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Abstract: This study presents the approximate solutions of a system of Fractional Integro-Differential
Equations (FIDEs) with least squares collocation Chebyshev technique. The technique reduces the problem to
system of linear algebraic equations and then solved. The applicability of this method has been demonstrated
by numerical examples. Numerical results show that the method is easy to implement and compares favorably
with the exact results.
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1 Introduction

The Fractional integro-differential equation has played a significant role in modelling of real world physical
problems e.g. the modelling of earthquakes, reducing the spread of viruses, control the memory behaviour of
electric socket and many others. Fractional calculus is a field dealing with integral and derivatives of arbitrary
orders, and their applications in science, engineering and other fields. The idea is from the ordinary calculus.
According to [1,6,7], It was discovered by Leibniz in the year 1695 few years after he discovered ordinary

calculus but later forgotten due to the complexity of the formula. Since most FIDEs cannot be solved analytically,
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therefore, much attention has been devoted to searching for approximate and numerical techniques to the
solution of FIDEs. Recently, many methods have been developed by researchers for providing approximate
solutions to FIDEs. In [17] FIDEs have been solved using Bernstein polynomials as basic functions while
Laguerre polynomials were employed in [5]. Collocation techniques has been applied to find the solution of
FIDEs in References [8,11,19]. Sumudu transform method and Hermite Spectral collocation method for the
solution of FIDEs were introduced in [3]. Authors in [2] introduced approximate solutions of Volterra-Fredholm
integro-differential equations of fractional order. Least Squares Method (LSM) for the solution of FIDEs has
been applied in References [12, 13]. Taylor series expansion and Galerkin method based on the second kind of
Chebyshev polynomials have been applied in [14, 15, 21] to solve fractional singular Integro-Differential
Equations (IDEs). The authors in [19] applied a numerical solution of Fredholm-Volterra FIDEs with nonlocal
boundary conditions. In [16] Bernstein modified homotopy perturbation method was employed to solve
Volterra FIDEs. The objective of this work is to introduce a new technique for the first time in the literature
called Least Squares Collocation Chebyshev Technique (LSCCT) with different weight functions that provides
less rigorous works in terms of computational cost with improved accuracy. The general form of the class of

problem considered in this work is given as:

D%u;(x) = p; ()u; (x) + f;(x) + ka,-(x, t)(z u-(t)) dt, i=1.2,..,n, 0<x,t<l1,
0 r=1

(1.1)
With the following supplementary conditions:

wP(xp) =w;; i=012,.., m=-1, m-1<a<m meN (1.2)
Where D%u;(x) indicates the o th Caputo fractional derivative of u;(x); p;(x), fi(x), k;(x, t) are given smooth

functions, x and t are real variables varying [0, 1] and u; (x) is the unknown function to be determined.

2 Some Relevant Basic Definitions

Definition 2.1: Riemann - Lowville fractional integral is defined as [9]

« _ 1 f®
J*f(x) = T do Gpia dt, a > 0,x >0, (2.1)
J* denotes the fractional integral of order o
Definition 2.2: The Caputo fractional Derivative is defined [9]:

—_ 1 (¥ _ yn—x-1

Def(x) = fa fo (x — ) "1fM(s)ds (2.2)
Where m is a positive integer with the property that n — 1 << n
For example if 0 << 1 the caputo fractional derivative is

a __1 X )-xfl
D%f(x) = ra Jo (c =)™ f1(s)ds (2.3)
Hence, we have the following properties:

W J*jf=j*"f,a,v>0,fecC,u>0

(2) J*xY =F(F‘£+;)1)x“+y' a>0y>-1,x>0

(3) JUDUf() = ()~ SR A%,  x>0n-1<as<n
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(4) DUJ*f(x)=f(x), x>0n—1<a<n,
(5) D“C =0,C is the constant,
0 ﬁ € NOrﬁ < [a]r

(6) | pays — TG o
D%x =Gt B € Ny, B = [a],
Where [a] denoted the smallest integer greater than or equal to « and Ny = {0,1.2, ...}

Definition 2.3: The Chebyshev polynomials [13] of degree n over [0,1] is defined by the relation

Qm (x) = cos[sin™1(2x — 1)] (2.4)
and the recurrence relation is given by
Q e () =22x-1Q*, (x)—Q*,,_,(x), m=1 (2.5)

Where Q" ,(x)=1, Q",(x) =2x—1
Definition 2.4: The Chebyshev polynomials [13]: A linear combination of Chebyshev basis polynomials:

wi(x) = XL 4,'Q";(x) (2.6)

is the Chebyshev polynomials of degree n where a; j =0,1,2,........ are constants.

3 Demonstration of Least-Squares Collocation Chebyshev Technique

The proposed method is based on approximating the unknown function u;(x) in Eq. (1.1) by assuming an
approximate solution of the form in Eq. (2.6). Consider Eq. (1.1) operating with /% on both sides as follows:
Jeu GO = J% [pi()w () + fi() + f; ki (e, (T wy (1)) dt] (3.1)
(0 = Zp2A w05+ 1 [pi@uC) + i) + [ kiCe (S w, (0) d] (3.2)
Substituting Eq. (2.6) into Eq. (3.2).

