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A numerical process the mobile-immobile advection-

dispersion model arising in solute transport

Y. Esmaeelzade Aghdam 1, B. Farnam 2

Abstract : In the present article, to find the answer to the mobile-immobile advection-dispersion model of
temporal fractional order 0 < β ≤ 1 (MI-ADM-TF), which can be applied to model the solute forwarding
in watershed catchment and flood, the effective high-order numerical process is gonna be built. To do this,
the temporal-fractional derivative of the MI-ADM-TF is discretized by using the linear interpolation, and
the temporal-first derivative by applying the first-order precision of the finite-difference method. On the
other hand, After obtaining a semi-discrete form, to obtain the full-discrete technique, the space derivative
is approximated utilizing a collocation approach based on the Legendre basis. The convergence order of the
implicit numerical design for MI-ADM-TF is discussed in that is linear. Moreover, the temporal-discretized
structure of stability is also discussed theoretically in general in the article. Eventually, two models are
offered to demonstrate the quality and authenticity of the established process.
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1 Introduction

By using physical characteristics or heterogeneity, solute movement in groundwater, rivers, and streams
is arranged in distinct ranges. In the past, the advection-dispersion model for the mobileimmobile model or
transient storage model has been extensively applied. New studies emphasize its want for more transport
models to explain precisely the heterogeneity and connectivity of spatial characteristics in the sense of
solute transport from a general network perspective [6, 10]. Breakthrough curves is one of the cases
that make these descriptions in karst aquifers and rivers . Subject to occlusion and diversion of the flow
induced through in structures including islands and pools, this can display several peaks [7]. Whereas
previous methods to explain such difficulties in breakthrough curves included the use of several alternative
attitudes but steady model constants can better explain solute transport operations in various reaches.
One of these descriptions is the Model mobile-immobile approach. A basic conceptual framework is based
on the mobile-immobile strategy: not all opening spaces in a geological medium lead to universal motion.
In recent literature of [5], hydrologists have been renowned for the concept of the mobile-immobile for
researching transport in saturated and unsaturated areas.

The porous medium transport flow is highly controlled by the advection and dispersion mechanisms
(ADM) that anticipate a breakthrough curve. To define the motion of solvent transfer in porous media, the
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ADM is generally used. Increasing evidence shows, nevertheless, that transport in heterogeneous, fractured,
and perhaps even homogeneous media becomes hard to understand in the ADM system. Therefore both the
ADM and MIM systems complement the Breakthrough Curves and the results indicate that in both porous
and fractured media, the MIM model prevails over ADE, particularly to describe the breakthrough curves
peaks and long tails [4]. In order to find more information, we recommend the community development
projects to previous research [2, 20].

In scientific world for describing mentioned phenomena, fractional derivative processes is used.
Fractional derivative processes have many methods that are appealing to the class of solute transport
technology. a fundamental principle of numerical method from both the field and micro scales is really the
analysis of computational models of solute transport. Fractional scientific models have been exceedingly
important and applicable in the fields such as physics, engineering, electromagnetics, chemistry and biology
to model natural concepts [14, 17, 3, 18]. Such paper seeks to understand one method focused on derivatives
of fractional order.

The numerical computation to solve MI-ADM-TF with 0 < β ≤ 1 and 0 < x < 1 is described in
this paper as

µ1
∂v(x, t)

∂t
+ µ2Dβ

t v(x, t) = λ1
∂2v(x, t)

∂x2
− λ2

∂v(x, t)

∂x
+ q(x, t), 0 < t ≤ T, (1.1)

in which µ1 and µ2 are nonnegative and λ1 and λ2 are positive. The initial condition of Eq. (1.1) is
v(x, 0) = ψ0(x) and the following boundary conditions as

v(0, t) = ϕ0(t), v(1, t) = ϕ1(t), t ∈ [0, T ]. (1.2)

In the previous equation, the source function is q(x, t), and ψ0(x), ϕ0(x) and ϕ1(x) are given, and the

fractional derivative ∂βv(x,t)

∂tβ
indicates the left Caputo fractional derivative [19] that is described as bellow

Dβ
t v(x, t) =

1

Γ(1− β)

∫ t

0

(t− τ)−β ∂v(x, τ)

∂τ
dτ, 0 < β < 1. (1.3)

The left Caputo fractional derivative operator for the polynomial function is also defined as Dβ
t t

n =
Γ(n+1)

Γ(n+1−β)
tn−β .

