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Abstract: Today, the desire to use mixed-critical systems in the industry is increasing. In order to provide the 

processing power required by mixed-critical systems, multi-core architectures are considered a suitable option. 

One of the main challenges in mixed-critical systems is task scheduling, which is even more challenging in multi-

core architectures. Many studies of task scheduling in mixed-critical multi-core systems have dealt with the 

scheduling of independent tasks. But in many real systems, tasks are dependent on each other. In this research, 

we will deal with the scheduling of dependent periodic tasks in mixed-critical multi-core systems in such a way 

that the presented schedule satisfies the system constraints. The proposed algorithm provides the best possible 

schedule using linear programming. The results of the experiments showed that the presented method has been 

able to significantly reduce the number of preemptions while maintaining the scheduling capability. 
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1 Introduction 

As embedded real-time systems become more complex and the number of their tasks increases, the need for 

these systems for processing resources has increased. Many of these systems are made up of several tasks with 

different criticality. Usually in these systems to ensure the correct execution of more critical tasks, tasks with 

different criticality levels are executed on separate hardware. Today, for various reasons, such as reducing the 

cost of the hardware, the desire to integrate these systems has increased and hence the concept of mixed-critical 

systems has been created [25]. In mixed-critical systems, different parts of the system with different criticalities 

are integrated with a common hardware platform. The criticality of a task or system part is the degree of 

guarantee against failure that should be given to it. Tasks with a higher level of criticality need more guarantees 

for their correct execution [9].  

In mixed-critical systems, two criticality levels are usually considered. In systems with two criticality levels, 
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the worst-case execution time (WCET) for high-critical tasks is calculated by both the certification authority and 

the system designer, while for low-critical tasks WCET is calculated only by the system designer. The 

certification authority considers a conservative condition to evaluate WCET, that's why the value of WCET 

evaluated by the certification authority is higher than the execution time calculated by the system designer. In 

these systems, when a task cannot complete its execution within a low-criticality budget (i.e. WCET calculated 

by the system designer), the system changes its criticality mode to a high-critical mode. In this mode, high-

critical tasks are executed with their high-criticality budget (i.e. WCET evaluated by the certification authority). 

In fact, in this mode, the system changes from an optimistic mode to a pessimistic and conservative one. 

Task scheduling in these systems faces two important challenges: 1) ensuring correctness and 2) efficiency 

[1]. Correctness in these systems means that tasks have a sufficient guarantee to be executed within their given 

deadline according to their criticality level (the higher the criticality level of the task, the greater the task's need 

to meet its deadline). Efficiency in these systems means that the existing hardware resources are used efficiently 

in order to establish the correctness of the system. 

Due to the dependency between tasks, it is desirable the scheduling algorithm considers the cost of 

communication between dependent tasks when mapping tasks to cores. Because, when two dependent tasks 

are executed on different cores, the communication cost is usually higher than when they are executed on the 

same core. Less attention has been paid to this cost in the previous related work. In this research, we have also 

paid attention to the communication cost between tasks. 

In summary, our contributions is Presenting an optimal scheduling algorithm for periodic dependent 

tasks in multi-core mixed-critical systems which is aware of preemption and communication costs. 

The rest of this paper is organized as follows: In section 2, related works are reviewed. In section 3, assumptions 

and problem statements are explained. In section 4, the proposed methods are presented. In section 5, the 

proposed scheduling method is examined on the software of a drone. Finally, in section 6, the paper is concluded 

by stating possible future works.  

2 Related Work 

In this section, we review studies related to dependent task scheduling in mix-critical systems. It should be noted 

that in these studies to represent the dependent task, a directed acyclic graph (DAG) is used in which, nodes and 

edges represent tasks and their dependencies respectively.  

In [2] and [3] the scheduling of dependent tasks in a single core mix-critical system is investigated. First, the 

nodes (tasks) are sorted in topological order, and nodes that do not have any predecessor or their predecessors 

have been executed, are added to the list of ready-task. In this topological order, high-critical tasks always have 

a higher priority than low-critical tasks. The algorithm presented in these articles is optimal, but can only be 

used for single-processor architectures. 

In [4] the scheduling of dependent tasks in mix-critical systems in a multiprocessor architecture is examined 

and it is assumed that all tasks have a common deadline. The proposed method in this paper, first, by using the 

list scheduling (LS) algorithm [17] makes a scheduling table for high-critical mode. In this mode scheduling is 

non-preemptive. Then, for low-critical mode, the scheduling table is made also by using the LS algorithm. 

However, in low-critical mode, scheduling is preemptive. The proposed method in [4] is not optimal. Also, the 
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higher priority of high-critical tasks than the low-critical tasks reduces the schedulability of the low-critical tasks 

in low-critical mode. 

