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Abstract:This article intends to study a class of mixed monotone operators with convexity on ordered
Banach spaces and investigate some new tripled fixed point results, also in this article, we examine the
existence and uniqueness of tripled fixed points without assuming the operator to be compact or continuous.
As applications, we apply the results obtained in this paper to study the existence and uniqueness of positive
solutions for a fractional boundary value problem.
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1 Introduction

In 2006, Bhaskar and Lakshmikantham introduced the concept of a coupled fixed point and studied ex-
istence and uniqueness theorems in partially ordered metric spaces. They also applied their results to
problems of the existence of solution for a periodic boundary value problem [5]. In 2011 Zhai proved some
results on a class of mixed monotone operators with perturbations (see [9]).

In 2012, Berinde and Borcut in [8] introduced the concept of tripled fixed point for nonlinear mappings in
partially ordered complete metric spaces and obtained its existence.

Following the paper of Zhai, we will study tripled fixed point results for a class of mixed monotone opera-
tors with perturbations on ordered Banach spaces and we examine the existence and uniqueness of tripled
fixed points without assuming the operator to be compact or continuous. As an application of our results,
we study, an application to a fractional boundary value problem.

Suppose (E, || . ||) is a Banach space which is partially ordered by a cone P C FE, that is, x < y if and
only if y —x € P. If x # y, then we denote z < y or x > y. We denote the zero element of E by 6.
Recall that a non-empty closed convex set P C E is a cone if it satisfies (i) z € P, A > 0 = Az € P;
(i) z€ P, —z € P=> 2 =0. A cone P is called normal if there exists a constant N > 0 such that
0 < <y implies | z |[< N ||y ||. Also we define the order interval [x1,22] = {2 € Elz1 <z < x2} for all
1,22 € E. We say that and operator A : E — F is increasing whenever z < y implies Az < Ay.

Definition 1.1. [@, [1] A: P x P — P is said to be a mized monotone operator if A(x,y) is increasing
in x and decreasing in vy, i.e., u;,v; (1 = 1,2) € P, u1 < ug,v1 > v2 imply A(u1,v1) < A(uz,v2). The

element x € P is called a fixed point of A if A(z,x) = x.
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Let (X, <) be a partially ordered set and suppose there is a metric d on X such that (X,d) is a
complete metric space. On the product space X x X Xx X, consider the following partial order: for
(x7y7z)7(u7v7w)€X><X><X7

(u,v,w) < (z,y,2) &z >uy<v,z>w. (1.1)

Definition 1.2. [3] Let (X, <) be a partially ordered set and F : X x X x X — X. We say F has the
mized monotone property if for any x,y,z € X,

21,22 € X, 21 < x2 implies F(x1,y,2) < F(z2,y, 2),
y1,y2 € X,y1 <yo implies F(xz,y1,2) > F(2,y2,2),
and z1,2z2 € X, 21 < 22 implies F(z,y,21) < F(z,y,22).

Definition 1.3. [8] An element (z,y,2) € X x X x X is called a tripled fized point of a mapping F :
XXxXXX =X if Flz,y,2) ==, F(y,z,y) =y and F(z,y,x) = 2.

The following conditions will be assumed:
(A1) there exists h € P with h # 0 such that A(h,h) € Py,
(Az2) for any u,v € P and t € (0,1), there exists ¢(t) € (¢,1] such that

A(tu, t™ ) > %A(u7 ). (1.5)

Lemma 1.4. [@] Let the conditions (A1), (A2) are satisfies, then A : P, X P, — Pp; and there exist
ug,vo € Pr and r € (0,1) such that

rvo < ug < vo, uo < A(uo,ve) < A(vo,uo) < vo.

2 Main Results

Now we consider the mixed monotone operator A : P x P x P — P. The following conditions will be
assumed:

(A1) there exists h € P with h # 6 such that A(h, h,h) € Py,

(A2) for any w,v,w € P and t € (0,1), there exists ¢(t) € (¢, 1] such that

A(tu, t™ o, tw) > @A(u,v,w). (2.1)

Lemma 2.1. Let the conditions (A1), (A2) are satisfies, then A : Py, X Py X Py, — Py; and there exist
g, vo,wo € P, and r € (0,1) such that

rvo < uo < wo < vo,uo < A(uo, vo, wo) < A(vo, uo, wo) < vo, A(wo, uo, wo) > wo.
Proof. The proof process is similar to the proof process from Lemma I3 in [9]. O

Theorem 2.2. Let P be a normal cone of E, and (A1), (A2) hold. Then the operator A defined in Lemma
2 has a unique fized point x in P, and for xo,yo, 20 € Pr, constructing successively the sequences

Tn = A(.’L’nfl, Yn—1, anl)ayn - A(ynflaxnfh anl)q Zn = A(anl,xnfh anl)
n=12...,

we have || zn — 2" || = 0, yn — 2" || = 0 and || 2z — 2" || = 0 as n — co.
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Proof. From Lemma (), there exist uo, vo, wo € P, and r € (0,1) such that
rvo < up < wo < vo, uo < A(uo, vo, wo) < A(vo, uo, wo) < o, A(wo, uo, wo) > wo.
Construct successively the sequences