Many numerical algorithms for solving (1.1) exist, including such: In [12], Liu et al. applied the
radial basis scheme to discrete MI-ADM-TF and investigated the numerical analysis In order to model the
MI-ADM-TF, Ghehsareh et al. established the meshless system with a step-by-step strategy for temporal
derivatives in [8]. The RBF collocation centered on the meshless strategy to solve MI-ADM-TF was
introduced by Golbabai et al. [9]. Moreover, the another methods in recent studies is implicit and explicit
difference scheme [13, 21, 16] and spectral method [1, 15].

In the prescribed sequence, this study is arranged as
(i) Expanding Collocation Method Based on Legendre Polynomial in Section 2.
(ii) The review of discretization of the temporal-fractional derivative in Section 3.
(iii) Construction a collocation method based on Legendre Polynomial in Section 4.
(iv) Finally, the recommendation and conclusion are expressed in the concluding part.

2 Review of the Discretization Based on Legendre Polyno-
mial

The goal of this part is to introduce the Legendre polynomial to obtain the derivative operator for
this basis. We recall that Legendre bases Li(x), i = 0, 1, . . . have been defined by the following recurrence
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formula on L2([−1, 1]) that L0(x) = 1, L1(x) = x.

Li+1(x) =
2i+ 1

i+ 1
xLi(x)−

i

i+ 1
Li−1(x), i = 1, 2, . . . .

Using Rodrigues’ expression Li(x) = (−1)i

2ii!

∂i(1−x2)i

∂xi , the Legendre polynomial has the following general-
ization.

Li(x) =
1

2i

⌊ i
2
⌋∑

r=0

(−1)r(2i− 2r)!

r!(i− r)!(i− 2r)!
xi−2r, i = 0, 1, . . . . (2.1)

With regard to the weight 2
2i+1

, Li(x), i = 0, 1, . . . are orthogonal polynomials, such that
⟨Li(x),Lj(x)⟩ = δij , where δij is Kronecker delta function. The transposed Legendre polynomials with the
change in the dependent variable x→ 2x− 1 are used to produce this basis in region [0, 1] as

L∗
i (x) =

⌊ i
2
⌋∑

r=0

i−2r∑
ι=0

Ni,r,ιx
ι, i = 0, 1, . . . , (2.2)

where

Ni,r,ι =

(
i− 2r

ι

)
(−1)i−r−ι2ι−i(2i− 2r)!

r!(i− r)!(i− 2r)!
.

Then we conclude that these shifted bases are orthogonal in the interval [0, 1]. Through using N + 1-
term with {L∗

i (x)}∞i=0, one can approach v(x, t) ∈ L2([0, 1]) as

v(x, t) =

N∑
i=0

aiL
∗
i (x) = ΛLT , (2.3)

where unknown values and basis functions are represented by vectors Λ1×(N+1) = [a0, a1, . . . , aN ] and
L1×(N+1) = [L∗

0(x),L
∗
1(x), . . . ,L

∗
N (x)], respectively. Moreover, the values ai, i = 0, 1, . . . , N have been

formulated as having

ai = (2i+ 1)

∫ 1

0

L∗
i (x)v(x, t)dx. (2.4)

Now, using the said subject for the derivative L∗
i (x), one can be obtained a full-form in Eq. (2.2) as

bellow

∂nL∗
i (x)

∂xn
=

{
0 i = 0, 1, . . . n− 1,∑⌊ i

2
⌋

r=0

∑i−2r
ι=n Nn

i,r,ιx
ι−n, o.w,

(2.5)

where

Nn
i,r,ι =

(−1)i−r−ι2ι−i(2i− 2r)!

r!(i− r)!(i− 2r − ι)!(ι− n)!
.