In [18], by defining and using a concept called Latest Safe Activation Instant (LSAI), it has been able to give 

higher priority to low-critical tasks when needed and reduce the limitations of the scheduling in low-critical 

mode. Indeed, LSAIs determine the moments when high-critical tasks should be given higher priority than low-

critical tasks. Therefore, they are considered a virtual deadline when scheduling in the low-critical mode of the 

system. This paper does not consider the systems which are consisted of multiple DAGs of tasks with different 

deadlines and periods. 

In [5] the scheduling of multiple DAGs with different periods for a multicore mixed-critical system is considered. 

In this paper, it is assumed that each DAG is a task with its period, and its nodes are the jobs of the task which 

are dependent on each other. Also, the criticality level is assigned to jobs instead of tasks. A federated approach 

is used to map tasks to cores. In this method, tasks are divided into light and heavy tasks based on their 

utilization. For a light task, all its jobs will run on one core, and for heavy tasks on several cores. In this article, 

as in [4], high-level jobs are always given a higher priority, which reduces the schedulability of the system in the 

low-critical mode. Also, the federal method is not efficient in terms of resource utilization because the cores are 

dedicated to DAGs and it will use a large number of cores in order to have successful scheduling. It also 

eliminates the possibility of parallelizing jobs in light tasks. 

In [26] a Semi-Federated method is used. The main purpose of this article is to prevent low utilization of the 

cores in the federated method. However, like the federated method, it reduces the possibility of scheduling low-

critical tasks due to the absolute high priority given to high-critical jobs. 

In [23] and [16], also the federated method is used to allocate cores to multiple DAGs with different periods. In 

their considered model, each DAG is equivalent to a task with a high or low-criticality level, and the nodes in the 

DAG are the jobs of that task between which there is a dependency. Therefore, a DAG and all of its nodes will 

have the same criticality level, and hence there is no relationship between tasks with different criticality levels. 

However, this assumption restricts the usage of this method in real applications.  

In [19], a global method is used to schedule dependent tasks for mixed-critical systems with multicore 

architecture. In global methods, there is no restriction on task migration between cores. In the considered model 

of this paper, each mixed-critical system is represented by several DAGs, each of which has a different period. 

Furthermore, in this model, the high-critical task cannot be dependent on low-critical tasks. In this paper, 

schedule tables are made statically for high and low-critical modes. First, the schedule table of the high-critical 

mode is made by the G-LLF method and in ALAP format. It then made the schedule table of the low-critical mode 

using the G-LLF method and in ASAP format. A safe transfer condition is also defined to ensure safe transfer 

from low-critical to high-critical mode and to ensure that the tasks meet their deadlines. The method presented 

in this paper uses the minimum number of cores and the possibility of scheduling is higher than the previous 

methods. However, in this method, the preemption and communication cost between related tasks are not 

considered and there is no control over the number of preemptions although many of the preemptions are 

unnecessary.  

In [20] the method presented in [19] is generalized for a mixed-critical system with an arbitrary number of 

criticality levels. The proposed method in this paper is based on three methods G-LLF, G-EDF, and G-EDZL. It 

starts from the highest criticality mode and makes the scheduling table in that criticality mode with one of the 
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above methods and the form of ALAP. This also is done for lower criticality mode in decent order except for the 

lowest criticality mode. For the lowest criticality mode, it makes the schedule table according to one of the same 

three methods and in the form of ASAP. In this article, unlike other research in this field, the dependence of high-

critical tasks on low-critical tasks is allowed, but when scheduling, it is assumed that such tasks can be executed 

without complete execution of their prerequisite tasks, and hence this method violates the dependency among 

tasks. The method presented in this paper also produces a lot of preemptions due to the fact that it uses a global 

scheduling approach. 

3 Assumptions and problem statement 

The mixed-criticality system S that we assume in this study, consists of two criticality levels high and low. The 

system starts in low-critical mode and in this mode all tasks use their low-criticality budget (Clow). Whenever 

a task cannot finish its execution within the allocated budget, a time failure event (TFE) occurs and the system 

switches to the high-critical mode. In this mode, tasks use their high-critical budget (Chigh). We assume the 

system switches back to the low-critical mode at the first idle time and if no idle time occurs before the end of 

the current hyper-period (least common multiplier of tasks periods), the system automatically switches back to 

the low-critical mode at the end of this hyper-period. In line with some previous work, we also assume in the 

high-critical mode all low-critical tasks are dropped. It should be noted that although this is an aggressive 

method, however as switching to the high-critical mode is usually very rare, it is acceptable for many mixed-

critical systems to simply drop low-critical tasks in high-critical mode. 

The considered system S is defined as 𝑆 =  (𝛱,    𝛤). 𝛱 denotes the system architecture and contains 𝑚 

homogeneous cores and 𝛤 denotes the system software and contains 𝑛 mixed-criticality DAGs (MC-DAG) 

represented by 𝐺𝑖  (𝑖 ∈ [1, 𝑛]). Each MC-DAG 𝐺𝑖  has the following specifications: 

𝑉𝑖  denotes the set of vertexes in 𝐺𝑖  . Each vertex 𝑣𝑗  in this set represents a task 𝜏𝑗 . We assume all tasks are 

released at the same time at 𝑡 = 0.  

