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Abstract: Capacity, also known as a non-additive measure, is an extension of the Lebesgue measure. In recent
years, bi-capacity was presented as a generalization of capacity with several bipolar fuzzy integrals related to
bi-capacity, one of them being the bipolar Shilkret integral. In this paper, we propose a new approach to
calculating the bipolar Shilkret integral to be suitable for bipolar scales. Then, we give some main properties of
this integral related to bi-capacity.
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1 Introduction

There are many applications of capacities (known also under the name non-additive measures) and
their integrals in many disciplines of engineering and sciences, particularly in machine learning, data
fusion, economics, etc. (see, e.g. [9-11], [13-14], [22-26]). One of the most common nonlinear
integrals is the Shilkret integral related to capacity [28], which is defined in a case when its values
are in the non-negative interval. Bi-capacities (known also under the name monotone bi-cooperative
games) are a generalization of capacities that have been introduced and studied in [15,19,1].
Recently, several bipolar fuzzy integrals related to bi-capacity have been introduced in several works
of literature [2-6,16,18,20,24]. One of these bipolar fuzzy integrals is Shilkret integral concerning
aggregation in the case when their values are on the bipolar scales has been studied in [18].

In this paper, we propose a new approach to calculating the bipolar Shilkret integral to be suitable
for bipolar scales. Then, we give some main properties of this integral related to bi-capacity. This
approach is an alternative approach to the bipolar Shilkret integral that was presented in [18] and
allows a simple way to propose other bipolar fuzzy integrals concerning the bi-capacities.

The article is organized as follows: Section 2 summarizes the works related to the proposed theme.
The proposed approach of bipolar Shilkret integral is explained in Section 3. In Section 4, the main
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properties of our approach are shown and discussed with illustrated examples. Finally, section 5
presents the conclusion and a proposal for future work.

2 Preliminary Notions

Let X be a non empty finite set, the binary operators A,V on [0,1] is defined as follows: For
anys,t€ [0,1] ,sA t:=min{s, t} and sV t:= max{s, t}. According to [28, 20], the symmetric minimum
A and the symmetric maximum Y are operations have been introduced as follows:
Foranys,te[-1,1] , s A t=sign(s+t) - (|s|A [t])ands Y t=sign(s = t) = (|s|V |t]),
where sign(r) =-1ifr<0,=0ifr=0,and =1ifr>0.

Moreover,
Vsier Si = \/Si Y /\Si €y

5i20 si<0

for any subset I of the interval [-1,1].

Let (X,§) be a measurable space, where X is a non-empty set and § is a o- algebra of subsets of X. A
capacity [12] is a generalization of classical measure using non-additivity property instead of
additivity property. The definition of the capacity is as follows.

Definition 1. [14] Let X be a universal set. A capacity is a function p: § — [0, 1] satisfies:
L pu@ =0 puX) =1,
2. forall AL B€§ A € B, u(d) < u(B).

In decision analysis, especially in multiple-criteria decision analysis, has introduced several non-
additive integrals for capacities in the last 60 years. Let K be a class of all finite nonnegative real-
valued measurable functions on measurable space (X, §). For any x = (xq,...,X;, ..., X;,) € XK, the
Shilkret integral of x with respect to p is defined as follows.

Definition 2. [28] Let (X,§) be a measurable space and x € K. The Shilkret integral of x with
respect to capacity u is defined by
B0 [ Gwdn =\t nclj € x g = xh, @
iex
Let Q(X) =3%¥ ={(4,,4,) € P(X) X P(X)|A; n A, = @} be the set all disjoint pairs of sets and
equip it with a binary relation C for arbitrary (4,,4,), (B1,B;) € Q(X) such that:

(A, A;) E (B, B,) iff A, € B,and A, 2 B, 3
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There is another order relation on the structure Q (X) has introduced by Bilbao et al. [8]. This order is simply
the product order on P(X) x P(X):

(A1,42) E (By, By) iff Ay € Biand A, S B, (4)

Definition 3. [15] A bi-capacity on X is a set function v,: Q(X) — [—-1,1] if
1- v4(0,0) =0, v,(N,0) =1and v,(@,N) = —1

2- V (A1, A7), (B1,By) € Q(X), (A1,4;) E (By,B;) = v,(A1,43) < v,(By, By).

