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Hypercyclicity of adjoint of convex weighted

shift and multiplication operators on Hilbert spaces
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Abstract: A bounded linear operator T' on a Hilbert space $) is convex, if
IT*0]1* = 2/|To]* + [lo]|* > 0.

In this paper, sufficient conditions to hypercyclicity of adjoint of unilateral (bilateral) forward (backward)
weighted shift operator is given. Also, we present some example of convex operators such that it’s adjoint
is hypercyclic. Finally, the spectrum of convex multiplication operators is obtained and an example of
convex, multiplication operators is given such that it’s adjoint is hypercyclic.
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1 Introduction and preliminaries

Let $) be a separable infinite dimensional Hilbert space, and B()) be the space of all bounded linear
operators on $). The operator T € B(#) is said to be convez, if

I%0* = 21 Tv)|* + Jlo]|* > 0, (1.1)

for all v € . We know that the sequence (o, )n of real numbers is convex, if
1
Qnt1 < E(an + ant2), mn€EN. (1.2)

Hence, if T is a convex operator then the sequence (||T"v||?)nen is a convex sequence for each v € .
Letting Az = T*T — I, the similar definition of convexity of ¥ is the following form.

In [I3] the authors have studied the convexity of composition and multiplication operators, and their
adjoints on a weighted Hardy space. Note that if for every = € ), equality holds in [, then the operator
T is called a 2-isometric operator. Moreover, if the inequality in [ is reversed then the operator ¥ is
called a concave or 2-hyperexpansive operator. For some information on such operators one can see [I7] .

The operator T € B($)) is hypercyclic if there exists a vector v € §) such that its orbit, that is the
set orb(%,v) = {v,Tv,T?v, T%v,...}, is a dense set in H and such as v is called hypercyclic vector for .
Similarly the operator ¥ is called supercyclic if there exists a vector v € § such that {a%"v : a € C.n € N}
is dense in ). In this case, the vector v is called supercyclic vector for ¥.
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The operator T € B(9) is called weakly hypercyclic if there exists a vector v € §) such that its orbit is
weakly dense. Similarly, the operator ¥ € B($) is weakly supercyclic if there exists a vector v such that
{a%"v : a € C,n € Ny}, is weakly dense. The concept weak dense means dense with respect to the weak
topology.

Hilden and Wallen [(6] in 1974 showed that any (unilateral) backward weighted shift operator is
always supercyclic, regardless of the weight sequence w. Hypercyclicity of unilateral backward weighted
shift operators is characterized by Salas [I9] in 1995.

Note that if the equality holds in I for every v € §), then the operator ¥ is called a 2-isometric operator.
It is known that 2-isometric operators are neither supercyclic nor weakly hypercyclic [2]. Ansari and
Bourdon [3] extended this to the class of all isometries on a Banach space. Later, supercyclicity of 2-
isometric operators and more generally m-isometric operators have been investigated in [, B, @, [@]. In
addition, supercyclicity of concave and co-concave operators have been discussed in [[¥]. In recent years,
the supercyclicity of operators has received substantial attention. Some good sources on this topic of
operators include [6] and [I2]. We mention in particular [B, 00, 20].

In this paper, we discuss on hypercyclicity and supercyclicity of adjoint of some convex operators. Section
2 is devoted to some elementary properties and examples of convex weighted shift operators such that their
adjoints are hypercyclic or supercyclic. In Section 3 we give some properties of multiplication operators
on weighted Hardy space and we give some necessary conditions for hypercyclicity adjoint of such convex
operators and present an example of adjoint hypercyclic convex operators. Finally, the spectrum of such
operators is obtained.

2 Cyclicity of adjoint of convex weighted shift operators

An operator T in B($) is called a forward unilateral (bilateral) weighted shift if there is an orthonormal
basis {en : n > 0} ({en : n € 3}) and a sequence of bounded complex numbers {w,, : n > 0} ({wn : n € 3})
such that Te, = wnen41 for all n > 0(n € 3). It is known that a weighted shift operator ¥ is unitarily
equivalent to a weighted shift operator with a non-negative weight sequence [H]. So we can assume that
wn > 0 for every n (see Page 52 of [Z1]). We know that ¥ is an isometry if and only if w, = 1 for all n.

Lemma 2.1. Let T be a convex bilateral weighted shift operator.

(a) If Ax >0 then Az~ >0

(b) .[f Az S 0 then As;* S 0

Theorem 2.2. Suppose that T is a convex unilateral forward weighted shift on €2 (N), with Az > 0, then
T* is hypercyclic.