𝐸𝑖  denotes the set of edges in 𝐺𝑖  and it is a subset of 𝑉𝑖 × 𝑉𝑖 . Each edge (𝜏𝑎 , 𝜏𝑏) in this set shows the dependency 

of 𝜏𝑏 on 𝜏𝑎 . 

𝑝𝑟𝑒𝑑(𝜏𝑗) and 𝑠𝑢𝑐𝑐(𝜏𝑗) are the set of predecessors and successors of the task 𝜏𝑗  respectively. Each task can be 

executed only when the execution of all of its predecessors is finished. It should be noted that high-critical tasks 

cannot depend on low-critical tasks. This is because low-critical tasks are dropped when the system switches to 

high-critical mode. 

𝑇𝑖  is a natural number and denotes the period of 𝐺𝑖 . We assume the period of all tasks in 𝐺𝑖  are same and are 

equal to 𝑇𝑖 . However, the period of each MC-DAG can differ from other MC-DAGs, and hence the system is multi-

periodic. A multi-periodic system is schedulable when it can be scheduled for one hyper-period [10]. 

Each mixed-critical task 𝜏𝑗 ∈ 𝑉𝑖 has the following specifications: 

𝐿𝑗  is the criticality level of 𝜏𝑗  and as we assume two criticality levels, it is equal to 𝐿𝑜𝑤 or 𝐻𝑖𝑔ℎ. 

𝐶𝑗(𝐿𝑜𝑤) is a non-negative number and denotes 𝑊𝐶𝐸𝑇 or the time budget of 𝜏𝑗  in the low-criticality mode of the 

system. 

𝐶𝑗(𝐻𝑖𝑔ℎ) is a non-negative number and denotes 𝑊𝐶𝐸𝑇 or the time budget of 𝜏𝑗  in the high-criticality mode of 

the system. For high-critical tasks, this number is greater than or equal to 𝐶𝑗(𝐿𝑜𝑤) and for low-critical tasks 

𝐶𝑗(𝐻𝑖𝑔ℎ) = 0. This is because low-critical tasks are dropped into high-critical mode.  
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𝑇𝑗 denotes the period of 𝜏𝑗  and as we mentioned previously it is equal to the period of MC-DAG that contains 𝜏𝑗  

(𝑇𝑗 = 𝑇𝑖).  

The kth job of 𝜏𝑗  is represented by 𝐽𝑗,𝑘 and it inherits the all specification of 𝜏𝑗 . The release time of 𝐽𝑗,𝑘  is obtained 

from 𝑟𝑗,𝑘  = (k-1) ×  𝑇𝑗. We assume an implicit-deadline for each task and hence its job’s absolute deadline is 

obtained from 𝑑𝑗,𝑘  = k  ×  𝑇𝑗 . Obviously for valid scheduling, the execution of 𝐽𝑗,𝑘 must be between 𝑟𝑗,𝑘 and 𝑑𝑗,𝑘 . 

The utilization of 𝐺𝑖  in criticality mode, 𝜃 is defined as 𝑈𝜃(𝐺𝑖) = ∑ 𝐶𝑗(𝜃)/𝑇𝑖𝜏𝑗 ∈𝐺𝑖
 and the total utilization of the 

system in criticality mode of 𝜃 is obtained from 𝑈𝜃(𝑆) = ∑ 𝑈𝜃(𝐺𝑖)𝐺𝑖 ∈ 𝛤 . Obviously, 𝑈𝜃(𝑆) for each criticality 

mode, 𝜃 must be less than or equal to the number of processing cores.    

3.1 Schedulability test 

To have correct scheduling for the considered system S, we must ensure the correct scheduling in low and high-

criticality mode and also in the transitions from the low to the high mode [3],[5]:  

 Correct scheduling in low-critical mode: as we mentioned previously, in low-critical mode the 

execution time of each task 𝜏𝑗   is at most 𝐶𝑖(𝐿𝑜𝑤) and to have correct scheduling in this mode, the 

allocated time for each job task 𝜏𝑗  between its release time and deadline must be greater than or equal 

to 𝐶𝑗(𝐿𝑜𝑤). 

 Correct scheduling in high-critical mode: to have correct scheduling in this mode, the allocated time 

for each job of a high-critical task 𝜏𝑗   between its release time and deadline must be greater than or 

equal to 𝐶𝑗(𝐻𝑖𝑔ℎ).  

