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Abstract: This article presents the iterative method with the natural variational iteration technique (NVIM) to 

obtain an approximate and numerical solution to the fractional differential equations involving the fractional 

derivative of Atangana-Baleaneau in the Caputo sense. The algorithm of this method has been analyzed, then 

the method was applied to two nonlinear fractional differential equations and a linear system. In addition, tables 

of values and graphs of approximate and accurate solutions were presented. In the end, this method was 

effective for solving these fractional equations. 
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1 Introduction 

Differential equations are used to represent a variety of events in physics, biology, chemistry, engineering, 

finance, and other applied disciplines. Because of its significance in many practical fields, such as biological 

population diffusion, fluid flow, electromagnetic waves, control theory of dynamical systems, and so on, 

fractional partial differential equations (FPDEs), especially nonlinear ones, have piqued interest in recent years. 

[2,14,22,36]. 

The world we live in is a jumble of scientific occurrences. Mathematics is the foundation of all sciences. Many of 

our everyday concerns and natural events are guided or influenced by mathematical laws. Using calculus 

methods of integration and derivative, some real-world issues may be represented and examined in depth. Many 

issues, however, may be investigated more precisely by utilizing fractional calculus approaches. As a result, 

fractional differential equations (FDEs) have piqued the interest of several well-known scholars and scientists. 

A fractional derivative of any order can be either a real or a complex number. L. Hopital and Leibnitz are credited 

as being the first to think of fractional derivatives in 1695 [34]. 

______________________________________________________ 

Educational Directorate of Thi-Qar, Thi-Qar University, Nasiriyah, Iraq. mshirq@utq.edu.iq 

Educational Directorate of Thi-Qar, Alayen University, Nasiriyah, Iraq. mshirq@alayen.edu.iq 

 

 

http://mcs.qut.ac.ir/article_254910.html
http://mcs.qut.ac.ir/
mailto:mshirq@utq.edu.iq
mailto:mshirq@alayen.edu.iq


30 Mathematics and Computational Sciences, Vol 3(3), 2022 

 

 

 

Researchers in this field flourished after this initial step because of the various applications in physics, 

economics, engineering, and biological sciences. To find the solutions to fractional differential equations, several 

complex and efficient algorithms have been designed and developed, such as the FVIM, FDTM, FSEM, FSVIM, 

FLTM, FHPM, FSDM, FFSM, FRDTM, FADM, FLDM, FLHPM, and FLVIM [3,5-9,11-13,15-21,23-33,35,37,38]. We 

aim to present the two methods NVIM and NHPM. 

2 Basic Concepts 

In this section, we will remember definitions of the Atangana-Baleanu-Caputo operator and natural transform 

in addition to some of their properties. 

Definition 1 [4] Let f ∈ 𝐻1(𝜀1, 𝜀2), 𝜀1 > 𝜀2, the Atangana-Baleanu operator in Caputo sense for 0 < 𝛿 ≤ 1 is  

 𝐷𝜏
𝛿𝐴𝐵𝐶 𝑓(𝜏) =

𝐵(𝛿)

1−𝛿
∫ 𝑓′(𝑥)

𝜏

0
𝐸𝛿 (−

𝛿

1−𝛿
(𝜏 − 𝑥)𝛿) 𝑑𝑥,                                          (2.1) 

where 𝐵(𝛿) is a normalization function satisfies 𝐵(0) = 𝐵(1) = 1. 

Definition 2 [10] The natural transform is defined over the set of function 

 𝐴 = {𝑓(𝜏)|∃𝑀, 𝛼1, 𝛼2 > 0, |𝑓(𝜏)| < 𝑀𝑒

|𝜏|

𝛼𝑗 , 𝜏 ∈ (−1)𝑗 × [0,∞)},                                   

by the following formula 

 𝑁(𝑓(𝜏)) = 𝑅(𝑢, 𝑠) = ∫ 𝑒−𝑠𝑡∞

0
𝑓(𝑢𝑡) 𝑑𝑡.                                                   (2.2) 

The Laplace transform can be obtained by the natural transform through the following relationship [37], 

 𝑅(𝑢, 𝑠) =
1

𝑢
∫ 𝑒−𝑠𝑡/𝑢∞

0
𝑓(𝑡) 𝑑𝑡 =

1

𝑢
𝐹 (

𝑠

𝑢
).                                                   (2.3) 

From [1] and Eq. (2.3), we get this relation  

 𝑁 ( 𝐷𝜏
𝛿𝐴𝐵𝐶 𝑓(𝜏)) =

𝐵(𝛿)