Un = A(unflqvnflqwnfl)yvn - A(vnflqunfhwnfl),wn - A(wnfl,unflqwnfl)y

n=12....
Evidently w1 < v1 and w1 > wp. By the mixed monotone properties of A, we obtain u, < v, and
Wy > ... > w1 > wo, n=1,2,.... It also follows from Lemma 2.1 and the mixed monotone properties of
A that

U <u <...<up <...<wo<w1 <...<w, <...<vp, < ... <01 < g, (2.2)
Noting that wo, wo > rve. We can get u, > uo > rvo > rvn, n=1,2,.... Let

tn, =sup{t > Olu, > tv,} n=1,2,....

Thus we have un, > thvn, Wn > thvn,n = ..., and then

Un41 > Un 2> tpUn > tpUny1,n =1,2,....

Therefore, tn41 > tn, i.e.,t, is increasing with ¢, C (0,1]. Suppose t, — t* as n — oo, then t* = 1.
Otherwise, 0 < t* < 1. Then from condition (A42) and ¢, < t*, we have

1 tn v 1ty
Unt1 = A(Un, Vn, Wn) > AtnUn, —Un, thvy) = A(—t"v Uny — " Wn)

tn ™
tn « 1 « tn o(t* tn %
2 7A(t Un, 7u7’bat w’"«) - 7%’( )A(U’"«’u’ﬂ7w’ﬂ) 2 790(t )A(vn3un7w’ﬂ)
t* t* t* t* t*
tTL *
= tt@(t JUnt1.

By the definition of tn, tnt1 > £2.0(t"). Let n — oo, we get t* > o(t*) > t*, which is a contradiction.
Thus, lim,,—« t, = 1. For any natural number p we have

0 S Un+p — Un S Un — Un S Up — tnUn = (1 - tn)U’n S (]- - tn)v()?

0 < vn — Un+p < Vp —Un < (1 71&77.)”07

0 < wp — Wntp <V — Un < Vp — trvn = (1 — tn)vn < (1 —tn)vo.

Since the cone P is normal, we have

| wntp = un [[< N(L—=tn) | vo [[= 0, || vn —vntp [[< N1 —tn) || vo |0,

| wn = wnip [< NI —tn) || vo |- 0. (n— o0),
where N is the normality constant of P . So we can claim that u, and v, are Cauchy sequences. Because
E is complete, there exist u*,v*, w* such that u, = u*, v, = v*, W, = w* as n — co. By (E2), we know
that u, < v* < w* <v* < v, with v*,v*,w* € P, and

0<v"—u" <vp—un < (1 —tn)vo, 0 <w —v" <wvp —un < (1 —tn)vo

0 <u" —w <v, —up < (1—ty)vo.
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Further
[v" —u" [S N —=tn) [ vo [|[= 0 (n— o0),
[w" =" [S N —tn) [[vo [0 (n— o0),
[ u" —w" [N —tn) [ vo |0 (n— o00),
and thus u* = v* = w™. Let ¥ := u* = v* = w™* and then we obtain
Unt1 = A(Un, Vn,wy) < A(z™, 2", 27) < A(Un, Un, Wn) = Unt1.

Let n — oo, then we get z* = A(x*,x",2"). That is, 2" is a fixed point of A in Pj. In the following, we
prove that z* is the unique fixed point of A in P. In fact, suppose Z is a fixed point of A in Pj.Since
x*, T € Pp, there exists positive numbers p1, p2, A1, A2 > 0 such that

ﬁ1h§$* Sj\l, ﬁzhgigj\zh

Then we obtain

Y X * D D: *
F<hah=225h<222% T>Mh=223h>2
p1 A1 1
Let e; = sup{t > Oltz* < Z <t 'z*}. Evidently, 0 < e1 < 1,e12* < Z < Lz*. Next we prove e; = 1. If

0 < e1 <1, then

2 ¢(661)A(x*7$*7$*) > @(61)14(32*,33*,1’*)
1

= p(e1)z”.

Since p(e1) > e1, this contradicts the definition of e;. Hence e; = 1, and we get T = z*. Therefore, A has
a unique fixed point z* in Pj,. Note that [ug,vo] C Pp, then we know that z* is the unique fixed point of
A in [uo,vo].
Now we construct successively the sequences

Tn = A($n,1, Yn—1, Zn71)7 Yn = A(ynfly Tn—1, Zn71)7

Zn = A(ZTLfl)Inflj Zn71)7 n= 17 27 ey
for any initial points zo, yo, 20 € Pr. Since xo, Yo, 20 € Pn we can choose small numbers ez, ez, eq4 € (0,1)

such that . 1 ]
62h S Xo S 7h’ 63h S Yo S 7h7 e4h S z0 S —h.
€2 es €4

Let ¢* = min{ez, e3,e4}. Then e* € (0,1) and
* 1 *
eh<zo, wyo<—h, eh<z.
e
We can choose a sufficiently large positive integer m such that