 Safe transition from high to low-critical mode: This condition is also related to correct scheduling 

in high-critical mode. In particular, this condition ensures that at each point in time, the transition from 

low to high-critical mode is safe and does not cause the non-schedulability of the system in high-critical 

mode. According to this condition, whenever the system switches to the high-critical mode, there must 

be enough time to execute high-critical tasks. Indeed, this is needed to be checked because high-critical 

tasks' execution time may increase in high-critical mode and the jobs of high-critical tasks that have 

been started before the transition time but do not yet complete their execution must have enough time 

to complete their increased remained execution time. According to [5] to have a safe transition, for 

each point in time 𝑡 and each 𝑘th job of task 𝑗 eq (3.1) must be satisfied: 

 

∀𝜏𝑗  , 𝑒𝑡𝜏𝑗

𝐿𝑜𝑤(𝑟𝑗,𝑘 , 𝑡) < 𝐶𝑗(𝐿𝑜𝑤) ∶ 𝑒𝑡𝜏𝑗

𝐿𝑜𝑤(𝑟𝑗,𝑘 , 𝑡) ≥ 𝑒𝑡𝜏𝑗

𝐻𝑖𝑔ℎ
(𝑟𝑗,𝑘 , 𝑡)  (3.2) 

 In this equation, 𝑡 denotes the time at which a time failure event (TFE) occurs. 𝑒𝑡𝐽𝑗,𝑘

𝜃 (𝑡1, 𝑡2) denotes the 

allocated time for the job 𝐽𝑗,𝑘 from time 𝑡1 to time 𝑡2 in 𝜃 criticality mode. Because the occurrence time of TFE is 

not known priory this condition must be checked for time  𝑡 ∈ [𝑟𝑗,𝑘 , 𝑑𝑗,𝑘]. According to eq (1) for the high-critical 

tasks that their execution does not finish before time 𝑡 in low-critical mode, the allocated execution time to them 

before time 𝑡 in low-critical mode must be greater than or equal to the allocated time to them before time 𝑡 in 

high-critical mode. 

3.2 Preemption and Communication cost: 

In system S, tasks can be preempted and continue their execution in another core or at another time. These 

preemptions can impose considerable overhead on the system. To consider this overhead, for each task 𝜏𝑗 , the 
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cost for preemption in criticality mode 𝜃 is estimated by  𝑝𝑟𝑒𝑒𝑚𝑝𝑡𝑖𝑜𝑛𝑐𝑜𝑠𝑡
𝜃 (𝜏𝑗) = ⌊ 𝑃𝐹 × 𝐶𝑗

𝜃⌋  [27]. In this 

equation, PF is a constant number in the range [0, 0.5). 

In system 𝑆, if there is an edge (𝜏𝑎 , 𝜏𝑏) in the system, then task 𝜏𝑏 depends on the output data of the task 𝜏𝑎 , and 

hence the task 𝜏𝑏 is not allowed to start until the task 𝜏𝑎  is completed. Depending on the cores to which these 

tasks are mapped, two modes may occur [17]. If these two tasks (the beginning of the task 𝜏𝑏 and the end of the 

task 𝜏𝑎) are scheduled on the same core, and data transfer between them takes place in zero-time units 

(𝑐𝑜𝑚𝑚𝑢𝑛𝑖𝑐𝑎𝑡𝑖𝑜𝑛𝑐𝑜𝑠𝑡  (𝜏𝑎, 𝜏𝑏)  =  0). If these two tasks are scheduled on different cores, the task 𝜏𝑏 must wait for 

a while before execution until the data transfer from task 𝜏𝑎  finishes. This data transfer time in criticality mode 

𝜃 is equal to 𝑐𝑜𝑚𝑚𝑢𝑛𝑖𝑐𝑎𝑡𝑖𝑜𝑛𝑐𝑜𝑠𝑡  (𝜏𝑎, 𝜏𝑏) = ⌊𝐶𝐹 × 𝐶𝑏
𝜃⌋. In this equation, 𝐶𝐹 is a constant number in the whole 

system and the range [0,0.5). Now if the task 𝜏𝑏 depends on a set of tasks, it must wait for 

max
𝜏𝑝 ∈𝑝𝑟𝑒𝑑(𝜏𝑏)

𝑐𝑜𝑚𝑚𝑢𝑛𝑖𝑐𝑎𝑡𝑖𝑜𝑛𝑐𝑜𝑠𝑡(𝜏𝑝, 𝜏𝑏) before starting its execution. 

4 Proposed methods 

In this section, we represent an optimal method based on integer linear programming (ILP) to schedule tasks in 

system S aimed at reducing the number of preemptions. In ILP, the problem is modeled as some linear 

statements and then it is solved by an ILP solver such as CPLEX. In the following text, we first introduce the used 

notation, and then we present the proposed ILP model. 