As a consequence, we can indeed be expressed the derivative of function v(x, t) using the formula given
as

∂nv(x, t)

∂xn
=

N∑
i=0

ai
∂nL∗

i (x)

∂xn
= ΛLT

n , (2.6)

in which Ln1×(N+1) = [
∂nL∗

0(x)

∂xn ,
∂nL∗

1(x)

∂xn , . . . ,
∂nL∗

N (x)

∂xn ] that the vector entries are derived from Eq. (2.5).

Theorem 2.1. Let vN (x, t) be the approximation v(x, t) ∈ Cn[0, 1]. Then the approximation v(x, t) uni-
formly Convergent to vN (x, t) i.e.

∥v(x, t)− vN (x, t)∥ ≤ In+1

(n+ 1)!
M,
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where the constant I is max{1− x0, x0} and M = max
x∈[0,1]

∂n+1v(x,t)

∂xn+1 .

Proof. We use the Taylor expansion for function v(x, t) at a point x0 ∈ [0, 1] as

v(x, t) = v(x0, t) + (x− x0)
∂v(x, t)

∂x
+ . . .+

(x− x0)
n

n!

∂nv(x, t)

∂xn
+

(x− x0)
n+1

(n+ 1)!

∂n+1v(ξ, t)

∂xn+1
,

in which ξ ∈ [x0, x]. Let

V (x, t) = v(x0, t) + (x− x0)
∂v(x, t)

∂x
+ . . .+

(x− x0)
n

n!

∂nv(x, t)

∂xn
,

then we have

|v(x, t)− V (x, t)| =
∣∣∣∣ (x− x0)

n+1

(n+ 1)!

∂n+1v(ξ, t)

∂xn+1

∣∣∣∣ .
The best square approximation of v(x, t) can be considered as vN (x, t). So, one can get

∥v(x, t)− vN (x, t)∥2 ≤ ∥v(x, t)− V (x, t)∥2.

Using inner product, we get

∥v(x, t)− vN (x, t)∥22 ≤ ∥v(x, t)− V (x, t)∥22 =

∫ 1

0

|v(x, t)− V (x, t)|2dx

=

∫ 1

0

( (x− x0)
n+1

(n+ 1)!

∂n+1v(ξ, t)

∂xn+1

)2
dx

=

(
In+1

(n+ 1)!
M

)2

.

The proof is completed.

3 Discretization of the Temporal-Fractional Derivative

In the current section, we explore how the numerical approach has been used to approach the temporal-
fractional derivative. One of the greatest suggestions for temporal derivative discretion is this technique,
the finite difference (FD) strategy. Let {tj}Mj=0, be uniform points with the time step δt = T

M
in interval

[0, T ]. With the help of the linear scheme defined in the paper [11], the temporal-fractional derivative (1.3)
is obtained as the following form

1

Γ(1− β)

∫ t

0

(t− τ)−β ∂v(x, τ)

∂τ
dτ =

δt−β

Γ(2− β)

M∑
j=0

SM,jv(x, tj) +O(δt2−β), 0 < β < 1 (3.1)

in which the coefficients SM,j are specified as below

SM,j =


1, j =M,

(M − j − 1)1−β − 2(M − j)1−β + (M − j + 1)1−β , 1 ≤ j < M,

(M − 1)1−β − (M)1−β , j = 0.

Lemma 3.1. (See [11].) Suppose v(x, t) ∈ C2[0, T ] and 0 < β < 1. The error of the approximation to Eq.
(3.1) by applying linear scheme is O(δt2−β).
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4 Process of the New Numerical Procedure

In the present section, we demonstrate how to structure a numerical figure to solve MI-ADM-TF.
First, with the aid of the fractional derivative of space described in Section 3, we convert Eq. (1.1) into a
semi-discrete scheme. Later, with the help of Section 2, we will present a full discrete design to solve this
type of equation. Finally, by placing the Collocation points, which are the same as the roots of Legendre
polynomial, in a complete discrete design, its linear system is obtained in each time step.