I

o) m . 1
("> =
e e
and we choose e] € (0,1) such that e* <ej < p(e*) < 1.
Put %o = e*™h, vy = e,%m wo = e "h. It easy to see that g, Do, Wo € Pr and o < To,yo < Vo, wo < Zo.
Let
Up = A(ﬂn—h@n—l,wn—l),@n = A(ﬁn—l,ﬂn—lywn—l)y

Wn = A(’ll_)n71717/n717wn71)7n = 11 27 ceen
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Similarly, it follows that there exists y* € P, such that A(y™,y",y") = ¢y*, limp—soo Un = liMp—oo U =
limy, 00 W = y*. By the uniqueness of fixed point of operator A in P,. We get z* = y* = z* and
by induction @, < Zn,Yn < Up,Wn < 2zn, n = 1,2,.... Since cone P is normal we have limy,_ oo x, =
limy oo Yn = liMp 00 2n, = T*. O

3 Application

Lemma 3.1. [, 0] If h € C(I x X,R), X = C(]0,1] x [0,1] x [0,1],R) and h(t,u(r,s,t)) < 0, then the
problem

@

—ﬁu(r, s,t) = h(t,u(r,s,t)), 0<t<l1l, 3<a<4), (3.1)
ou *u &u
U(T,S,O) - Eu(hsvo) - ﬁ(rasao) - ﬁ(rvsy 1) =0.

(where D® is the Riemann-Liowville derivative and h: I x X — R is continuous.)
has a unique positive solution

quJr:A G(t, OR(C, u(r, ,0))dC,

that G(t,¢) given by

_ 1 e G e (Y | 6

G(tvc) - @ { ta71(1 _ g)a73’ 0<t
Lemma 3.2. [10] G(t,¢) in Lemma B3 has the following property

1 a—3,a—1 1 a—3,a—1

mC@—C)(l—C) <G S (1=

where, t,( € 1,3 < a<4. and
I'(z) = / ¥ e d. (3.3)
0
Let
E = C([0,1] x 0,1] x [0,1], ®).
Consider the Banach space of continuous functions on [0, 1] x [0, 1] x [0, 1] with sup norm and set

P={y e C([0,1] x[0,1] x [0,1], R) y(s,r 1) =2 0}

: min
(s,r,t)€[0,1]x[0,1] x[0,1]
Then P is a normal cone.

Theorem 3.3. Let
f(s,rt,u(s,rt),v(s,rt),n(s,rt)) € C([0,1] x [0,1] x [0,1] X [0,00) X [0,00) X [0,0),[0,00)) and
c € (0,1), there exists p(t) € (t,1] such that
f(s,rt, cu(s,r,t),c (s, rt), cn(s,rt)) > @f(s,r, t,u(s,r,t),v(s,rt),n(s,rt)). Also assume that
there exist My, Mz > 0 and 6 # h € P such that

0
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where G(t,€) is the green function defined in lemma (83). Then the problem (&) has a unique solution
in Pp. Moreover, for any initial uo,vo,mo € Pn, constructing successively the sequences

1
Un+1 = /0 G(tv g)f(57 T 5’ Un (Sa Ty 5)7 ’Un(87 Ty 5)7 77n(37 Ty 5))d£7
Un+1 = /() G(t7 §)f(5, T, 57 U’ﬂ(s) r, 5)? Un(S, r, 5)3 Tin (Sa r, 6))d£a

1
Tin+1 :/0 G(tv g)f(s7rvé7nn(s7r7 5)’“”(S7T7 5),77n(577“7 5))d£7

we have || un —u* ||= 0,|| v —u” ||[—= 0, ]| 7n —u™ || = 0.

Proof. By using Lemma (Bl), the problem is equivalent to the integral equation

1
u(r, s, 8) = / G(t, OR(C, u(r, 5, €))d,
where

L i O O e (T O L
6,0) = ——

G( 7() F(a) { ta71(1 _ C)a737 0
Define the operator A : P x P x P — P by the following,

A(u(s7 7’7 t)? U(S7 T’ t)7 77(37 T’ t)) = fOl G(t7 C)h(s7 r7 C’ u(s7 T7 t)7 U(s7 T7 t)7 77(57 T’ t))dC'
Then u is solution for the problem if and only if u = A(u,u, u).
For c € (0,1),s,r,t € P, there exists ¢(t) € (¢, 1] such that

A(Cu(s’ T7 t)7 C_l’U(S’ T7 t)7 Cn(s7 r? t))

/0 G, )f (5, &, culs, . €), ¢ V(s 1, ), enls, 1, €))dE

\Y]

1
P [ G0 5,1, ), 0o, € )

= @A(U(& r,t),v(s, 1, t),m(s, 7, t)).

Since
Mih < A(h,hh) = /1 G(t,8)f(s,m.& h(s,7,8), h(s,7,€), h(s,7,§))d§ < Mah,
0

we get A(h,h,h) € Py. Therefore A satisfies all conditions of Theorem (E2) and so, the operator A has a
unique positive solution (u*,u*,u") such that A(u*,u*,u*) = v*. This completes the proof. O
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