SToalQ", () = SIS uk0) S + J40pi(0) S 40", () + i) +

Jy kG P [B 41" (0]) dt] (3.2)
Hence, the residual equation is obtained as

. . . . k
R(ao!,arl, .., ami)= X0 a;Q"; () — (NF ui* (0) =+

[Pi () Z0 4 Q" (0) + £i(x) + [ ki, ) (X [ET2 4;'Q (1) de]} (3.3)
Let
S(agay--.,am) = [R(agay, ... .. ,am)]zw(x) (3.4)

Where w(x) is the positive weight function defined in the interval, [a, b]. In this work,
we take w(x) =+ c+dxi ,i=2, c=1and d = —1.Thus,
. . . . k .
S(aoh @ty am?) = (T 440", (1) — (ZPH wi(0) T + J¥[p(x) B0 4'Q°, () + i) +

[ ki, (T [ Q" (OO e} (3.5)
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In order to minimize Eq. (3.5), the values of a; (j = 0) is obtained by finding the minimum

value of S as:

05— 0,j=012..,m (3.6)

i
da;

Applying Eq. (3.6) on Eq. (3.5) , we have

m m-—1 k m x n m
DG~ (), w0+ Y 610w+ £ 4 kGo| DY a0 @ de| x
=0 k=0 ’ =0 0 =1 j=0
{400 =", (] = J<[f; kiCe, (s [E]20 @7, (O] dt]} (3.7)
Thus, Eq. (3.7) is then simplified for j = 0,1, ...n and collocated at equally spaced point x; = a + (b-a)i ,(=

1(1)m) to obtain (m + 1) algebraic system of equations in (m + 1) unknown aij which are then put in matrix

form as follow:

( Ri(x, ap)ho" Ri(x, a1 )ho" -+ Ri(x, am?)ho' w
A= ,

Ri(x,aof)hli Ri(x,t.zl")h1".--~ R,-(x,.am")hﬁ (3.8)
RuCt i Bt o Ry,
=G + Zpzh ik (0) ] ho!
5o | [P+ @] ny (3.9)
\[]“ﬁ-(X) e TGr »
Where
b =000 =% [pQ"; ()] -
JEU G O[S0 @7 (OD e, = 04, (3.10)
Ri(xa;%) = Zo Q" () —{J* [p(0) Tko qQ", () +
J¥y i BP0 0,Q7 ()] dt], (3.11)

j=01,.,m, I=12,..,n
In order to obtain the unknown constants a;(j = 0(1)m), the (m + 1) linear equations are then solved using
Maple 18, which are then substituted back into the assumed approximate solution to give the required

approximation solution.
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Remark: The convergence and stability of the method were discussed in [20] while the existence and
uniqueness of solution have been proved by [4].

4 Numerical Examples

In order to illustrate the computational cost accuracy and efficiency of the proposed method using Maple 18 for
solving system of linear fractional integro-differential equations, we present some examples. All result are
calculated using Maple 18.

Example 4.1: Consider the following fractional Integro-differential [18]

D¥uy (x) = — = — X 4 BEUEBID 4 (s 4 6y (6) + wup (D], (4.1)

20 12 151“@)

4

3 1

D%u, (x) = —%+29FL(;)+ St uy (8) — up(D]de (4.2)
3

Subject to initial conditions u; (0) = 0,u,(0) = 0 with the exact solution u; (x) = x — x3,u,(x) = x2 — x.

Solving example 1, following the same procedure above, we take x= %and m = 3. The following constants were
obtained as: ay = 0,a; = 0.333333333 ,a, = 0.666666666, a; =0 for Eq. (4.1) and a,=0,a; =

—0.3333333333,a, = —0.3333333333,a; = 0 for Eq. (4.2). Substituting the values into the assumed

approximate solution hence, the approximate solution is obtained as:

uy (%) = —0.999999999x3 + 0.999999999x

u, (x) = 0.9999999999x2 — 1.00000000¢t. Comparing the result obtained by [18] with the new method, it
suffices to say that the new method in this study is more accurate since the table of error found is smaller than
[17] and the graph of the approximate solution is the same as the graph of the exact solution.

Example 4.2: Consider the following fractional Integro-differential [18]

D*u, (x) = f—;‘ +Z 4+ —zsxz(;rlé)ls") + [ 2xtfuy () + up (D]dt, (4.3)
D¥uy () = =22 4 2 g M+ Oy (6) — up (D], (4.4)

AT
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Figure 1: Showing the graph of approximation solution v, (x)and exact of example 4.1
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Figure 2: Showing the graph of approximation solution u, (x)and exact of example 4.1

Subject to initial conditions u;(0) = 0,u,(0) = 0 with the exact solution u;(x) = x3 — x2,u,(x) = %xz.