By replacing ∂v(x,t)
∂t

=
v(x,tj)−v(x,tj−1)

δt
+O(δt), j = 1, 2, . . . ,M istead of the time derivative and Eq. (3.1)

in (1.1) in lieu of the time fractional derivative, we can get

µ1
v(x, tj)− v(x, tj−1)

δt
+µ2

δt−β

Γ(2− β)

j∑
r=0

Sj,rv(x, tr) = λ1
∂2v(x, tj)

∂x2
−λ2

∂v(x,j )

∂x
+q(x,j )+R

j , j = 1, 2, . . . ,M.

where Rj ≤ CO(δt) is the truncation error. Denoting v(x, tj) = vj , q(x, tj) = qj , µ1 = Γ(2 − β)µ1,
λ1 = Γ(2− β)λ1, λ2 = Γ(2− β)λ2 and q(x, tj) = Γ(2− β)q(x, tj) and simplifying, we have

(µ1+δt
1−βµ2Sj,j)v

j−δtλ1
∂2vj

∂x2
+δtλ2

∂vj

∂x
= (µ1−δt

1−βµ2Sj,j−1)v
j−1−δt1−βµ2

j−2∑
r=0

Sj,rv
r+δtq(x, tj)+δtR

j ,

(4.1)
in which Rj ≤ CΓ(2− β)O(δt). We obtain the approximate implicit discrete scheme by ignoring the term
δtRj and indicating V j as the approximation of vj , as continues to follow

(µ1+δt
1−βµ2Sj,j)V

j−δtλ1
∂2V j

∂x2
+δtλ2

∂V j

∂x
= (µ1−δt

1−βµ2Sj,j−1)V
j−1−δt1−βµ2

j−2∑
r=0

Sj,rV
r+δtq(x, tj).

(4.2)
Next, to obtain full-discrete, we will explain precisely the collocation method based on Legendre basis

for approximating spatial derivatives.

(µ1+δt
1−βµ2Sj,j)Λ

jLT−δtλ1Λ
jLT

2 +δtλ2Λ
jLT

1 = (µ1−δt
1−βµ2Sj,j−1)Λ

j−1LT−δt1−βµ2

j−2∑
r=0

Sj,rΛ
rLT+δtq(x, tj).

(4.3)
Now, with the help of the roots of Legendre basis {xp}N−1

p=1 , he upper expression will be decomposed
into N − 1 equations with N + 1 unknowns. Now, we must have two extra equations. These derive by
replacing v(0, t) = ϕ0(t), v(1, t) = ϕ1(t), in (2.3) as the boundary conditions.

N∑
i=0

ajiL
∗
i (0) =

N∑
i=0

(−1)iaji = ϕ0(tj),

N∑
i=0

ajiL
∗
i (1) =

N∑
i=0

aji = ϕ1(tj).

So, the system of N + 1 equations in N + 1 unknowns is got as below.

AΛj = BΛj−1 +Qj , j = 1, 2, . . . ,M, (4.4)

whereQj = δt[q(x0, tj), q(x1, tj), . . . , q(xN−1, tj), 0, 0]
T , we can be shown the matrix entries ofA(N+1)×(N+1)

and B(N+1)×(N+1) as follows

A = [am,n] =



a11 a12 a13 · · · a1N a1(N+1)

a21 a22 a23 · · · a2N a2(N+1)

...
...

...
. . .

...
...

a(N−1)1 a(N−1)2 a(N−1)3 · · · a(N−1)N a(N−1)(N+1)

1 1 1 · · · 1 1
1 −1 1 · · · (−1)N (−1)N+1


, (4.5)
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B = [bm,n] =



b11 b12 b13 · · · b1N b1(N+1)

b21 b22 b23 · · · b2N b2(N+1)

...
...

...
. . .

