 0 such that
|(u(a, @), v(a,a))| < & for 0 < a<a.and r € [0,1].

From (11), (12) we have
a™ A
-1 .
0',(a,a) < % |S4(62(a, )| + as1|S,(6;(a, )| = 6(a 4, o).

Let ug, v;, be the solution of (5) with 4 = A, and ¢, ¢, be its Priifer angle, then uy, v, are eigenfunctions of
(5). Thus

0'1(a,a) < |Sp(91(a, a))|p + aﬁb‘p(el(a, a))|p = F(a, Ak, 1),

1 (L A) = kmy o (1, A4) = kg,
The comparison theorem was studied by (Birkhoff & Rota 1989, p.30, in [3]), include that
91(1, a’) < ¢1k(1rlk)' 92(1, a) < ¢2k(1rlk)r l<a<a,.
ii) By assumption, we have there exist exists § > 0 and A > 0 such that
fam@) g S e gwn)

lu|P—2u |lv|9-2v
Similar to (i), there exists a, > 0 such that
0 < |(u(a,a),v(a,a))| <6 for0<a < a,,ac€[0,1].

> 1> A when 0 < |u|l + |v| < 6.

So,
f(u(a,a)m(a,a))

lu(a,@)P~?u(a,)

g(u(a,a)n@(a,a))
[v(a,a)|9?v(a,)

>A‘k! >Ak:

by (11), (12) we get

6'1(a,a) > a(:__lf)k |S,(61(a, oz))|l[J + al:_v|5p(01 (a, 0{))|I[J = F(a, Ay, 1),
n-1 1—_71
0'5(a,a) > a(q_f)k |S4(6;(a, a))|q +a1|S,(0,(a, a))|q = G(a, Mg, §y).

Similar as in (i), we have
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0:(1, @) > km,, 6,(1,a) > kny.

Lemma 4.
i) Assume that

LROMD) o 3, Him infiy oo S22 > 4 for k €N,

lulP~2u lv|9-2v

then there exists a* > 0 such that the solution (u(a, @), v(a, @)) has at least k zeros in
(0,1) x (0,1), a € [a*, ).

ii) suppose

lim infiy|-o

LOOIMD) < A i Supjpjsce L < )y, for k EN,

|ulP=2u |v]9-2v
then there exists a* > 0 such that the solution (u(a, @), v(a, @)) has at most (k -1) zeros in (0,1) x (0,1) for
at <a.

lim supjy|-e

Proof. i) by assumption, there exist A > 4, and M > 0 such that
LGm®) o 352, L9 S 55 2, when [ul +v] =M, (14)

lu|P~2u lv|9-2v
Let uy, v, be the k-th eigenfunction of (5) corresponding to A, and {r;}¥_, be zeros of u, v, with 7, = 0 and
1. = 1. Lemma (1) implies that, there exists a solution z,;, z,; of (7) having at least two zeros in (r;_y,7;).
Now, fix i € {1,2, ..., k}, let t;,t, be zeros of z,;,z,; satisfying
o< 4 <t <1y,
By (8) and remark that § tends to zero as @ tends to infinity. For this i, we can choose an @; > 0 such that
r;—Ti_q > 26; and [ty,t,] € (ri_y + 8, 1, — 6)),
where a; and §; are consistent with (8).
Let a = a;, we prove u(a, a),v(a, a) have atleast one zero in (r;_q,1;). Suppose u(a, a), v(a, @) have no zero
in (r;_4, ;). Lemma (2) (if) implies that
lu(a, @)l > M, [v(a,@)| > M, when a € (r;_y + 6;, 11 — 5;).
From (17), we have

f(wlaa)mwaa)) 1< g(u(@a)nw(a,a))
(u(@a)p-t  ’ (v(a,a)t

So (in [8], p. 182) implies that u(a, @), v(a, @) have at least one zero in (t;,t,). This leads to a contradiction.
Hence u(a, a), v(a, ) with @ > a; have at least one zero in (1;_1, ;).
Set

A<

L fora € [ty,t,] € (ri_q + 6;, 11— 6)).