Proof. Since Az > 0 thus w, > 1, for all n € N thus

lim sup(w1.w2...wn) = 0.
n—oo

Hence T* is hypercyclic by [&]. O

Example 2.3. Suppose that T is a convezr unilateral weighted shift with Az > 0. Adjoint of T is defined
by
* _ Wn—1€n—1, n Z ]-;
Ten = { 0, n=0.
It’s clearly T is always supercyclic, regardless of the weight sequence {wn }n.
On the other hand T* is hypercyclic if and only if

lim sup (w1 .w2...wn) = 0.
n—oo
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thus if we define w, = :—ﬁfor all m > 0 then it’s clearly T is convexr and Az > 0.
limsup(wi.wa...wn) = limsu(\/éxéxgxzx ><n+1><n+2><n+3)
P Wz n )= AP [ X g R R N T Y T Tt
= limsup 7(71—’—2)6(”_'—3):00

Thus * is hypercyclic.
Theorem 2.4. Suppose that T is a convex supercyclic bilateral weighted shift, then T* is not hypercyclic

Proof. Since ¥ is supercyclic thus Az > 0 or Az < 0, [[9] and then Lemma B implies that Az« > 0 or
A<+ < 0 respectively. Thus * is not hypercyclic. O

Theorem 2.5. If T is a convex, bilateral weighted shift with A< > 0 then T is not supercyclic.

Proof. Since Ag+ > 0, thus w, > 1 for all n and then ¥ is invertible thus by Theorem 3.4 of [9] there exist
{nk} such that

.
li —2)=0
n U("-’—J )
j=1
and then
ni
w—
li 1y £0
im [[( o7
j=1
thus T* is not supercyclic. O

Corollary 2.6. If T is a convez, bilateral weighted shift with ¢ < w, <1 for some positive real number c,
then ¥* is not supercyclic.

Now we present an example of bilateral weighted shift operator T such that T and T* is not supercyclic.
Example 2.7. Consider the backward bilateral weighted shift operator T defined by Te,, = wnen—1 which

1 1

1t R NS T2
Wn = 10> nz—l,O,l

1 1

TRz =2

% is conver As < 0. Since {wn}n ts bounded below, ¥ is invertible and

T, = ent1; M EZL.
Wn+1
On the other hand T* is invertible
(T) Hen) = (T 1) (en) = —en—1; nEZ
and
1171?1HW—J—1171:11H1£ — >0
j=1 7 j=2 10 " j
because . - ,
+ 1y 10 — 3
- 0 Rt
)
j=2 07" =10

Thus * is not supercyclic.
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Example 2.8. Let ¥ be a bilateral forward weighted shift operator e, = wpen+1 with w, = 4/%“ for

n>1 andwnzéforngl.
It is clearly ¥ is convex and Az < 0 and T ¢n = wWn—16n—1 is backward bilateral weighted shift operator.
Since for each ¢ € N

liminf* = lim inf ﬁ =liminfy/(n+q+1) =00
n W1...Wn+q n E'g"'n+q+1 n

wWo.W—1...W—-n+4qg+1 _

but

lim inf
n W1.W2...Wn+4q n

Thus T* is supercyclic by 1.89 of [4].

Theorem 2.9. Suppose that T is a convex, bilateral, forward weighted shift operator on the £2(Z) with
weight sequence {wntn. Ifv € £2(Z) and an = || T"v|| then, {an}n is decreasing or eventually strictly
increasing. Moreover, if there exist ¢ such that 1 < ¢ < wy,, for all n € Z then,

k
lim H Wn—i = 00.
n
i=0

Proof. By Proposition 2.1 of [I4], {ax,}» is decreasing or eventually increasing. If the sequence (o )n is
decreasing thus w, < 1 for all n € Z, and then we conclude that ||T* v|| is eventually increasing.
On the other hand convexity of ¥ implies that

wi.wiH > 20.)2 —1
thus
wiflwiwiwtl > Qw'iflw?z - Wifl > 3(4172171 -2
by using mathematical induction we conclude that
wi_kwi_kﬂ...wiwiH > (k+ 2)wi_k —(k+1) =(k+ 2)[wi_k —1]+1.

Now ifk — oo then we obtain

v

k
. ] . 2 _
Jun [Lwn—s 2 Jim (e Dl — 1141

v

(¢c—1) lim (k+2) = oc.
k— o0
O

Example 2.10. Consider bilateral forward weighted shift operator T on £2(Z) with weight w, = 1 for
n <0 and w, =2 forn > 1.
It’s clearly T is conver and T is a bilateral backward weighted shift operator which is defined by

T*en = Wn—1€n—1-.
and T is weakly hypercyclic which is not hypercyclic.

Note that in the last example if w, = a < 1 for all n < 0 then " is hypercyclic too.

In [05] Herrero had a question about direct sum of hypercyclic operators. His question was: Does T
hypercyclic imply that € & ¥ is also hypercyclic?. Similarity, we extend this question to adjoint of convex
operators. That means, if T is convex and T* is hypercyclic. Is T @ T* hypercyclic?. For weighted shift
operators, the answer is positive. See Corollary 2.10 of [I9]. In generality, for an arbitary convex operator,
it’s must be check out.
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3 Properties of Multiplication operators

Theorem 3.1. Suppose that v is a non-constant function and multiplier of $ and My is multiplication
operator on $). Then M, is hypercyclic if (D) meets the unit circle D, [1].

At first we present an example of convex multiplication operator 9, with hypercyclic adjoint.

Example 3.2. Consider $°(8), the weighted Hardy space so it’s weight sequence {B(n)}n is defined by
B(n) =n+1 and map ¥ on D by ¢¥(z) = 2v. It’s clearly, My is bounded and for every nonnegative integer
k,

16][0" 2|7 — 8[l0" 1% 4 ||v*||?

