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Abstract: In this paper, we study the existence of positive solutions for a class of multi points boundary
value problems. We introduce a completely continuous operator such that, the fixed points of this operator
are positive soultions of the problem. We establish some theorems to prove the existence of solutions for
this system.
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1 Introduction

We study the existence of positive solutions for a class of multi point boundary value problems:

{ A0 EhOn) =0 w0 = Tan) ) =T
Apyv -+ ha(0) fo(u) + ka(Dga(v) =0 | 0(0) = S5/, biw(€), v(1) = Si, bio(ni) |

where ) .
s = ¢Pi(3,)?¢Pi(s) = |8|pi72 $,pi > 1,¢q, = (¢Pi)7l’ ]T + ; =1a; 20,0, 20,

n n 1
0<) a:<1,0<> b <1,0<& <& <. <& < pétm=1i=12..n

and fiygi € C([0,+OO), [07 +OO))vhi7 k; € C([O’ 1]7 [07 +OO)) .

Many authors studied the existence of solutions for nonlinear boundary value problems. See, [8, [T, 0, B,
4, B] and the references therein.
In this paper, we extend the result in [I0, [@]. In [10] authors, studied the existence of solution to the problem

()+a(t)fﬂ'() + o)z (t) + 1, z(t),2'(t)) =0, te(0,1)
(0) = 0,2(1) = 7% asa(&),
'(0) = 0,2(1) = X71,° aiz (&)
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A completely continuous operator is defined and by using the fixed point theorem in cones, the existence
of multiple positive solutions is proved. In [6] , by inroducing a cone and completely continuous operator,
the authors proves the existence of positive solutions for this system:

@py (u1) + ha(t) fr(ui,u2) =0
©p, (us) + ha(t) f2(u1,u2) =0 .
u1(0) = u1(1) = u2(0) = u2(1) =0

In [d] the authors define a cone and completely continuous operator and then by using the fixed point
theorems in cone, they prove the existence of solutions to the problem :

2 The preliminary lemmas

Definitions([8]). Let E be a real Banach space. A nonempty convex closed set K C FE is said to be
a cone provided that
t)au € K for all u € K and a > 0 and
1i)u, —u € K implies that u = 0.
The main tool of this paper is the following theorem.

Theorem 2.1. ([2]). Let E be a real Banach space and K C E a cone. Suppose that Q C E is a bounded
open set and T : QK — K is a completely continuous operator. Let xo € K \ {0}

(1) If t — Tx # nxo forn > 0,z € QN K, then i(T, Q2 k, k) = 0, where i indicates the fized point index
on K.

(II) Let E be a real Banach space and K a cone in E. Suppose that Q C E is a bounded open set with 0 € Q
and T : QK — K is a completely continuous operator. If x —nTx # nxo forn € [0,1],2 € 6QN K, then
(T, Q2N k, k) = 1.

Let E := C([0,1],R) and

K:={ueE:u(t)>0,tel0,1]},||ull :=maz{|u(t)|:t <€ [0,1]}

and
[l (u, v)
B, ={(u,v) € E?: [[(u,v)|| < 7}

for r > 0. Then (E, || . ||) is a real Banach space and K, K? are cones.
We define the following operators:

| := maz{[[ul|, [[][}, (u,v) € Ex E,

L(u,v) = (L1(u, v)(#), L2(u, v)(¢))

such that

n

S / et ([ ) ul0) + (1) (o))

Li(u,v)(t) == m .
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La(,0)0) = st b [ 65 ([ () + ko (r)aator)) s

Hence L : K? — K? is an completely continuous operator.

Remark 2.2. Suppose that © € K is concave on [0,1] , || z ||= z(1). then || z ||< "4—2 fol x(t)sinGtdt.

Lemma 2.3. (Jensen’s Integral Inequality for Nonnegative Concave Functions) Suppose that u € C([a,b], R),$ €
C(R™,R"%). If ¢ is concave, then

b b
¢(ﬁ / u(t)dt) > ﬁ / o(u(t))dt.