a* = max{a;li = 1,2, ..., k}.
If a=a, then u(a,a),v(a,a) have at least one zero in (r;_;,7;) for each i=1,2,..,k. It means that
u(a, @), v(a, ) have at least k zeros in (0,1) for a € [a*, ). ii) by assumption, there exist 1 < A, and M > 0
such that
fwm@) gwn®)

lu|P=2u lv|9-2v
For every a > 0,let ¢;(a, a), ¢ (a, @) be the Priifer angle of the solutions of (5) and (6) with A and A . So,
b1 (L) = kmy, ¢ (1, @) = kmy,

<A< A,

<A< A, when |ul +|v| =M, (15)

hence by the comparison theorem,
61 (1L, a) =k, — ¢, ¢ (1, @) = kg — €, > 0 and from (11), (12) ¢;(r, @) satisfying

#,@0) = 22215, (1@ @) + o715, (1 (@ )| = Fla, 0,6,

?,(0,0) = 5215, (2 )| + 7715, (920, 0)|" = Ga,d 62),  (16)
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Define:
R(a,a) =1 luaa)P~2ula,a) ’ lu(a, )| <M ,
A s u(a, @)l =2 M
9(u(@,))n(v(a,a)
<M
T(a,a) =3 |v(a a)|92v(a, ) v(a, @)l
A Jv(a, )l =M
i i i i « [f(u@a)(mla.a)
By (11) and (12) and comparing with (16) there exists a sufficiently large a*, — e’

|g(u(a,a))n(v(a,a))
p2(a,a)
can be small for
lu(a, )| <M ,|lv(a,a)|] <M and a = a*.
So 6,(a,a),0,(a, a) are bounded for @ = a* --O0and -a € [0,1].
The number of zeros of u(a, @), v(a, a) of (3) and (6) is uniformly bounded for « = a*. By ([10]), we have
lim ]| = 0 a7)
let 1;(a, a) be the solution of the equation ’;(a, «) = H;((a, a,1);), satisfying
$:1(0,@) =72 ,1h,(0,a) ==* and from (13) with A= 4,  (18)
we obtain (¢ = a* and a € [0,1] ),
Yi(a, @) — ¢y (a,@) = [ (H(s, 1) — F(s,a,91) + F(s,a,91) — F(s,a,¢1))ds =
a
DS, (W1 (s, )| ds + Iy 347 FG 0,60 (1(s,@) — (s, @))ds,

Yo(a, a) — ¢py(a,a) =f0aa% G(s,a,&) (P (s, @) — p,(s,))ds,

Where ¢;(s, @) is between y; (s, ) and ¢;(s, ).
By (17),

Sn—l
> (RGs, ) =

[ (R, @) = DI, (92 s, )[ds| < [ 2 (RGs,@) = Dds <5

fO”ZT_l(T(s, a) = DS, (Y2 (s, a))|qu| < fI;aiIT_lB(s)(T(s, @) —A)ds < 8§ when a >a*, § >0.

Note that
|i F(s,a, 51)| and |LG(s, a, fz)| are bounded by kq,k, > 0.
0py 0,

So, we have

|%mw—@mwma+jmwum—@@wm.
0

[W2(a, @) = ¢2(a, @) < 8 + [ kalz(s, @) = pa(s, @)lds,
If § <ee ™ ,8 <ege ™, then |,(a,a) — ¢;(a, a)| < e’ < ¢,
[¥,(a, a) — ¢py(a, a)| < Se k2l < &,
So
Pi(a,a) < ¢i(a,a) +¢ Pr(a,a) < d,(a,a) +e
61(a, @) < YPi(a, @) < ¢pi(a,a) + & = kymp, O,(a, @) < Py(a, ) < ¢,(a,a) + & = kymy,
thus the proof completed.

Theorem 5. Suppose that there exists an integer k € N such that
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, fym(v) o fym(v)
llmsup|u|_>0|u|p—_2u < Ak < lim H"Lflu|_>00 |u|p—_2u, (19)
, gwn(v) o gwn)
lim sup|,,|_>o |‘l]|q—_21} < Ak < lim H"Lflm_)00 |‘l]|q—_2‘l] : (20)

Then (1) and (2) have a solution with at most k-1 zeros in (0,1).

Proof. By (19) and lemma (3) (i), there exits a, > 0 such that

0:(1, @) < km, ,0,(1,a) < kny for a < a,.

Lemma (4) (i) implies that there exits a* > 0 such that

0:(1, @) > km, ,0,(1,a) > kny for a = a”.

Since

0.1, @) = km, ,0,(1,a) = kmy .

Similarly, (20) can be proved. Now the proof is completed.
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