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Abstract: In this article, we study a new nonlinear Langevin equation of two fractional orders with
fractional boundary value conditions which is a generalization of previous Langevin equations. Based on
Banach and Schauder fixed point theorems, the existence and uniqueness of solutions of this equation are
investigated. Moreover, our hypotheses are simpler than similar works.
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1 Introduction

Fractional calculus has infiltrated as a powerful tool in various problems and modern systems. Frac-
tional differential equations, as one of these tools, have high capacity in many engineering sciences and
technology and has attracted many researchers. For instance, Jianmin et al. [20] applied some fractional
derivatives to fractional viscoelastic models and studied the performance of fractional derivatives in de-
scribing viscoelastic behaviors. In [22], the generalization of the Lorentz model was obtained by using a
fractional differential equation with Caputo fractional derivative. Bas and Ozarslan [6] investigated some
modeling problems, logistic equation, population growth, blood alcohol model and Newton,’s law of cooling
by applying Atangana-Baleanu fractional derivative. The fractional calculus to model a pn semiconductor
diode under sinusoidal operation was considered in [21]. Carmo et al. [@] provided, based on the theory
of fractional calculus, a new model to predict the relative viscosity of petroleum emulsions. For further
reading, see [B, R, I3, [4, 24, 25, 7).

A type of equations called Langevin equation, with stochastic framework, has been used to describe the
dynamical processes in fluctuating environments. Kubo introduced some generalizations of Langevin equa-
tion in [0#, I7]. Langevin equations and fractional Langevin equations are applicable in many fields. For
example, Lim et al. [I9] introduced, based on both the Weyl and Riemann-Liouville fractional derivatives,
a type of fractional Langevin equation of two different orders and obtained its solutions. Eab and Lim [d]
proposed the fractional generalized Langevin equation with external force that was used to model single-file
diffusion. By using sub diffusive motion of bio molecules observed in living cells, Jeon and Metzler [I7]
studied a non-Brownian particle and its the stochastic properties which is governed by either fractional
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Brownian motion or the fractional Langevin equation. In [I0], four-dimensional Langevin equations were
applied to estimate the mean prompt neutron multiplicity, the average pre-scission neutron multiplicity,
the fission probability and the mean kinetic energy of fission fragments.

In recent years, on existence and uniqueness of solutions of initial and boundary value problems for
differential equations of fractional order by different methods is an important issue that includes fractional
Langevin equation. Ahmad et al. studied the existence of solutions for several types of nonlinear Langevin
equations with boundary conditions in [, B, B]. Also, the existence results for fractional Langevin equations
involving two fractional orders was obtained in [@, I, IR, 26].

In this manuscript, we discuss the existence results for a fractional equation of Langevin type with
fractional boundary conditions of the following form:

°Djy (CDg+ + )\) u(s) = f(s,u(s)), s€(0,1), 0<n<1, 2<7<3, (1.1)

w(0)=u(1) =0, Dj u(0)=Dj,u(l)=0, (1.2)

where “Dg, is the Caputo fractional derivative of order n, Dy, is the Riemann-Liouville fractional derivative

of order , f : [0,1] X R — R is a continuous function and X is a real number. By applying some fixed
point theorems, the existence results are investigated with simpler conditions than previous papers.

The rest of the work is organized as: In section 2, we propose some preliminaries of fractional integral

and derivative. The existence and uniqueness of solutions for BVP (Il) and (I[Z2) are studied in section
3. In section 4, we give some concluding remarks.

2 Preliminaries
In this section, some definitions and lemmas necessary are recalled.

Definition 2.1. [74, Z3] The Riemann-Liouville fractional integral of order p > 0 of a function h :
(0,00) = R is defined by

15 h(v) = % AV(V — 5)"" h(s)ds,

p
provided that the integral exists.

Definition 2.2. [7d, 23] The Riemann-Liouville fractional derivative of order p > 0 of a continuous
function h : (0,00) = R is defined by
1 a\" [ o1
DY h(v)= —— | — —5)" """ h(s)d
pon) = s () - e
where r = [p] + 1, provided that the integral exists.

Definition 2.3. [, 23] For a function h given on the interval [0, 00), the Caputo fractional derivative of
order p > 0 of h is defined by

DY) = iy [ = O (s,

where r = [p] + 1.

Lemma 2.4. [13, 23] Let n,7 > 0 and n € N, then the following relations hold:
1. D I h(s) = h(s),
2. DL II h(s) = DIT"his), (if 7> ),
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3. Doyl h(s) = 15 h(s), (ifn=>7),

T I T—
4 Dl (s—a) = ity (s—a) "

Lemma 2.5. [4] Let p > 0, then the fractional differential equation °D’u(s) = 0, has a general solution

as
1

u(s) = ap +ars + 28+t ap_18" ,
for somear €R, k=1,...,r =1, and m = [p] + 1.
Lemma 2.6. [T3] Let p > 0, then we have
Ig+ cDg+u(s) =u(s)+ao+ais+- -+ ar_18"71,
where ar €ER, k=1,...,r—1, and r = [p] + 1.