In particular, if b —a < 1, then we have
b b b
(/ w(t)dt)® > (b—a)“‘l/ u®(t)dt >/ u®(t)dt

for0 < a <1. Let Cis a cone in a Banach space (K, || . ||), the Bonsall cone spectral radius of T is defined
by
1 . m L
Ro(T) i= limmoros | T |F = infunsy || T ||

Lemma 2.4. ([i0]), Let C is a cone in a Banach space (K,| . ||), and T : C — C is a countiuous

homogeneous. If
Re(T) < 1,u,up € C

satisfy u < Tu + uo , then u < (I — T)Eluo, where the Bonsall cone spectral radius of T is
1 . m L
Ro(T) i= limm—oo || T™ || = infomzy [| T™ |7
and (I — T)g" is the inverse operator of I — T on C.

Let © > 1, we define :

0" :=min{2,0},0" := max{2,0},0. =

-1 _  0'-1
0-1 -

3 Main Results

Suppose that f, g satisfy:
Al)pl,pz > 1, hi, k; € C([()’ 1]7 [07 +OO))7 fivgi S C([Ov +OO)7 [07 +OO))
Az) There are two constants a > %, d > 0 and two nonnegative functions x1, T1 € C([0,+00), [0, +0))
such that
1)x1' is concave on [0, +00)
i) (R (1) f1.(w) k1 ()91 (0)) 2 X2 (072 71) ¢, (ha(t) fa(u) +ha(£)g2(v)) = Tr(u?t ™) —c for all u,v € [0, +00),
i) X7 (Y7 (w)) > ww —d  for all w € [0, 400)
As)There are nonnegative constants a1, 81,71, 01, R such that Ry2(71) < 1 and

(h1(t) fi(u) + k1(t)g1 (v)) < a4 BTt (h2(t) f2(u) + k2 (t)g2(v)) < 'ylupz_l 4 §0P2 7t
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for u,v € [0, R),t € [0,1] we define T1 : K* — K2 by T1(u,v)(t) =

n

(#Z | e[ (@7 )+ B )y,

s o [ ) s e
A4) There are nonnegative constants ag,ﬂg,'yz, d2, ¢ such that Rg2(T2) < 1 and

(ha () f1(u) + k1 (£)g1(v)) < couP ™+ Bov” h 4 ¢, (ha(t) fa(u) + k2 (t)g2(v)) < youP? ™! + 620727 4 ¢

for u,v € [0, +00),t € [0,1] we define T» : K? — K? by Ta(u,v)(t) =

alZm/ P / P () 4 Bov® (1)) dr)ds,

n
17 1 1 i=1

IO b / G / (726”2~ (r) + 6207271 (1)) dr)ds)

4
As)There are two continuous nonnegative functions x2, T2 and two constants 7 > 71LG’ p > 0 satisfying

1)x5* is concave on [0, +00)

i) (ha (8) f1(u) + k1 (£)g1(v)) = x2 (07271, (ha(t) f2(u) + k2(t)g2(v)) = T2(uP1™") for all u,v € [0, +00),
13) x5 (Y52 (w)) > Jw for all w € [0, +00)

Ag)There is a positive constant [ > o such that for every u,v € [0,]

(h1fi(u) + k1g1(v)) < (h1fi(l) + kig1(D)), (hafa(u) + kag2(v)) < (hafao(l) + k2g2(1)),

f; | e[ i)+ g @ans <.

1-S5" b b / SOpg / (haf2(l) + kog2(1))dr)ds < 1

Theorem 3.1. Let assumptions A1, A4, As be satisfied. Then the problem (1.1) has at least one positive
solution.