Parameters:   
As mentioned previously to ensure the schedulability of a periodic system it is sufficient to check its scheduling 

for one hyper-period. Therefore, in the following, we only consider the scheduling of the system in the first 

hyper-period [0, 𝐻𝑃(𝑆)].  

for each task 𝜏𝑗  of the system there is  
𝐻𝑃(𝑆)

𝑇𝜏𝑗

  jobs that are included in the model. For each job 𝑖 we have the 

following parameters: 

 𝑐𝑖
𝜃: a non-negative value that denotes the WCET of job 𝑖 in criticality mode 𝜃 ∈ {𝐿𝑜𝑤, 𝐻𝑖𝑔ℎ} 

 𝑟𝑖 : a non-negative value that denotes the release time of job 𝑖. 

 𝑑𝑖  : a non-negative value that denotes the relative deadline of job 𝑖. 

 𝐸𝑖,𝑖′: a binary value that denotes the existence of an edge between job 𝑖 and job 𝑖′ 

In addition to the mentioned parameters, the following parameters are also required in the model: 

 𝐻𝑃: hyper period  

 𝑀: the total number of cores 

 𝑁: the total number of jobs 

 𝐶𝐹: communication factor 

 𝑃𝐹: preemption factor 

Also, we use index 𝑖 for jobs (1 ≤ 𝑖 ≤ 𝑁), index 𝑡 for times (0 ≤ 𝑡 ≤ 𝐻𝑃), and index 𝑘 for processing cores (1 ≤

𝑘 ≤ 𝑀) 

Decision variables: 

To represents the objective function and the constraints of the problem, the following variable is used: 

 𝑥𝑖,𝑘,𝑡 
𝜃 : a binary variable to indicate whether or not job 𝑖 is mapped to core 𝑘 at time instance 𝑡 in 

criticality mode 𝜃. 
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 𝑒𝑡𝑖,𝑡 
𝜃 : a non-negative integer variable to indicate the amount of time that job 𝑗 has been executed before 

time 𝑡 in criticality mode 𝜃. 

 𝑠𝑖,𝑘,𝑡 
𝜃 : a binary variable to indicate whether or not job 𝑖 starts its execution in core 𝑘 at time instance 𝑡 

in criticality mode 𝜃. 

 𝑓𝑖,𝑘,𝑡 
𝜃 : a binary variable to indicate whether or not job 𝑖 finishes its execution in core 𝑘 at time instance 

𝑡 in criticality mode 𝜃. 

 𝑝𝑖,𝑘,𝑡 
𝜃 : a binary variable to indicate if job 𝑗 has been preempted. This variable is 1 if job 𝑗 has been 

preempted at criticality mode 𝜃 before time 𝑡 and is resumed in core 𝑘 at time 𝑡. 

 𝑢𝑖,𝑖′,𝑘 
𝜃 : a binary variable which indicates at criticality mode 𝜃 whether or not job 𝑖 has finished its 

execution in core 𝑘 and job 𝑖′ has started its execution at the same core.   

 𝑐𝑖,𝑖′ 
𝜃  a binary variable that indicates whether or not to impose the communication cost from task 𝑖 to 

task 𝑖′in criticality mode 𝜃.   

Constraints: 
To obtain a correct solution some constraints must be satisfied which we introduce in the following text.  

 For each job at each time in criticality mode 𝜃 there must be at most one allocated core: 

∀𝒊 , ∀𝒕 ∶  ∑ 𝑥𝑖,𝑘,𝑡 
𝜃𝑴

𝒌=𝟏 ≤ 𝟏     (4.1) 

 Each core at each time in criticality mode 𝜃 must be allocated to at most one job:  

∀𝒌 , ∀𝒕 ∶  ∑ 𝑥𝑖,𝑘,𝑡 
𝜃𝑵

𝒊=𝟏 ≤ 𝟏     (4.2) 

 To ensure each task completes its execution in criticality mode 𝜃, its total allocated execution time 

must be 𝐶𝑖
𝜃: 

∀ 𝒊 ∶  ∑ ∑ 𝑥𝑖,𝑘,𝑡 
𝜃𝑴

𝒌=𝟏
𝑯𝑷
𝒕=𝟎 =  𝐶𝑖

𝜃   (4.3) 

 Each job’s allocated time in criticality mode 𝜃 must be from its release time to its deadline: 

∀𝒊 , ∀𝒌 , ∀𝒕(𝒕 < 𝑟𝑖  𝒂𝒏𝒅 𝒕 ≥  𝑑𝑖) ∶  𝑥𝑖,𝑘,𝑡 
𝜃 = 𝟎  (4.4) 

 For each job in criticality mode 𝜃 that its execution time is greater than 0, there must be exactly one 

starting point and one end point: 

∀ 𝒊(𝐶𝑖
𝜃 > 𝟎): ∑ ∑ 𝑠𝑖,𝑘,𝑡 

𝜃𝑴
𝒌=𝟏

𝑯𝑷
𝒕=𝟎 = 𝟏  (4.5) 