Given x = (xq, ..., X;, .., %) € [—1,1]", the bipolar maximum of x, denoted by

b m m
Ve =(Vx) (A=)
iex i=1 i=1

where the operator v: [—1,1]% - [—1,1] is the symmetric maximum has been introduced by Grabisch [17].
In [18], the bipolar Shilkret integral based on bi-capacities with order E is defined as follows.

Definition 4 [18]: The bipolar Shilkret integral of a vector x = (x4, ..., X;, ..., X) € [—1,1]™ with respect
to the bi-capacity v on x is given by

b
sty [y =\/tul o € x5 2 Il € x5 <~ D), ©

iex

Shy, f(x, v)dv = \b/{Shb+ J(x, v) dv, Shy,- J(x, v) dv},

iex

where, Shy+ [ (x,v) dv is the right bipolar Shilkret integral of a vector x = (x4, ..., X;, ..., X) € [-1L,1]"
with respect to the bi-capacity v on S is given by

b+
Sty [y =\l v € x: 3 = b € x5 < —lx ), ™)
iex
and Su,- [(x,v) dv is the left bipolar Shilkret integral of a vector x = (xy, ..., x;, ., xm) € [-1,1]"
with respect to the bi-capacity v on S is given by

b
sty [ora =\l vt € x: 3 = b € x5 <~ D) ®

iex
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3 Anew approach to the bipolar Shilkret integral

At first, we recall the main notions of the ternary-element set and the equivalent definition of bi-capacities.
Then we propose the bipolar Shilkret integral defined on ternary-element sets.

We consider every element i € X that has either a positive effect (i.e., i is positively important criterion of
weighted evaluation not only alone but also is interactive with others), or a negative effect (i.e., i is
negatively important criterion), or has no effect (i.e., i is criterion at neutral level). Hence, we represent the
element i as i*whenever i is positively important, as i~ whenever i is negatively important, and as i?
whenever i is neutral, and we call this element a ternary-element. The ternary-element set (or simply ter-
element set) is the set which contains only out of i*,i~,and i® forall i, i € {1,2---,n}.

Thus, in our framework we consider the set of all possible combinations of ternary elements of n criteria
givenby T(X) = {{ry, .., 72} | V7; €{i*,i7,i®}, i = 1,..,n} which corresponds to Q (X) in the notation
of classical bi-capacities.

We have T (X) can be identified with {—1,0,1}", hence |T (X)| = 3™. Also, simply remarked that for any
ter-element set A € T (X), A is equivalent to a ternary alternative (z4,...,7,) with 7, =1 if it € A4,
7, =0ifi® €dandt;=—1ifi" €AV i=12-,n.

We introduce the order relation = between ter-element sets of T (X) as follows.

Definition 5 Let T (X) be the set of all ter-elementsetsand A,B € T (X). Then, A E Biffi € X,
“if it € A implies it € B",and “if i® € Aimplies i* ori® €B". 9
The following definition is equivalent definition of bi-capacities based on notion of ternary-element sets.

Definition 6 Let T (X) be the set of all ternary-element sets. A set function v : T (X) - [—1,1], is called
bi-capacity based on the ter-element sets if it satisfies the following requirements:
HvX) =v({1,27,n" P =-1, v(x?) =v({1%,2°,n?}) =0,
and v(X*) = v({1%,2%* -, nt}) =1.
(ii)VA,Be T(X), AC Bimplies v(A) < v(B).

Bi-capacities are functions defined on the structure of the underlying partially ordered set. Hence, we can
introduce an order on the structure T (X) different from the order = described in definition 5.

We consider the following definition of an order on T (X) which is equivalent to Bilbao order on bi-
cooperative game [8]. For convenience, we denote by < the order relation defined on T (X) as in the
classical order relation, and we will use the order € on T (X) to establish our next results of this research.