1−𝛿+𝛿(
𝑢

𝑠
)
𝛿 (𝑅(𝑢, 𝑠) −

1

𝑠
𝑓(0))                               (2.4) 

Definition 3 [1] The inverse natural transform of a function is defined by 

 𝑁−1(𝑅(𝑢, 𝑠)) = 𝑓(𝑡) =
1

2𝑖𝜋
∫ 𝑒

𝑠𝑡

𝑢
𝑝+𝑖∞

𝑝−𝑖∞
𝑅(𝑢, 𝑠)𝑑𝑡,                                             (2.5) 

where s and u are natural transform variables and p is a real constant. 

3 Analysis of NVIM 
 

Suppose that fractional partial differential equation with Atangana-Baleanu-Caputo operator 

𝐷𝜏
𝛿𝐴𝐵𝐶 𝜑(𝜇, 𝜏) + 𝐿(𝜑(𝜇, 𝜏)) + 𝑀(𝜑(𝜇, 𝜏)) = 𝑓(𝜇, 𝜏),                                   (3.1) 

with initial condition 𝜑(𝜇, 0) = 𝜑0(𝜇) , where 𝐷𝜏
𝛿𝐴𝐵𝐶  is the Atangana-Baleanu-Caputo operator, L is the linear 

operator, M is the nonlinear operator and 𝑓(𝜇, 𝜏) is a source term. 

Applying the natural transform to Eq. (3.1) subject to the given initial condition, we get 

 
𝐵(𝛿)

1−𝛿+𝛿(
𝑢

𝑠
)
𝛿 (𝑁(𝜑) −

1

𝑠
𝜑(𝜇, 0)) = 𝑁[𝑓(𝜇, 𝜏) − 𝐿(𝜑) − 𝑀(𝜑)],         (3.2) 

by substituting initial condition of Eq. (3.2), 
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 𝜑̅ =
1

𝑠
𝜑0(𝜇) −

1−𝛿+𝛿(
𝑢

𝑠
)
𝛿

𝐵(𝛿)
𝑁[𝑓(𝜇, 𝜏) − 𝐿(𝜑) − 𝑀(𝜑)],                                (3.3) 

applying variation iteration method 

 𝜑̅𝑛+1 = 𝜑̅𝑛 + 𝜆 (𝜑̅𝑛 −
1

𝑠
𝜑0(𝜇) +

1−𝛿+𝛿(
𝑢

𝑠
)
𝛿

𝐵(𝛿)
𝑁[𝐿(𝜑𝑛) + 𝑀(𝜑𝑛) − 𝑓(𝜇, 𝜏)]),                  (3.4) 

where λ is the Lagrange multiplier, since 0 < 𝛿 < 1, then λ = −1, after applying the inverse of the natural transform 

to both sides of the equation, we get 

 𝜑𝑛+1 = 𝜑0(𝜇) − 𝑁−1 (
1−𝛿+𝛿(

𝑢

𝑠
)
𝛿

𝐵(𝛿)
𝑁[𝐿(𝜑𝑛) + 𝑀(𝜑𝑛) − 𝑓(𝜇, 𝜏)]),                  (3.5) 

where is the initial iteration is 𝜑(𝜇, 0) = 𝜑0(𝜇), consequently, we have 

𝜑(𝜇, 𝜏) = lim
𝑘→∞

𝜑𝑘(𝜇, 𝜏). 

4 Application 
 

In this section two nonlinear equations and a linear system will be solved using two methods NVIM, we will 

suppose that 𝐵(𝛿) = 1. 

 

Example 4.1 Let us consider the following nonlinear equation with the Atangana-Baleanu-Caputo sense 

𝒟𝒜ℬ𝒞
𝜏
𝛿𝜑(𝜇, 𝜏) = −

𝜕

𝜕𝜇
(
12

𝜇
𝜑 − 𝜇)𝜑 +

𝜕2

𝜕𝜇2
𝜑2,          0 < δ ≤ 1,                                 (4.1)  

subject to the initial condition  𝜑(𝜇, 0) = 𝜇2. 