Lemma 2.7. Let z € C[0,1], then the following boundary value problem for fractional Langevin equation

‘Dot (“Dg. + A u(s) =z2(s), s€(0,1), 0<n<1, 2<7<3,
w(0)=u(1) =0, DJ,u(0)=Dj u(l)=0,

has a unique solution as

u(s) = /01 G (s,z) z(z)dz + /01 H (s,x) z(x)dz,

where
(s—z)nt7—1 sTTl(a—a)ntT—1  ggnt2(q_gyntr -1
Y x<s,
T(n+3)T(r) ~—  TE+2)T(r)
G(s,x) =
st —gyntT—1 o 25" T2 (1—g)nt7—1 25" 12 (1—g)7 1
anljr(f?(ti)zy—l (n+2)I'(n+7) T(n+3)T(7) s <z,
BN RS TN CON
and +2 1 +1 1 1
2As"TEA )T AT (A=) A(s—x)"™
DT NC) rm 0 TSS
H(s,z) =
2As" T (1—a)7= 1 As"tl(a—g)n—!
DT N R sS T
Proof. By Lemma 3, for 2 < 7 < 3, we have
°D u(s) = I+ 2(s) — Au(s) + co + c15 + c25°,
where cp,c1,c2 € R. Then for 0 < n <1,
s" gntl 25M12

u(s) = Ingz(s) — M u(s) + co (2.1)

+c +c + c3.
C+1) " "Tm+2)  “TH+3)
By the boundary condition « (0) = 0, we get c3 = 0. Also, the Riemann-Liouville fractional derivative of
order n of u (s) is as
D, u(s) =I5+ 2(s) — Mu(s) + co + c18 + cas”. (2.2)
For (22) by D"u (0) = 0, we obtain ¢o = 0. The conditions (1) = 0 and D{, u (1) = 0, yield

A

! )/o (1—x)"+7_1z(1:)dx—1ﬂ7

1 n—1 C1 202
F'(n+r (n) /0 (1-2) ule)do + r

W+2)  T(n+3)

=0, (2.3)
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and .
1 T—1
1-— =
() /0 (1—2)"" z(x)dx +c1 +c2 =0,

respectively. By solving the system of (E33) and (E4), we have
F'(n+2) /1 n+7T—1 2 /1 T—1
¢ = —2= 1—=x z(zx)dr — —— 1—=x z(x)dz
e R R O (U E R A

_AL(+2) ' — )" u(z)de
T2 [y e,

and

_ _L+2 ' — )" 2(x)da L 1 — )" 2(2)dz
@ = r(n+r)/0(1 ) ()d+r(r)/0(1 )7 ()

AC(+2) (Y a1 o
e /0(1 ) w(z)da.

Now, Substituting the values of co, c1, c2, ¢3 in (E1), we obtain

1 s n+r—1 A ® n—1
v = e J, (T e g [ = ol

g1 9471 +2 1 S
(F o+ n+2)F(n+T)>/o (1 =2y 2(e)de

5n+2 951 +1 1 o
T(n+3)T F(17+2)F(7')>/0 (1=2)"" 2(z)de

- ((n ?;;7;2(7,) o A;Z;;) /01 (1—2)" tu(z)de
_ /Os ((s - g;)"+f—1 s — x)n+r—1 2512 (1 — x)"+f—1

+

+

L(n+r7) L(n+r7) m+2)L'(n+7)
25" (1—z) 0 2" (1 —a)7 ! A\
BT TaiDTe ) @
L /1 (s”'H (1—g)"t7 ! B 252 (1 — )" 25"2 (1 — )7t B 25" (1 — )7t
s I'(n+7) n+2)T(n+7) I'(n+3)I'(7) L(n+2)T'(r)
SOASTT2(1—2)"t AT —2)"h A(s—a)"!
A

wiotm  Tm T )““”)d*"

1 2Xs"2 (1 — a:)"fl_)\s"“(l—x)"*l w(2)da
*/( 2T () N )”d

/Gsx da:—l—/st z)dz. O

3 Existence results

The existence and uniqueness solutions of fractional Langevin differential equation () and (2

(2.4)

) sty

) is in-

vestigate in this section. We consider the Banach space of continuous functions D = C0, 1] equipped with

the norm ||w|| = max,epo,1) |w(s)|-
The following hypotheses to prove our main results is necessary:
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A1) The function f : [0,1] x R — R is continuous.
Az) A constant K > 0 exists such that
|f(S,ZE) - f(352)| S K|$ - Z|v

for all s € [0,1], z,z € R.