Definition 7 Let T (X) be the set of all ter-element setsand A,B € T (X).Then, A< B iff Vi € X,

“ifit € Aimpliesit € B",and “if i € Aimplies i~ € B” (10)

Now, we propose an alternative bipolar Shilkret integral model with respect to bi-capacity based on the
ternary-element set. The basic idea underlying this model is for an input vector x =
(X1 eer Xjy eees X0); X; €E Rwithi€{1,2:-+,n}. we consider a ternary-element set X* =
{ty, T} with 7, = itifx;> 0;1,= i"ifx; < 0;andt; = i®ifx; =0, Vi=1,..,n
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Thus, we define the bipolar Shilkret integral with respect to bi-capacity based on ternary-element set of real
input x as follows.

Definition 8 Let T (X) be the set of all ternary-element sets and v : T (X) —» [—1,1], be a bi-capacity
based on ternary-element set. Then, the bipolar Shilkret integral of x with respect to v is given by

(BSh) [(x,v) dv =Y, [|xg(1i)| ) v(Ag(Ti))], (11)

where A, = {0 (1), ..., 0(x), o((i + 1)?),0((i + 2)?), ...} is ternary-element set < X*, and o is a
permutation on X* so that x| =+ = [X5 (el

Example 1: Let us consider S = {1,2,3),and we define the bi-capacity values v : T (X) —» [—1,1] as
shown in Table 1. The function x on S defined by x = (0.1,—0.7,0.4). That is, x; =0.1, x, =
—0.7,%x3 = 0.4.

Then, the ternary element set corresponding to x is X* = {1*,27,3*}. Using definition 8,
|X1| = 01, |x2| = 07, |X3| = 04,

Bsw) [ 0) dv =VEy [l - (Aoce)]
We obtain,

(BSh) [(x,v)dv =[0.7. v({1°,27,3%})] v [0.4. v({1%,27,3*})] v [0.1. v({1+,27,3%})]
(BSh) [(x,v)dv =[0.7. —0.6] v [0.4. 0.5] v [0.1. 0.8]
(BSh) [(x,v) dv = [-0.42] v [0.20] Y [0.08]

(BSh) f(x, v)dv = —0.42.

4 The main properties of bipolar Shilkret integral

Proposition 1: For any bi-capacity based on the ternary-element sets (v) on T (X),
(BSh)f((1A,—1A, 04),v) dv = v(4), VA€ TX).
Proof: For ternary vector (14, —14,04), [X5pl =107 |x5¢pl =0, ¥V 7; € {i+,i",i%

and v({Aa(Ti)}) = v(1,,—14,04) = v(A4). Therefore, from the bipolar Shilkret integral with respect to
bi-capacity based on the ternary-element sets (Formula (11)), we have

(BSh) f (14, =14,00),v) dv =V, [Ixop] - v(Asp)]
(BSh) [((14,-1,0,),v) dv = v(4), Y A € T (X) n
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Table 2: Values of bi-capacities

Sets {12,29,3%} {1+,29,3% {12,2+,3%)
Values 0 0.7 0.5
Sets {1%2,27,37} {1-,27,3% {1-,2%,37}
Values -0.6 -0.6 -0.7
Sets {12,29, 3%} {1+,2+,3%) {1+,2%,34}
Values 0.6 0.7 0.8
Sets {1%,2+,34} {1-,2%,3% {1%,2-,3%
Values 0.7 -0.6 -0.6
Sets {19,29,37} {1+,27,3% {1-,2%,3%
Values -0.4 0.2 0.3
Sets {1%,2,3%} {1%,2+,37} {1+,2%,37}
Values 0.5 -0.2 -0.3
Sets {17,2%,3"% (1*,2+,37} (1*,2-,34)
Values 0.3 0.8 0.8
Sets {1-,2+,37} {1-,2%,3%} {1-,27,3%}
Values -0.5 0.5 -0.5
Sets {1*,27,37} {1-,27,37} {1*,2+%,3%}
Values -0.6 -1 1

Example 2: Let us consider S = {1,2,3),and we define the bi-capacity values v : T (X) —» [—1,1] as
shown in Table 1. The function x on S defined by x = (1,1,1).