Applying the NVIM to Eq. (4.1), we get 

𝜑𝑛+1 = 𝜇2 − 𝑁−1 ((1 − 𝛿 + 𝛿 (
𝑢

𝑠
)
𝛿

)𝑁 (
12

𝜇
𝜑𝜇𝑛𝜑𝑛 −

12

𝜇2
𝜑𝑛

2 − (𝜑𝑛
2)𝜇𝜇 + 𝜑𝑛)),              (4.2) 

now, we find the approximate solutions as, 

                                                         𝜑0 = 𝜇2, 

   𝜑1 = 𝜇2 + 𝑁−1 ((1 − 𝛿 + 𝛿 (
𝑢

𝑠
)
𝛿
)𝑁(𝜇2)) = 𝜇2 ((2 − 𝛿) + 𝛿

𝜏𝛿

Γ(𝛿+1)
),                          

            𝜑2 = 𝜇2 + 𝑁−1 ((1 − 𝛿 + 𝛿 (
𝑢

𝑠
)
𝛿
)𝑁 ((2 − 𝛿) + 𝛿

𝜏𝛿

Γ(𝛿+1)
)) 

                                                           = 𝜇2 (1 + (1 − 𝛿)(2 − 𝛿) + (𝛿(1 − 𝛿) + 𝛿(2 − 𝛿))
𝜏𝛿

Γ(𝛿+1)
+ 𝛿2 𝜏2𝛿

Γ(2𝛿+1)
),     (4.3) 

and so on. 

Therefore, the series solution 𝜑(𝜇, 𝜏) of Eq.(4.1) is given by 

                                                       𝜑(𝜇, 𝜏) = 𝜇2 ((𝛿2 − 3𝛿 + 3) + (3𝛿 − 2𝛿2)
𝜏𝛿

Γ(𝛿+1)
+ 𝛿2 𝜏2𝛿

Γ(2𝛿+1)
+ ⋯ ),     (4.4)      

when choosing 𝛿 = 1 in Eq.(4.4), it becomes 

  𝜑(𝜇, 𝜏) = 𝜇2 (1 + 𝜏 +
𝜏2

2!
+ ⋯),                                                                      (4.5) 

Ultimately, the exact solution of Eq. (4.1), 

 𝜑(𝜇, 𝜏) = 𝜇2𝑒𝜏 .                                                                                                   (4.6) 
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Table 1: The values of the approximate and exact solutions of Eq.(4.1) at different values of 𝜏, 𝜇, 𝑎𝑛𝑑 𝛿. 

         𝛍               𝛕             𝛗𝛅=𝟎.𝟖      𝛗𝛅=𝟎.𝟗       𝛗𝛅=𝟏        𝛗𝐞𝐱𝐚𝐜𝐭    |𝛗𝐞 − 𝛗𝟏| 

    0.1000    0.1000    0.0143    0.0126    0.0111    0.0111    0.0000 

    0.2000    0.2000    0.0634    0.0556    0.0488    0.0489    0.0001 

    0.3000    0.3000    0.1558    0.1376    0.1210    0.1215    0.0004 

    0.4000    0.4000    0.3000    0.2675    0.2368    0.2387    0.0019 

    0.5000    0.5000    0.5050    0.4551    0.4062    0.4122    0.0059 

    0.6000    0.6000    0.7805    0.7112    0.6408    0.6560    0.0152 

    0.7000    0.7000    1.1365    1.0475    0.9530    0.9867    0.0337 

    0.8000    0.8000    1.5841    1.4764    1.3568    1.4243    0.0675 

    0.9000    0.9000    2.1347    2.0117    1.8670    1.9923    0.1252 

    1.0000    1.0000    2.8006    2.6678    2.5000    2.7183    0.2183 

 

 
Figure 1: The graphs of the approximate and exact solutions among different values of  𝜏,𝛿 and 𝜇 = 1, for Eq.(4.1). 

Example 4.2 Let us consider the following nonlinear equation with the Atangana-Baleanu-Caputo sense 

𝐷𝜏
𝛿𝐴𝐵𝐶 𝜑(𝜇, 𝜏) +

1

2
(𝜑2)𝜇 − 𝜑 + 𝜑2 = 0,         0 < δ ≤ 1                                                 (4.7)                                     

subject to the initial condition  𝜑(𝜇, 0) =  e−μ . 