Similarly solving Example 3, following the same procedure above, we take o(:% and m = 2. The following
constants were obtained as: ag =0,a; =0 ,a, = 0.33333333333, a; = 0 for Eq. (4.3) and qyg =0,a; =
0,a, = 0.6249999999, a; = 1.874999999 for Eq. (4.4). Substituting the values back into the assumed

approximate solution, the approximate solution is obtained as:

uy (%) = 0.999999999x3 — 0.999999999x3,
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uy(x) = —1x 107°x3 + 1.8745000000x2. Comparing the result obtained by [18] with the new method, it

suffices to say that new method in this study is more accurate since the table of error found is smaller than [18]

and the graph of the approximate solution is the same as the graph of the exact solution.
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Figure 3: Showing the graph of approximation solution v, (x)and exact of example 4.2

I-— = Exact solution w2(x)

Approximate solution LSCCT I

Figure 4: Showing the graph of approximation solution u, (x)and exact of example 4.2

Example 4.3: Consider the following fractional Integro-differential [18]
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1 2
3x3V3T (5) 1

D%u,(x) = - x+t fol 2xt(uy () + uy (6))dt, (4.5)
D%u,(x) = 9%5«/3—;(2) - §x3 + fol x3(uy (8) —u, (D) dt (4.6)

Subject to u; (0) = —1, u,(0) = 0 with the exact solution u; (x) = x — 1, u,(x) = x?
Similarly, solving example 3, following the same procedure above, we take o= § and m = 2, we obtained the

approximation solution which is the same as the exact solution.

‘ Exact solufion ul (x) Approximate salunonLSCCl"

Figure 5: Showing the graph of approximation solution v, (x)and exact of example 4.3
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Figure 6: Showing the graph of approximation solution u, (x)and exact of example 4.3
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5 Table of Results
Table 1. Comparison of the absolute errors for Example 4.1
X LSCCT u, (x) ADM [18]
0.0 0.000 x 10+°° 0.000 x 10+%°
0.2 1.920x107°1° 3.381x 1073
0.4 3.360x10°1° 6.510 x 1073
0.6 3.840x10°1° 9.942 x 1073
0.8 2.880x10°1° 1.372 x 1072
1.0 0.000 x 10*°° 1.786 x 1072

Table 2. Comparison of the absolute errors for Example 4.1

X LSCCT u,(x) ADM [18]

0.0 0.000 x 10+°° 0.000 x 10*°°
0.2 0.000 x 10*1° 4.753 x 1074
0.4 0.000 x 10*1° 1.130 x 1073
0.6 6.000x 1011 1.876 x 1073
0.8 8.000x 10! 2.689 x 1073
1.0 0.000 x 10*°° 3.534x 1073

Table 3. Comparison of the absolute errors for Example 4.1

X LSCCT uy (%) ADM [18]

0.0 0.000 x 10+0 0.000 x 107
0.2  0.000 x 10+1° 6.852 x 107+
0.4 0.000 x 10+1° 2.386 x 1073
0.6 0.000 x 10+1° 4.950 x 1073
0.8  0.000 x 10+1° 8.309 x 1073
1.0 0.000 x 10+°° 1.241 x 1072

Table 4. Comparison of the absolute errors for Example 4.2

X LSCCT u, (x) ADM [18]

0.0 0.000 x 10+°° 0.000 x 10+°°
0.2 8.000x 10712 2.400 x 1073

04 6.400x 10711 3.307 x 1073

0.6 2.160x 1071 5.331x 1073

0.8 5.120x 1071 7.662 x 1073

1.0 1.000 x 10~° 1.029 x 1072
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Table 5. Comparison of the absolute errors for Example 4.3

X LSCCT u, (x) ADM [18]

0.0 0.000 x 10+°° 7.776 x 107°

0.2 0.000 x 10+°° 4.852x107*

0.4 0.000 x 10+°° 7.838 x 1074
0.6 0.000 x 10+°° 1.540 x 1073

0.8 0.000 x 10+°° 2.488x 1073

1.0 0.000 x 10*°° 3.609 x 1073

Table 6. Comparison of the absolute errors for Example 4.3

X LSCCT u, (x) ADM [18]

0.0 0.000 x 10+°° 7.858 x 1078
0.2 0.000 x 10+°° 4.413 x 107°
0.4 0.000 x 10+°° 1.267 x 107°
0.6 0.000 x 10+°° 5.604 x 107°
0.8 0.000 x 10+°° 1.609 x 10~*
1.0 0.000 x 10+°° 3.647 x 1074

6 Conclusion

All the work presented in this study were solved using Maple 18, It can be seen from Figures 1-6 that the
required approximate solutions obtained and the exact solutions are in good agreement, also tables 1 - 6 show
that the new method performed more accurately than that of [18] with less rigorous work in terms of
computational cost. Findings have shown that there is no other place in literature where the table of results is
presented other than [18]. Many researchers have proposed numerical approach for solving fractional
differential equations, whereas numerical approach for solving Integro-differential equations is relatively new.
Therefore, the proposed method can be adopted for solving FIDEs since they performed favorably well.
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