Then, the ternary element set corresponding to x is X* = {1%,2%*,3*}, and the subset of X* are
{1+’2®’3®}’ {1+’2+’3®}’ {1*,2%,3%}
According to the definition 8, we have

(BSh) [(x,v) dv =Yy [ Xyl - v(Aop)] = v({1F,2%,34 D=1

The next property shows that the bipolar Shilkret integral with respect to the bi-capacity satisfy the
monotonicity.
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Proposition 2: For any bi-capacity based on the ter-element sets v on T (X), Vx, x' € R,
if x;, = x'y, V1 €{i*,i7,i%, then

(BSh) [(x,v)dv = (BSh) [(x",v)dv.

Proof: First, we assume that forany ; € {i*,i~,i%}, x;, > x';, andvk €{1,..,i—1,i+1..,n},
= Xx7q,.

Xy,

Also, we assume that for all elements of X, the order of each element is the same, i.e., |xy(y| = =

|xcr(rn)| and |x'o(ri)| =z 2 |x,o‘(‘rn)|'
Firstly, we prove the monotonicity of this case.
Using the expression of bipolar Shilkret integral with respect to bi-capacity based on the ternary-element

sets (Formula (11)), we have

(BSh) f(x. v)dv =Y11'1:1 [lxa(ri)l . U(Aa(q))] . (12)
Also,

(BSh) [ (', v)dv =VIy [1x',0s] - v(Aorp)] (13)

Asry and Ag,_ ) arethe ternary-elementsets with A, ) S Agey-

Hence, v (Ao(e)—v(Aaqey ) 2 0.

Now, Since x,, > x';, V1; €{i*,i",i?}, itis clear that (BSh) [(x,v) dv = (BSh) [(x',v)dv.
Therefore, if x;, > x, then (BSh) [(x,v)dv = (BSh) [(x',v) dv is proved within the range that the
order of values of each element of x and x' does not change. Thus, by repeating the above procedures two
times at the point of the change of the order, if x; > x'ri then (BSh) [(x,v)dv >

(BSh) [(x',v)dv can be proved even in the range with the change of the order.
By applying this procedure successively for each i, the proposition can be proved. [ ]

Example 3: Let us consider S = {1,2,3),and we define the bi-capacity values v : T (X) —» [—1,1] as
shown in Table 1. If the functions x and x’ on S defined by x = (0.8,0.6,—0.3) and x =
(—0.6,0.5, — 0.4).

Hence according to the definition 8, forx = (0.8,0.6,—0.3)

(BSh) [(x,v)dv =[0.8. v({1%,2%,3%})] v [0.6. v({1*,2,3°})] v [0.3. v({1*,2%,37})]

(BSh) [(x,v)dv =[0.8. 0.7] Y [0.6. 0.7] Y [0.3. 0.8]

(BSh) [(x,v) dv =[0.56] v [0.42] v [0.24]

(BSh) f(x, v) dv = 0.56.

Similarly, for x' = (—0.6,0.5, — 0.4) we obtain

(BSh) [(x’,v)dv =[0.6. v({17,2%,3%})] Y [0.5. v({17,2%,3%})] v [0.4 . v({17,2%,37})]
(BSh) [(x',v)dv =[0.6. —0.6] Y [0.5. 0.3] v [0.4. —0.5]

(BSh) [(x',v)dv = [-0.36] Y [0.15] v [—0.20]
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(BSh) J-(x', v) dv = —0.36.
Thatis, (BSh) [(x,v) dv > (BSh) [(x',v)dv.

5 Conclusion

This paper presented a new approach of bipolar Shilkret integrals related to bi-capacities. Then, some main
properties of this integral ““the bipolar Shilkret integral " had discussed with illustrated examples. This
approach is defined on the notion of ternary-element sets and allows a simple way to propose other
bipolar fuzzy integrals concerning the bi-capacities. As future works, we intend to use this approach
for studying discrete bipolar universal integrals [21] and discrete pseudo integrals [29].
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