∀ 𝒊(𝐶𝑖
𝜃 > 𝟎): ∑ ∑ 𝑓𝑖,𝑘,𝑡 

𝜃𝑴
𝒌=𝟏

𝑯𝑷
𝒕=𝟎 = 𝟏  (4.6) 

 The elapsed execution time of each job until time 𝑡 is equal to the sum of times that it has been allocated 

to different cores:  

∀𝒊 , ∀𝒕 ∶   ∑ ∑ 𝑥𝑖,𝑘,𝑡′ 
𝜃 = 𝑒𝑡𝑖,𝑡 

𝜃𝑴
𝒌=𝟏

𝒕−𝟏
𝒕′=𝟎   (4.7) 

 In criticality mode 𝜃, if job 𝑖 starts its execution at time 𝑡 then its elapsed time up to time 𝑡 must be 0. 

This can be linearized as follows: 

∀ 𝒊 , ∀𝒌 , ∀𝒕 ∶  𝑒𝑡𝑖,𝑡 
𝜃 ≤ (𝟏 − 𝑠𝑖,𝑘,𝑡 

𝜃 ) × 𝐶𝑖
𝜃  (4.8) 
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 In each criticality mode 𝜃, to ensure consistency of 𝑠𝑖,𝑘,𝑡 
𝜃  and 𝑥𝑖,𝑘,𝑡 

𝜃  at the start time of each job 𝑖, if it 

starts its execution at time 𝑡 on core 𝑘 (𝑠𝑖,𝑘,𝑡 
𝜃 = 1) then it must be allocated to the same core 𝑘 at time 

𝑡 (𝑥𝑖,𝑘,𝑡 
𝜃 = 1). This can be linearized as follows: 

∀ 𝒊 , ∀𝒌 , ∀𝒕 ∶  𝑠𝑖,𝑘,𝑡 
𝜃 ≤ 𝑥𝑖,𝑘,𝑡 

𝜃   (4.9) 

 In each criticality mode 𝜃, if job 𝑖 finishes its execution at time 𝑡 then its elapsed time up to time 𝑡 must 

be equal to its total execution time. This can be linearized as follows: 

∀ 𝒊 , ∀𝒌 , ∀𝒕 ∶  (𝐶𝑖
𝜃 − 𝑒𝑡𝑖,𝑡 

𝜃 ) ≤ (𝟏 − 𝑓𝑖,𝑘,𝑡 
𝜃 ) × 𝐶𝑖

𝜃   (4.10) 

 In each criticality mode 𝜃, to ensure consistency of 𝑓𝑖,𝑘,𝑡 
𝜃  and 𝑥𝑖,𝑘,𝑡 

𝜃 , if job 𝑖 finishes its execution at time 

𝑡 on core 𝑘 (𝑓𝑖,𝑘,𝑡 
𝜃 = 1) then it must be allocated to the core 𝑘 at time 𝑡 − 1 (𝑥𝑖,𝑘,𝑡−1 

𝜃 = 1). This can be 

linearized as follows: 

∀ 𝒊 , ∀𝒌 , ∀𝒕 ∶  𝑓𝑖,𝑘,𝑡 
𝜃 ≤ 𝑥𝑖,𝑘,𝑡−1 

𝜃   (4.11) 

 In each criticality mode 𝜃, to indicate time instances that job 𝑖 is preempted, we use a binary variable 

𝑝𝑖,𝑘,𝑡 
𝜃 . This variable is one whenever at time t job 𝑖 is allocated to core k () and at 𝑡 − 1 it is allocated to 

other core and also it is not started at time t (𝑝𝑖,𝑘,𝑡 
𝜃 = (𝟏 − 𝑥𝑖,𝑘,𝑡−1 

𝜃 ) × 𝑥𝑖,𝑘,𝑡 
𝜃 × (𝟏 − 𝑠𝑖,𝑘,𝑡 

𝜃 )). However, 

this equation is not linear. Its linearized form is as follows: 

∀ 𝒊 , ∀𝒌 , ∀𝒕 ∶  𝑝𝑖,𝑘,𝑡 
𝜃 ≥ (−𝑥𝑖,𝑘,𝑡−1 

𝜃 ) + 𝑥𝑖,𝑘,𝑡 
𝜃 + (−𝑠𝑖,𝑘,𝑡 

𝜃 )

∀𝒊 , ∀𝒌 , ∀𝒕 ∶  𝑝𝑖,𝑘,𝑡 
𝜃 ≤ (𝟏 − 𝑥𝑖,𝑘,𝑡−1 

𝜃 )

∀𝒊 , ∀𝒌 , ∀𝒕 ∶  𝑝𝑖,𝑘,𝑡 
𝜃 ≤ 𝑥𝑖,𝑘,𝑡 

𝜃

∀𝒊 , ∀𝒌 , ∀𝒕 ∶  𝑝𝑖,𝑘,𝑡 
𝜃 ≤ (𝟏 − 𝑠𝑖,𝑘,𝑡 

𝜃 )

  

(4.12) 

 In each criticality mode 𝜃, if job 𝑖 resumes its execution on core 𝑘 at time 𝑡 (i.e., 𝑝𝑖,𝑘,𝑡 
𝜃 = 1) then it must 

wait ⌊𝑃𝐹 × 𝐶𝑖
𝜃⌋ time units before time 𝑡 to complete its context switching phase. In this phase, no other 

job must be in execution mode on the same core and also, this job must not be allocated to other cores. 