using algorithm of the method, we get  

 𝜑𝑛+1 = e−μ  − 𝑁−1 ((1 − 𝛿 + 𝛿 (
𝑢

𝑠
)
𝛿
)𝑁 (𝜑2 +

1

2
(𝜑2)𝜇 − 𝜑)),                                            (4.8) 

now, we find the approximate solutions as, 

                                                        𝜑0 = e−μ, 

                                                        𝜑1 = e−μ  − ((1 − 𝛿 + 𝛿 (
𝑢

𝑠
)
𝛿
)𝑁(−e−μ)) =  e−μ (2 − 𝛿 + 𝛿

𝜏𝛿

Γ(𝛿+1)
),                  

                                                        𝜑2 = e−μ  − ((1 − 𝛿 + 𝛿 (
𝑢

𝑠
)
𝛿
)𝑁 (−e−μ (2 − 𝛿 + 𝛿

𝜏𝛿

Γ(𝛿+1)
)))  
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                        =  e−μ ((3 − 3𝛿 + 𝛿2) + (3𝛿 − 2𝛿2)
𝜏𝛿

Γ(𝛿+1)
+ δ2 𝜏2𝛿

Γ(2𝛿+1)
),                                  (4.9) 

thus, the approximate solution of Eq. (4.7) can be written, 

                                         𝜑(𝜇, 𝜏) =  e−μ ((3 − 3𝛿 + 𝛿2) + (3𝛿 − 2𝛿2)
𝜏𝛿

Γ(𝛿+1)
+ δ2 𝜏2𝛿

Γ(2𝛿+1)
+ ⋯ ),                          (4.10) 

when choosing 𝛿 = 1  in Eq.(4.10), it becomes 

 𝜑(𝜇, 𝜏) = e−μ (1 + 𝜏 +
𝜏2

2!
+ ⋯),                                                            (4.11) 

Ultimately, the exact solution of Eq. (4.7). 

 𝜑(𝜇, 𝜏) = e−μ+τ                                                                               (4.12) 
 

Table 2: The values of the approximate and exact solutions of Eq.(4.7) at different values of 𝜏, 𝜇, 𝑎𝑛𝑑 𝛿. 
            𝛍              𝛕               𝛗𝛅=𝟎.𝟖      𝛗𝛅=𝟎.𝟗       𝛗𝛅=𝟏        𝛗𝐞𝐱𝐚𝐜𝐭    |𝛗𝐞 − 𝛗𝟏| 

    0.1000    0.1000    1.2977    1.1362    0.9998    1.0000    0.0002 

    0.2000    0.2000    1.2986    1.1390    0.9989    1.0000    0.0011 

    0.3000    0.3000    1.2825    1.1328    0.9964    1.0000    0.0036 

    0.4000    0.4000    1.2569    1.1207    0.9921    1.0000    0.0079 

    0.5000    0.5000    1.2253    1.1042    0.9856    1.0000    0.0144 

    0.6000    0.6000    1.1898    1.0842    0.9769    1.0000    0.0231 

    0.7000    0.7000    1.1518    1.0615    0.9659    1.0000    0.0341 

    0.8000    0.8000    1.1121    1.0366    0.9526    1.0000    0.0474 

    0.9000    0.9000    1.0715    1.0097    0.9371    1.0000    0.0629 

    1.0000    1.0000    1.0303    0.9814    0.9197    1.0000    0.0803 

 
Figure 2: The graphs of the approximate and exact solutions among different values of  𝜏,𝛿 and 𝜇 = 1, for Eq.(4.7). 

 

Example 4.3 Consider the nonlinear system of time-fractional differential equation in the Atangana-Baleanu-

Caputo operator: 

                             𝐷𝜏
𝛿𝐴𝐵𝐶 𝜑(𝜇, 𝜏) − 𝜓𝜇 + 𝜓 + 𝜑 = 0, 0 < 𝛿 ≤ 1,     
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                              𝐷𝜏
𝜆𝐴𝐵𝐶 𝜓(𝜇, 𝜏) − 𝜑𝜇 + 𝜓 + 𝜑 = 0, 0 < 𝜆 ≤ 1,                                                                   (4.13)                                                                         

where 0 < 𝛿, 𝜆 ≤ 1 and the initial conditions are 

                                                             𝜑(𝜇, 0) = sinh(𝜇),                                                                  

                               𝜓(𝜇, 0) = cosh(𝜇).                                                                           (4.14)  

using algorithm of the method, we get  

                                               𝜑𝑛+1(𝜇, 𝜏) = 𝜑(𝜇, 0) + N−1 ((1 − 𝛿 + 𝛿 (
𝑢

𝑠
)
𝛿
)𝒩{𝜓𝜇𝑛 − 𝜓𝑛 − 𝜑𝑛}), 

 𝜓𝑛+1(𝜇, 𝜏) = 𝜓(𝜇, 0) + N−1 ((1 − 𝜆 + 𝜆 (
𝑢

𝑠
)