...
...

b(N−2)1 b(N−2)2 b(N−2)3 · · · b(N−2)N b(N−2)(N+1)

ϕ0(tj) ϕ0(tj) ϕ0(tj) · · · ϕ0(tj) ϕ0(tj)
ϕ1(tj) ϕ1(tj) ϕ1(tj) · · · ϕ1(tj) ϕ1(tj)


, (4.6)

in which for m,n ∈ {1, 2, . . . , N + 1}, we haveamn =
∑⌊m

2
⌋

r=0

(
(µ1 + δt1−βµ2Sj,j)

∑i−2r
ι=0 Nm,r,ιx

ι
p,−δtλ1

∑m−2r
ι=2 N2

m,r,ιx
ι−2
p + δtλ2

∑m−2r
ι=1 N1

m,r,ιx
ι−1
p

)
,

bmn = (µ1 − δt1−βµ2Sj,j−1)
∑⌊m

2
⌋

r=0

∑m−2r
ι=0 Nm,r,ιx

ι
p − δt1−βµ2

∑j−2
r=0

(
Sj,r

∑⌊m
2
⌋

r=0

∑m−2r
ι=0 Nm,r,ιx

ι
p

)
.

(4.7)
We also utilize the initial condition of the problem, v(x, 0) = ψ0(x) integrating with Eq. (2.3), to

achieve the initial solution Λ0 of (4.4) i.e.

Λ0 = (2i+ 1)

∫ 1

0

L∗
i (x)ψ0(x)dx, i = 0, 1, . . . , N.

5 Numerical Problems

For the purpose of showing the sufficiency of the new scheme, we present in this portion the numer-
ical effectiveness of the proposed strategy in two instances. In the temporal parameter, let us take the
convergence order CO and the rate CR, respectively as below

CO = log

(
∥L∞(2δt)∥
∥L∞(δt)∥

)
2 , CR = 2CO ,

where L∞ = max
j∈{0,1,...N}

|V (xi, T ) − v(xi, T )| is the maximum norm error. The algorithm is performed in

version 11.2 of Mathematica. the conclusion are created with i7-2630QM CPU 2.00 GHz, RAM 6.00 GB.
We also obtain the processor time for the suggested model in order to calculate the computation.

Example 5.1. Determine the sample as
∂v(x,t)

∂t
+ Dβ

t v(x, t) =
∂2v(x,t)

∂x2 − ∂v(x,t)
∂x

+ q(x, t),

v(0, t) = v(1, t) = 0, t ∈ [0, T ),

v(x, 0) = 10x2(1− x)2, x ∈ (0, T ),

where the source term and the analytical solution are q(x, t) = (10x2(1−x2))(1+ t1−β

Γ(2−β)
)+ 10(1+ t)(−2+

14x− 18x2 + 4x3) and v(x, t) = 10(1 + t)x2(1− x)2, respectively.

The comparison of the absolute error between the methods of [21] is shown in Tables 1 and 2. From
these tables, you can look that the error of the new scheme is better than the method of the said paper, and
the error of the solution for the current method is convergence to real rate i.e. 2. Moreover, the temporal
order of convergence for this example is demonstrated in Table 3 and has been compared with the applied
method in [9]. Figure 1 displays the absolute error of approximate solution by using the numerical scheme
which shows the results have a low error with increasing time nodes.
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Table 1: The comparison the existing method with methods stated in [21] with M = 100 for example
5.1 at T = 1.

x Exact Solution Method of [21] with N = 100 Current Method with N = 5
Numerical Solution Absolute Error Numerical Solution Absolute Error

0.1 0.1620000 0.16184371 1.56290E−4 0.162090 8.97155E−5
0.2 0.5120000 0.51059931 1.40069E−3 0.512181 1.81417E−4
0.3 0.8820000 0.87902481 2.97519E−3 0.882262 2.62325E−4
0.4 1.1520000 1.14770234 4.29766E−3 1.152320 3.21829E−4
0.5 1.2500000 1.24502781 4.97219E−3 1.250350 3.51850E−4
0.6 1.1520000 1.14719659 4.80341E−3 1.152350 3.47206E−4
0.7 0.8820000 0.87818473 3.81527E−3 0.882306 3.05973E−4
0.8 0.5120000 0.50972531 2.27469E−3 0.512230 2.29847E−4
0.9 0.1620000 0.16127920 7.20750E−4 0.162125 1.24512E−4

Table 2: The comparison the error rate of the existing method with [21] for example 5.1 at T = 1.
Method of [21] Current Method with N = 5

M N Absolute Error Error Rate Absolute Error Error Rate
50 50 9.4391E−3 7.07472E−4
100 100 5.0134E−3 1.88 3.51850E−4 2.01072
200 200 2.5613E−3 1.96 1.75472E−4 2.00517
400 400 1.2781E−3 2.00 8.76250E−5 2.00253

Table 3: The comparison the existing method with methods stated in [9] with N = 10 for example 5.1
at T = 1.