This can be formulated as follows: 

∀𝒊 , ∀𝒊′, ∀𝒌, ∀𝒌′, ∀𝒕, ∀𝒕′(𝒕 − ⌊𝑃𝐹 × 𝐶𝑖
𝜃⌋ ≤ 𝒕′ < 𝒕 ) ∶   𝑥𝑖′,𝑘,𝑡′ 

𝜃 + 𝑥𝑖,𝑘′,𝑡′ 
𝜃  ≤ 𝟐(𝟏 − 𝑝𝑖,𝑘,𝑡 

𝜃 )  (4.13) 

 In each criticality mode 𝜃, if the job 𝑖′ depends on job 𝑖 and job 𝑖 finishes its execution at time 𝑡 then 

the elapsed time of the job 𝑖′ up to time, 𝑡 must be 0: 

∀𝒊 , ∀𝒊′, ∀𝒌 , ∀𝒕 ∶  𝐸𝑖,𝑖′ ×  𝑒𝑡𝑖′,𝑡 
𝜃 ≤ (𝟏 − 𝑓𝑖,𝑘,𝑡 

𝜃 ) × 𝐶𝑖′
𝜃  (4.14) 

 In each criticality mode 𝜃, if job 𝑖 finishes its execution on core 𝑘 and job 𝑖′ starts its execution on the 

same core 𝑘 then 𝑢𝑖,𝑖′,𝑘 
𝜃 = 1. This can be formalized as  𝑢𝑖,𝑖′,𝑘 

𝜃  =  ∑ 𝑓𝑖,𝑘,𝑡 
𝜃𝐻𝑃

𝑡=0 × ∑ 𝑠𝑖′,𝑘,𝑡 
𝜃𝐻𝑃

𝑡=0 . The linearized 

form is as the three following inequalities: 
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∀ 𝒊 , ∀𝒊′, ∀𝒌 ∶  𝑢𝑖,𝑖′,𝑘 
𝜃 ≥ ∑ 𝑓𝑖,𝑘,𝑡 

𝜃

𝐻𝑃

𝑡=0

+  ∑ 𝑠𝑖′,𝑘,𝑡 
𝜃

𝐻𝑃

𝑡=0

− 1

∀𝒊 , ∀𝒊′, ∀𝒌 ∶  𝑢𝑖,𝑖′,𝑘 
𝜃 ≤ ∑ 𝑓𝑖,𝑘,𝑡 

𝜃

𝐻𝑃

𝑡=0

∀𝒊, ∀𝒊′, ∀𝒌 ∶  𝑢𝑖,𝑖′,𝑘 
𝜃 ≤ ∑ 𝑠𝑖′,𝑘,𝑡 

𝜃

𝐻𝑃

𝑡=0

 

(4.15) 

 In each criticality mode 𝜃, if the job 𝑖′ depends on job 𝑖 (𝐸𝑖,𝑖′ = 1) and job 𝑖′ starts its execution on a 

different core than the core that job 𝑖 finishes its execution, then the communication cost from job 𝑖 to 

job 𝑖′ must be imposed:  

 ∀𝒊 , ∀𝒊′ ∶  𝑐𝑖,𝑖′ 
𝜃 = (𝟏 − ∑ 𝑢𝑖,𝑖′,𝑘 

𝜃𝑴
𝒌=𝟏 ) ×  𝐸𝑖,𝑖′  (4.16) 

 In each criticality mode 𝜃, if at least one of the prerequisite jobs of job 𝑖, imposes a communication cost 

to it, then before it can start its execution on core 𝑘 at time 𝑡, it must wait ⌊𝐶𝐹 × 𝐶𝑖
𝜃⌋ time units before 

time 𝑡 to complete its communication phase. In this phase, no other job must be in execution mode on 

the same core and also, this job must not be allocated to other cores. This can be formulated as follows: 

∀𝒊 , ∀𝒊′, ∀𝒊", ∀𝒌, ∀𝒌′, ∀𝒕, ∀𝒕′(𝒕 − ⌊𝐶𝐹 × 𝐶𝑖
𝜃⌋ ≤ 𝒕′ < 𝒕 ) ∶   𝑥𝑖′,𝑘,𝑡′ 

𝜃 + ( 𝑥𝑖′,𝑘′,𝑡′   
𝜃 × 𝐸𝑖′,𝑖) ≤

𝟐(𝟏 − 𝑠𝑖,𝑘,𝑡 
𝜃 ) + 𝟐(𝟏 − 𝑐

𝑖",𝑖 
𝜃 )  