𝜆
)𝒩{𝜑𝜇𝑛 − 𝜓𝑛 − 𝜑𝑛}),                       (4.15)  

now, we find the approximate solutions as, 

𝜑0 = sinh(𝜇) , 𝜓0 = cosh(𝜇), 

𝜑1 = sinh(𝜇) − cosh(𝜇) (1 − 𝛿 + 𝛿
𝜏𝛿

Γ(𝛿 + 1)
), 

𝜓1 = cosh(𝜇) − sinh(𝜇) (1 − 𝜆 + 𝜆
𝜏𝜆

Γ(𝜆 + 1)
) , 

 𝜑2 = sinh(𝜇) +

[
 
 
 
 (1 − 𝛿)(1 − 𝜆) + 𝜆(1 − 𝛿) 

𝜏𝜆

Γ(𝜆 + 1)

+𝛿(1 − 𝜆)
𝜏𝛿

Γ(𝛿 + 1)
+ 𝛿𝜆

𝜏𝛿+𝜆

Γ(𝛿 + 𝜆 + 1)]
 
 
 
 

(sinh(𝜇) − cosh(𝜇))

+

[
 
 
 
 −𝛿(1 − 𝛿) + 𝛿(1 − 𝛿)

𝜏𝛿

Γ(𝛿 + 1)

−𝛿2
𝜏𝛿

Γ(𝛿 + 1)
+ 𝛿2

𝜏2𝛿

Γ(2𝛿 + 1) ]
 
 
 
 

cosh(𝜇), 

𝜓2 = cosh(𝜇) +

[
 
 
 
 (1 − 𝛿)(1 − 𝜆) + 𝛿(1 − 𝜆)

𝜏𝛿

Γ(𝛿 + 1)

+𝜆(1 − 𝛿) 
𝜏𝜆

Γ(𝜆 + 1)
+ 𝛿𝜆

𝜏𝛿+𝜆

Γ(𝛿 + 𝜆 + 1)]
 
 
 
 

(cosh(𝜇) − sinh(𝜇))

+

[
 
 
 
 −𝜆(1 − 𝜆) + 𝜆(1 − 𝜆)

𝜏𝜆

Γ(𝜆 + 1)

−𝜆2
𝜏𝜆

Γ(𝜆 + 1)
+ 𝜆2

𝜏2𝜆

Γ(2𝜆 + 1) ]
 
 
 
 

sinh(𝜇).                             

   

Therefore, the approximate solution of Eq. (4.13) is given by 

𝜑 = sinh(𝜇) +

[
 
 
 
 (1 − 𝛿)(1 − 𝜆) + 𝜆(1 − 𝛿) 

𝜏𝜆

Γ(𝜆 + 1)

+𝛿(1 − 𝜆)
𝜏𝛿

Γ(𝛿 + 1)
+ 𝛿𝜆

𝜏𝛿+𝜆

Γ(𝛿 + 𝜆 + 1)]
 
 
 
 

(sinh(𝜇) − cosh(𝜇))              

+

[
 
 
 
 −𝛿(1 − 𝛿) + 𝛿(1 − 𝛿)

𝜏𝛿

Γ(𝛿 + 1)

−𝛿2
𝜏𝛿

Γ(𝛿 + 1)
+ 𝛿2

𝜏2𝛿

Γ(2𝛿 + 1) ]
 
 
 
 

cosh(𝜇) − ⋯,    
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 𝜓 = cosh(𝜇) +

[
 
 
 
 (1 − 𝛿)(1 − 𝜆) + 𝛿(1 − 𝜆)

𝜏𝛿

Γ(𝛿 + 1)

+𝜆(1 − 𝛿) 
𝜏𝜆

Γ(𝜆 + 1)
+ 𝛿𝜆

𝜏𝛿+𝜆

Γ(𝛿 + 𝜆 + 1)]
 
 
 
 

(cosh(𝜇) − sinh(𝜇))

+

[
 
 
 
 −𝜆(1 − 𝜆) + 𝜆(1 − 𝜆)

𝜏𝜆

Γ(𝜆 + 1)

−𝜆2
𝜏𝜆

Γ(𝜆 + 1)
+ 𝜆2

𝜏2𝜆

Γ(2𝜆 + 1) ]
 
 
 
 

sinh(𝜇) − ⋯.                                                                        (4.16) 

If we put 𝛿 → 1 and 𝜆→ 1 in Eq.(4.16), we reproduce the solution of the problem as follows                 