Proof. Let
S = {(u,v) € K*|(u,v) = T (u,v),0 <y <1},
Now, we suppose that (uo,v0) € S so, Ino € [0,1] such that (uo,vo) = noT (1o, vo) So we have,

n

wo(®) < g S [ ([ a0 + k(1) o)),

vo(t) < ﬁ ;bi/o 90521(/8 (ha(r) f2(uo(r)) + k2(r)g2(vo(r)))dr)ds

Suppose that €,co > 0,e > 0 such that

(L+e)Ry2(T2) < 1L, (e+¢) < (L+e)pp (e) + o, 0py (e +¢) < (1+ )0y, (€) + co,
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from A4 we have,

n

w(fKﬁZai [ en ([ (@atuo(ry " + Bawo(r)y ! + pdryas,

o Zal/ P /S as(uo(r))P ™1 4 Ba(vo(r)P " dr)ds + co,

i=1

1T—57" b Zb / Ppa ( /51(72“”71(7“) + 820727 (1) + ¢)dr)ds

uo(t),li 0
11

’Uo(t) S71C

m(t)él,““ b / = / (2w () + 62072 (r)dr)ds + co,
lemma 2.4 implies that

(u0,v0) < (1 4 €)T2(uo,v0) + (co, co), (wo,v0) < (I — (14 €)T2);(12(C()7CO)~

So, & is bounded. For
R > sup{|| (u,v) || (v, v) € I}

we have
('LL, 'U) # UT(U,U),V(U» U) € 0BrN K25

theorem 2.1 implies that
i(T,BRNK* K*) =1

We define

S = {(u,v) € B, N K*|(u,v) = T(u,v) +n(20,20),n S 0}, where zo =2t — t°,

Now, we suppose that (uo,vo) € S’ this implies that 70 > 0, (uo,v0) = T (uo,v0) + 1(20, 20),

n

uo(t) > ﬁ Zaz/o %711(/ (ha(r) fi(uo(r)) + k1(r)gi(vo(r)))dr)ds,

Vo (t) >

> 3 S b, / o / (r) fa o (1)) + ka(r)ga(vo(r)))dr)ds

Jensen’s inequality for concave functions implies that

W0 > g Yo [ ([ A + ke () dryds =
WZ [ mine )05 013 007 + R (P o),
W T b/ ([ () faa(r) + g Con(r)) s =

ﬁ g b / (min{t, s} ((ha (1) f(uo(r)) + ka(r)ga(wor)))72)ds
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From As we find
1 1
uft () > / (mind{t, s}ymb* (v} ())ds, v§* " (1) > / (min{t, shnt® (uh ' (s))ds,  (3.2)
0 0

then, we have

&0 > [ minttsympt ([ (mintr, st 61 )rds
/ / (min{t, s})(min{r, s})u, P 1( )drds

S0,

1 Y 1
) 16 - . )
/ ugl 1(t)smztdt > : up?t 1(1S)smﬁtdt7 s0 / ugl 1(t)smztalt = 0,then ug = 0.
o 2 ™ Jy 2 o 2

From (2) we have mi*: (vg{"fl)(t) =0 so, vo = 0, then &’ = 0. Therefor, we have
(u,v) # T(u,v) +n(20,20),n > 0.

Theorem 2.1, implies

i(T,BRNK* K*)=0 (3.3)
from o
i(T,(BrR\ Br)NK* K*)=1-0.
Consequently, T has at least one positive solution. O

Theorem 3.2. Let assumptions A1, Az, As, As be satisfied. Then the problem (1.1) has at least two positive
solutions.

Proof. FromAi, Az, As and Theorem 3.1, we obtain
i(T,BRNK* K*) =0

suppose that r < z < R. From A4 for all (u,v) € B. N K?, we have

n

1

1730} = T, 0)(1) S g5 ;

ai/ 90;11(/ (h1fi(2) + k1g1(2))dr)ds < z,
0 s

(a0} = Ta,0)(1) < S b [l (afa(e)+ hagayiryis <

ST b
then, for (u,v) € 9B, N K2, we conclude that
T (u, 0)[| < [[(w, )|, (w, ) # 0T (u,v),0 <n <1

So, by Theorem 2.1 we have,
i(T,B.NK* K?) =1. (3.4)
By (3),(4) we have,

i(T,(BR\ B.)NK* K*)=0—1,i(T,(B.\B-)N K> K*)=1-0=1.

Therefore, T has at least two fixed points on Bg \ B,) N K?. Then the proof is completed. O
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