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 1 Introduction 

Since the inception of quantum mechanics, the solutions of Schrödinger equation and 

other wave equations for known solvable potentials have attracted enormous interest from 

many scholars. This is because the solutions contain vital information that is needed to 

describe a system. However, exact solutions of Schrödinger equation have only been 

reported in rare cases [14,31,39]. Recently, some authors have tried to solve Schrödinger 

equation with different potentials [1-9,21,26,36,43,45], using different methods such as 

Nikiforov-Uvarov (NU) method [33], Path integral [11], Ansatz method [46], 

supersymmetry technique [12, 17,35], Formular method [20] etc.  

        Up to now, some authors have tried to solve the Schrödinger equation by combining 

two or more potentials which can be used for wider range of applications [27]. For 
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example, Edet et al. [18] obtained the solutions of Schrödinger equation with a 

combination of modified Kratzer and Screened Coulomb potential. Also, Edet et al. [19] 

derived analytical solutions of Schrödinger equation with Hellmann- Kratzer potential 

model.  Ita et al. [28] solved the Schrödinger equation with Manning Rosen and Yukawa 

potentials. Iyang et al. [29] obtained eigensolutions of N dimensional Schrödinger 

equation with Varshni- Hulthén potential model. Suparmi et al. [40] investigated the 

eigensolutions of Schrödinger equation with Woods-Saxon and Eckart potentials. 

      In the present work, we aim to investigate the solution of Schrödinger equation with 

modified Mobius square plus modified Eckart potential using the parametric Nikiforov-

Uvarov (NU) method. 

    The modified Mobius square potential is the general form of Hulthén and Morse 

potentials [10,45]. Many authors have investigated various forms of this potential in 

relativistic and non-relativistic cases [25,30,37,45]. The modified Mobius square 

potential takes the form  
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where 0V , ,, BA  and   are the depth of the potential, the range of the potential, the 

length of the molecular bond, and adjustable screening parameter, respectively. 

The Eckart potential is one of the important exponential potentials with usefulness in 

physics and chemical physics [9,13,47]. This potential has been studied in literature 

[22,23,34,41]. The modified Eckart potential takes the form 
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where 2V , 3V ,   and q  are potential constants. Motivated by the success of the 

combination of exponential potentials, we attempt to investigate the solutions of 

Schrödinger equation by the combination of modified Mobius square [eq. (1)] and 

modified Eckart potential [eq. (2)] via the NU method.  The newly proposed potential is 

of the form 
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Considering the successes in previous studies, we combine the potentials for more 

application and to allow comparative analysis to existing reports of molecular physics.  

         The paper is drafted as follows: Section 2 gives a brief review of the NU method. 

Section 3 presents the solutions of Schrödinger and corresponding wave function with 

MMSE. In sect. 4, numerical results and special cases are presented. Finally, sect. 5 

provides the conclusion. 

 

2 Parametric NU method  

 

The parametric form of the NU method reads [32, 42,47] 
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The energy eigenvalues equation and eigenfunctions respectively satisfy the following 

equations 
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and nP  denotes the orthogonal Jacobi polynomial. 

 

3 Bound state solutions of the Schrödinger equation with modified Mobius square 

plus modified Eckart potential 

  

 Given the radial Schrödinger equation of the form [31] 
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where Rnl is the radial wave function, µ is the mass, V(r) is the potential function, Enl is 

the energy, ℏ is the Planck’s constant, n is the radial quantum number and l  is the orbital 

angular momentum quantum number. Substituting Eq. (3) into Eq. (8), we obtain 
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 At this point, we notice that Eq. (9) has no exact solution due to the centrifugal term.  

Therefore, we use the Greene-Aldrich approximation scheme [24,38,15]  
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Substituting Eq. (10) into Eq. (9) and taking 
res 2 , we have 
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where,  
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Comparing Eq. (11) with Eq. (9), we obtain values of constants from Eq. (7) as 
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Using Eqs. (15), (5) and (6), we obtain the energy levels and corresponding wave function 

as 
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N  is normalization constant.  

 

4 Discussion 

 

Solution of the radial Schrödinger equation for the newly proposed potential derived by 

superposition of modified Mobius square and modified Eckart potential otherwise known 

as modified Mobius square-modified Eckart potential (MMSMEP) are obtained within 

the framework of NU method and a suitable approximation to the centrifugal term. By 

applying a mathematical software, we obtained numerical results for various energy states 

with  0.01, 0.02, 0.03 and 0.04, as shown in Table 1. It is observed that the energy 
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increases with as the screening parameter  increases. This implies that energy of the 

system depends on the screening parameter  .  

Fig. 1 is a plot of approximation for the centrifugal term for  0.01. The plot shows 

that the approximation is valid for  < < 1. Also, we report the variation of energy states 

with different parameters of modified Mobius square plus modified Eckart potential as 

illustrated in Fig.2. It can been seen that the energy increases with increasing values of 

 . Also, Fig. 3 shows the behaviour of energy against 2V . It is seen that the energy 

increases as  2V  increases and tends to maintain a constant value. 

However, Figs 4 and 5 shows variation in energy states versus 3V  and A . From the 

Figures, it is clear that increasing 3V  leads to an increase in energy while decrease in A  

leads to an increase in energy. 

Figures 6 and 7 show energy variation versus 0V  and  , respectively. It is seen that the 

energy clearly decreases as 0V  and  increases, in both cases. 

 

 4.1 Special cases 
       

Modified Mobius square potential 

  If 032  VV ,  Eq.(3) reduces to modified Mobius square potential as        
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And energy eq. (16) becomes  
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Eckart potential 

  If 00 V , Eq. (3) reduce to Eckart potential of the form  
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Eq. (16) becomes 
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Modified Poschl-Teller potential 

 If we replace 030  VV , then Eq. (3) becomes modified Poschl-Teller potential of the 

form 
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Eq. (16) reduces to 
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5 Conclusions 

 

This paper presents an approximate analytical solution of Schrödinger equation for the 

modified Mobius square plus modified Eckart potential. The energy levels and 

corresponding wave functions are obtained using the Nikiforov-Uvarov (NU) method. 

Numerical results of energy are also reported. In addition, special cases of this potential 

and their respective energy eigenvalues are obtained. From the results, it is observed that 

the energy increases as the screening parameter  increases. This implies that energy of 

the system depends on the screening parameter  .  The result of the present study is 

consistent with reports in literature. Our results could be useful in areas of chemical and 

molecular physics. 
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Table 1. Energy eigenvalues of modified Mobius square plus modified Eckart potential with 
0 20.2, 2,V V  

3 0.4, 0.5, 1.5V B A , ( 1  ) for various values of  03.0,02.0,01.0  and 04.0  
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Fig. 1  
2

1

r
 and its approximation scheme for 01.0  

 

Fig. 2.  Energy eigenvalues nlE  of modified Mobius squared potential plus modified 

Eckart  potential against   for various values of n  
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Fig. 3. Energy eigenvalues nlE  of modified Mobius squared potential plus modified 

Eckart  potential against 2V  for various values of n  

 

 

Fig. 4. Energy eigenvalues nlE  of modified Mobius squared potential plus modified 

Eckart potential against 3V  for various values of n  
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Fig. 5. Energy eigenvalues nlE  of modified Mobius squared potential plus modified 

Eckart  potential against A  for various values of n  

                 

 

Fig. 6. Energy eigenvalues nlE  of modified Mobius squared potential plus modified 

Eckart  potential against 0V  for various values of n  
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Fig. 7. Energy eigenvalues nlE  of modified Mobius squared potential plus modified 

Eckart  potential against   for various values of n  

 

 

 

 

 

  