Method of [9] for β = 0.4 Current Method for β = 0.4 Method of [9] for β = 0.9 Current Method for β = 0.9
M L∞ CO L∞ CO L∞ CO L∞ CO
10 1.253E−2 4.15986E−3 1.053E−2 1.61746E−3
20 6.318E−3 0.9878 2.02712E−3 1.03711 5.242E−3 1.0063 6.79471E−4 1.25125
40 3.016E−3 1.0668 1.00266E−3 1.01560 2.546E−3 1.0402 3.12546E−4 1.12034
80 1.423E−3 1.0837 4.98847E−4 1.00716 1.237E−3 1.0431 1.50183E−4 1.05734
160 7.019E−4 1.0196 2.48830E−4 1.00343 6.025E−4 1.0378 7.36684E−5 1.02761
320 3.364E−4 1.0611 1.24270E−4 1.00168 2.963E−4 1.0239 3.64932E−5 1.01342

Example 5.2. Consider the example as
∂v(x,t)

∂t
+ Dβ

t v(x, t) =
∂2v(x,t)

∂x2 − ∂v(x,t)
∂x

+ q(x, t),

v(0, t) = v(1, t) = 0, t ∈ [0, T ),

v(x, 0) = x2(1− x)2, x ∈ (0, T ),

where v(x, t) = exp(−t)x2(1−x)2 and q(x, t) are the analytical solution and the source term that is specified
by the exact solution, respectively.

In Table 4, the order and rate convergence of the semi-discrete are demonstrated for β = 0.5 and
β = 0.8 at T = 1 when N = 7. From the demonstrated results in this table, we derive that the rate and
order of the convergence are related to the actual results. In Fig. 2, the graphs of numerical approximation
have been displayed. It is clear from such a diagram that such numerical solution is consistent..
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Figure 1: The max absolute error for Example 5.1 with N = 5 at T = 1.

Figure 2: The behavior of the numerical solution for Example 5.2 with M = 100, N = 5 and
β = 0.8 at T = 0.5, T = 1, T = 2 and T = 4.
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Table 4: Numerical results of Example 5.2 for β = 0.5 and β = 0.8 at T = 1 when N = 7.
β = 0.5

M Max-error CO CR L2 − error CO CR
10 3.03721E−3 6.67365E−4
20 1.44431E−4 1.07236 2.10288 3.17390E−4 1.07222 2.10267
40 6.97609E−4 1.04989 2.07037 1.53307E−4 1.04983 2.07029
80 3.40610E−5 1.03430 2.04812 7.48539E−5 1.03427 2.04808
160 1.67531E−5 1.02369 2.03311 3.68178E−5 1.02367 2.03309

β = 0.8
M Max-error CO CR L2 − error CO CR
10 4.17527E−4 9.18322E−4
20 1.97839E−4 1.07754 2.11043 4.35206E−4 1.07730 2.11008
40 9.45423E−5 1.06530 2.09260 2.07988E−4 1.06520 2.09246
80 4.54810E−5 1.0557 2.07872 1.00058E−4 1.05565 2.07866
160 2.19921E−5 1.04828 2.06806 4.83834E−4 1.04826 2.06803

6 CONCLUSION

In this paper, an efficient numerical method to solve the fractional equation (1.1) is investigated. Terms
∂v(x,t)

∂t
and Dβ

t v(x, t) are discretized with the forward finite difference approach and the linear schemes
stated in paper [11] to create a time-discrete approach that yields a semi-temporal form. We have proved
that this type of structure is stable by showing the numerical result and established that this method has
a convergence order of O(δt). Applying the basis function focused on Legendre polynomials, we proposed
a spectral collocation process to obtain a full scheme. The advantage of this strategy is that the offered
method’s order and stability are well-conditioned for the associated problem to be addressed. We offer
that the described computational methods in the current paper would be applied to a kind of different
fractional processes.
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