16(k +3)° —8(k+2)° + (k+1)> >0

k k k
1975 0% % = 2|9 0" | 4 0"

and
[9p0" |12 = [[0" |7 = 4]o™ )12 = [|o")” = 4(k + 2)* = (k+1)* > 0.

Consequently, My, is conver but not an isometry and Ay > 0. Since ¥(D) intersects unit circle then last
Theorem implies that Iy, is hypercyclic.

Corollary 3.3. Let > = M(H7(B)). Consider the function 1 € H° with ||Y||ee < 1. If My Ay My >
Ay >0, then M, is not hypercyclic.

Proof. By Theorem 3.2 of 3] and statement ||90t,| = ||99%;,|| = 1 we conclude 9y, is isometry and
consequently is not hypercyclic. O

Finally, we obtain the spectrum of Convex Multiplication operators on Hardy, Bergman and Dirichlet
spaces.

Theorem 3.4. If My is a convex, multiplication operator on 2 (D) and Ao, >0 then

sp(My) = (D).

Proof. Let My, be a convex multiplication operator on $*(D) such that A, > 0 and ¢ € ¢(D) thus
Y(vg) = ¢ for some zg € D. Consider (My — CI)f = f — (f = (¥ — Q) f thus (My — CI)(f)(vo) =
(¥(vo) — ¢)f(vo) = O for each f € H*(D) but 1 € H*(D) thus My — ¢I = 0 and hence M, — (T is not
surjective and consequently is not invertible, hence ¢ € sp("M,). Compacness of spectrum implies that
Y(D) C sp(My). -

On the other hand, let ¢ ¢ ¥(D) thus ﬁ € H°°(D). Now we show that 9, — (I is bijective.

Let

fekerMy —Cl) = My —CNf =0 = () =f(v) =0 VoeD
= f=0.
Thus My — (I injective. Now if g € H(D) since ﬁ € H°(D) C $H*(D) thus ﬁg € $H*(D) and

My, — CI )ﬁ g = g hence M, — (I is surjective and consequently invertible thus ¢ ¢ sp(My) and then

sp(My) = P(D).
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Note that Theorem 2.1 of [[4] implies that if 9, is non-invertible then D C (D), and if My, is invert-
ible then ¥(D) C {2z : |z| > 1} i.e. |[¢(z)| > 1 for every z € D.
In the second case since My is not hypercyclic operator on Hilbert space §, spectrum sp(9y) does not
intersect the unit circle thus [¢(v)| > 1 for each v € D.

Similarly same result will obtain for Bergman space .A%(D) and Dirichlet space D on unit disk D.
Now, consider Hilbert space $). If each bounded analytic map ¥ on region €2 is a multiplier of §) and
[9ty]] = [|¥]lco. Multiplication operator 9y, is hypercyclic if and only if () N OD # @. Hence, for each
convex, multiplication operator 9, we have

Corollary 3.5. If My satisties in condition MyAyMy > Ay > 0, on H*(D) or A*(D), then M, is not
hypercyclic.

Of course, this is not valid for all Hilbert space . Indeed condition ||| = ||[%||c is necessary.
To show validity of this condition assume that ) is a Hilbert space and v is a multiplier of § then, the
inequqlity [|9My|| > ||¥||e, hold. But if consider the Dirichlet space D on D, consisting of all analytic

function f:D — C with
dA(
I£1l5 = 1/(0 / f'(v)]” ) < oo.

we show that M(D) C H> (D).

D= {f0) =3 o’ s Yo' +1) < o)

||U ||D_ /| n— 1|2dA / / 271 1 z(n 1>A|2d0dr—n

Let en(v) = ey = Vi

thus

[[9% sup |2 f| = [[Myea(v)]|

If1=1
U2

= |l =1l =v2
[[]

but [|¢(v) = vllee = sup,ep [v] =1 thus ||| > [[v]|eo.
In continuity, we present a convex, multiplication operator 9t,, on Dirichlet space D such that 9y, is
hypercyclic but (D) N oD = {.

Example 3.6. Consider the multiplication operator 9y on Dirichlet space D. Define the map ¥ (v) =
on D. The multiplication operator My is convexr and Ay > 0.
1905 0% 12 = 2019y 0® 1 + P = 2 = 20" 4 o)
(k+2)—2(k+1)+k=0.
and
970" |2 = [[o" |17 = l"FHJ* = o")* = (k+ 1) =k =1>0.
Thus My, is convex and Ay > 0 and My, is hypercyclic on D by [8], but (D) N oD = 0.
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Conclusion

The concept of convex operator on an infinite dimensional Hilbert space $) is introduced and sufficient
conditions to hypercyclicity of adjoint of unilateral (bilateral) forward (backward) weighted shift operator
is given. Also, some example of convex operators such that it’s adjoint is hypercyclic is presented. Finally,
the spectrum of convex multiplication operators is obtained and an example of convex, multiplication
operators is given such that it’s adjoint is hypercyclic. For further research, it is best to look at all convex
operators and their direct sum.
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