(4.17) 

 To ensure the safe transition, as we mentioned previously for each job 𝑖 that has not finished its 

execution before time 𝑡 in low-criticality mode (∑ ∑ 𝑓𝑖,𝑘,𝑡′ 
𝐿𝑜𝑤𝑀

𝑘=1
𝑡
𝑡′=0 = 0), its elapsed execution time until 

time 𝑡 in high-criticality mode must be less than or equal to its elapsed time in low-criticality mode this 

can be represented as follows: 

∀𝒊  , ∀𝒌 , ∀𝒕 ∶   𝑒𝑡𝑖,𝑡 
𝐻𝑖𝑔ℎ

≤ 𝑒𝑡𝑖,𝑡 
𝐿𝑜𝑤 + (𝐶𝑖

𝐻𝑖𝑔ℎ
× ∑ ∑ 𝑓𝑖,𝑘,𝑡′ 

𝐿𝑜𝑤𝑀
𝑘=1

𝑡
𝑡′=0 )  (4.18) 

Objective: As we mentioned previously, the objective is to reduce the number of preemptions. Therefore, the 

objective is defined as minimizing the total number of preemptions in high and low-criticality modes: 

𝑴𝒊𝒏 ∑ (𝑝𝑖,𝑘,𝑡 
𝐿𝑜𝑤 + 𝑝𝑖,𝑘,𝑡 

𝐻𝑖𝑔ℎ
)𝒊,𝒌,𝒕   (4.19) 

5 Results 

In this section, with an example, we will show the effectiveness of the proposed methods. The intended system 

as a motivational example is an Unmanned Arial Vehicle (UAV). The graphical representation of the software of 

this system is shown in Figure (1) [19]. The system consists of two parts. The first part (top of the figure) 

represents the Flight Control System (FCS) [24], the tasks of this part are displayed in a DAG and its period is 

𝑇𝐹𝐶𝑆  =  12. The second part (the bottom of the figure) is the image processing system called Montage [7], the 

tasks of this part are displayed in a DAG and its period is 𝑇𝑀𝑜𝑛𝑡𝑎𝑔𝑒 = 24. 

Each of these DAGs consists of several nodes that represent tasks. White nodes indicate low-critical tasks and 

gray nodes indicate high-critical tasks. Inside each node, the budget of the corresponding task in low and high-

critical mode is shown (The first number from the left is equal to C(Low) and the other is equal to C (High)). 

Each DAG, in addition to nodes, contains several edges that indicate the data dependency between tasks. 
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The scheduling of the system should be checked within a Hyper-Period. The hyper-Period of this system is 24. 

Therefore, we have two activations of the tasks in FCS and one activation of the tasks in Montage. 

 
Figure 1: UAV system 

First, the tasks of this system are scheduled by the limited preemption method, assuming a 3-core architecture 

and PF = CF = 0.4. The result of this scheduling is shown in Figure (2) in the low-critical mode and Figure (3) in 

the high-critical mode. In these figures, the parts marked with cc and pc that exists before the execution of some 

tasks indicate the cost of communication and preemption imposed on that tasks respectively. As the results 

show, the number of preemptions in high and low-critical modes is 1. 

 
Figure 2: UAV's limited preemptive scheduling in low-critical mode 
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Figure 3:  UAV's limited preemptive scheduling in high-critical mode 

 

The result of optimal scheduling of this system in low-critical mode is shown in Figure (4) and the result of 

scheduling in high-critical mode is shown in Figure (5). As it is shown, in low-critical mode, the optimal method 

has one preemption which is equal to the result of the limited-preemption scheduling, but in the case of high 

system criticality, the result of the optimal method has no preemption.  

  
Figure 4: UAV's optimal scheduling in low-critical mode 

  
Figure 5: UAV's optimal scheduling in high-critical mode 

6 Conclusion 

In this research, the scheduling of periodic dependent tasks in multi-core mixed-critical systems was 

investigated. In this article, unlike previous works, the cost of preemption and communication between tasks 
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were considered. The results of experiments showed that the presented method was able to significantly reduce 

the number of preemptions while maintaining the scheduling capability. It is worth mentioning that the 

presented method is offline and does not impose overhead on the system during execution. In addition, in this 

research, an optimal ILP method for the mentioned problem were presented. On the other hand, execution time 

is not economical and it is not able to solve the problem in a limited time in medium and large systems. In order 

to complete this article, future research can address issues such as increasing the QoS of low-critical tasks in the 

high-critical mode of the system or applying a transfer cost from the low-critical mode to the high-critical mode 

of the system. 
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