                                               𝜑(𝜇, 𝜏) = sinh(μ) (1 +
τ2

2!
+ ⋯ ) − cosh(μ) (τ +

τ3

3!
+ ⋯ )  ,  

 𝜓(𝜇, 𝜏) =  cosh(μ) (τ +
τ3

3!
+ ⋯) − sinh(μ) (1 +

τ2

2!
+ ⋯).                                             (4.17) 

This solution is equivalent to the exact solution in closed form: 

        𝜑(𝜇, 𝜏) = sinh(μ) cosh(τ) − cosh(μ) sinh(τ)  ,  

𝜓(𝜇, 𝜏) =  cosh(μ) sinh(τ) − sinh(μ) cosh(τ).                                                                     (4.18) 

 
Table 2:  The values of the approximate and exact solutions of 𝜑 for Eq.(4.13) at different values of 𝜏, 𝜇, 𝑎𝑛𝑑 𝛿. 

𝛍              𝛕             𝛗𝛅=𝟎.𝟖      𝛗𝛅=𝟎.𝟗       𝛗𝛅=𝟏          𝛗𝐞𝐱𝐚𝐜𝐭      |𝛗𝐞 − 𝛗𝟏| 

    0.1000    0.1000   -0.1916   -0.1375    0.0002       0.0000    0.0002 

    0.2000    0.2000   -0.1687   -0.1392    0.0013       0.0000    0.0013 

    0.3000    0.3000   -0.1308   -0.1272    0.0046       0.0000    0.0046 

    0.4000    0.4000   -0.0801   -0.1028    0.0112       0.0000    0.0112 

    0.5000    0.5000   -0.0165   -0.0662    0.0224       0.0000    0.0224 

    0.6000    0.6000    0.0608   -0.0166    0.0400       0.0000    0.0400 

    0.7000    0.7000    0.1534    0.0475    0.0658       0.0000    0.0658 

    0.8000    0.8000    0.2631    0.1277    0.1024       0.0000    0.1024 

    0.9000    0.9000    0.3925    0.2267    0.1525       0.0000    0.1525 

    1.0000    1.0000    0.5446    0.3474    0.2197       0.0000    0.2197 

 



36 Mathematics and Computational Sciences, Vol 3(3), 2022 

 
Figure 3: The graphs of the approximate and exact solutions of 𝜑 among different values of  𝜏,𝛿 and 𝜇 = 1, for Eq.(4.13). 

 

 

 

 

 

 

 

Table 2: The values of the approximate and exact solutions of 𝜓 for Eq.(4.13) at different values of 𝜏, 𝜇, 𝑎𝑛𝑑 𝛿. 

𝛍             𝛕                𝝍𝛅=𝟎.𝟖     𝝍𝛅=𝟎.𝟗       𝝍𝛅=𝟏      𝝍𝐞𝐱𝐚𝐜𝐭      |𝝍𝐞 − 𝝍𝟏| 

0.1000    0.1000    1.0776    1.0246    1.0000    1.0000    0.0000 

    0.2000    0.2000    1.1044    1.0379    1.0002    1.0000    0.0002 

    0.3000    0.3000    1.1317    1.0529    1.0010    1.0000    0.0010 

    0.4000    0.4000    1.1628    1.0714    1.0033    1.0000    0.0033 

    0.5000    0.5000    1.2005    1.0950    1.0080    1.0000    0.0080 

    0.6000    0.6000    1.2472    1.1259    1.0169    1.0000    0.0169 

    0.7000    0.7000    1.3056    1.1664    1.0317    1.0000    0.0317 

    0.8000    0.8000    1.3785    1.2193    1.0549    1.0000    0.0549 

    0.9000    0.9000    1.4693    1.2878    1.0896    1.0000    0.0896 

    1.0000    1.0000    1.5813    1.3756    1.1394    1.0000    0.1394 

 



The Approximate Solutions of Fractional Differential Equations with Antagana--Baleanu Fractional operator 37 

 
Figure 4: The graphs of the approximate and exact solutions of 𝜓 among different values of  𝜏,𝛿 and 𝜇 = 1, for Eq.(4.13). 

 
 

5 Conclusion 

Using the Atangana-Baleaneu fractional operator in the Caputo sense, two nonlinear equations and a linear 

system of partial differential equations have successfully been solved approximatively using the NVIM in this 

study. The examples demonstrate the great agreement between the NVIM findings. The technique is particularly 

effective in solving a variety of classes of linear and non-linear fractional differential equations analytically as 

well as numerically. 
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