_ 2a+6 2a+6 _ A (2a+6)
As) (Y1 +12) < 1, where Th = { sty + roitemm | T2 = { rribeds |-

Theorem 3.1. Suppose that the assumptions (A1,A2,As) are satisfied. Then the fractional nonlinear
Langevin equation (T)-(2) has a unique solution.

Proof. The operator 7 : D — D defined as follows:

(Tuw)(s) = /0 G (s,z) f (z,u(x)) dz +/0 H (s,z) u(z)dz.

By applying the Lemma P74, we obtain the fixed points of the operator 7 that are the same solutions of

the problem (II)-(I2). Since the functions f, G (s,z) and H (s,z) are continuous, then the operator 7

is continuous. Let M = m[%)i]\f (s,u(s)) |+ 1. We consider a ball Bs = {u € D, ||u|]| < 4,s € [0,1]} so that
se|0,

% < 6. First, we show that 7 Bs C Bs. For any u € Bgs, then

L r s— )™ f (2, u(z))| de
(T @< oy [ =o' If @)l d

- 237 1 — )™ F (5, u(z))| de
+<F(77+T)+(17+2)F(77+7-))/0 (1-z) |f (z, u(z))|d

25112 9411 1 .
* (F(n—i—S)F(T) + F(n+2)F(7-)) /O (I =) |f (z,u(z))| dx

s [ IU(w)Idm-k((z')\'an T 'A'S"“)/Olu—x)"* fu(2)] da

I'(n) n+2)T'm  IT'(n
_ ss—xn""r_l z,u(x)) — f(x T T
< s | =TT le) — £ @)+ 1 @0 d
L 2 ' _ )Tt z,u(z)) — f (x T T
o o) [ 0o 0 ) — £ @0+ 1 @O0

2 2 1 S
Howiare  toaare) [ - 1 @u@) - @Ol +1f @) ds

L o ) de 2|\ A b e
+F(,7)/0( )" Ju(@)] d +<(77+2)P(77)+F(77))/0(1 )" u(z)| d

ST n+4 2a+ 6
<
*(K”“”JFM){F(nJrTJrl) NCEEETIC D) +P(T+1)r(n+3)}

A" AL G+ 4)
*”“”{rmu) +r<n+1><n+2>}

200+ 6 200+ 6 Al (2cc + 6)
S(K“M){F(wwn(nw) +F(T+1)F(n+3)}+5{F(n+1)(n+2)}

=KYi6+ MY+ Y20
<.
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For any u,v € D, s € [0,1], we have

(Tu) (5) = (T) ()] €
S’VI+1 287l+2
+(ctm * oo

; / (s — )™ (o ul@)) — f (2 0(2))| de
)) / (1= )™ | f (2 u(@)) — f (2, 0(2)| da

i) f, 0 ) < ot

) [ a2 ute) ot e

25m+2 2" 11
+<F(n+3)F(T)
Al /S n-1
+—— s—x u(x) —v(x)|dx
T Js ( )" u(z) — v(=)]
+( 2|\ 5712 [\ s711
n+2)I'(m)  T'(n)
HUJ*U” /5 n+r—1
< — s—x dx
“Tm+7)Jo ( )
+{lu— vl
2
+[lu— vl

<F<n1+ 7 (n+2)§(n+7)) / (L) de
(

2 1 S
+r<n+2>r<f>)/o“*"’”) e
M=ol % g
A [ oot

2|>‘| |>‘| ! — )" Y de
n+2>r<n>+r(n)>/o(1 )

~ =l { e o )

o F'n+7+1) T'(n+7+1)(n+2) TE+1T(n+3)
|A] 8" Al (n+4)

e e ey

< (T4 7T2) flu—of.

By condition (As), we have (T1 + T2) < 1. Hence the operator 7 is a contraction operator. Therefore the
Banach fixed point theorem implies that the boundary value problem () and (I=2) has a unique solution.

O

In following theorem, we show that the problem has at least a solution.

Theorem 3.2. Let the assumption (A1) holds.
(@3) has a solution.

Then the fractional boundary value problem (1) and

Proof. We shall prove that the operator 7 is completely continuous. For any u € Bs, s € [0, 1], we have

[(Tw) (s)] < ﬁ /0S (s — )" f (2, u(x))| da
gntt 25112 1 . I e i
+<F(n+7)+(n+2)r(n+7))/o (1-2) |f (2, u(x))] d

25712

2577+1

+<F(77+3)P(T)

+F(17+2)F(T)>/0 (1 =2)""|f (z,u(x))| dz



On a fractional differential equation with fractional boundary conditions 15

N G i W
*7/0 (s =) '“(“)'d$+<(n+2>r<n>+ T )/ (=)™ Ju(@)] do
M

< W/0 (5—x)7’+T—1dx+M<F(n1+T) . (HQ)?(HT)) /01 P
4 (o s3me * rarare) [, 000 e

Nl [t (2 ALY [y
+r<n>/o(s )" de | ”((77+2)F(77)+F(77))/o(1 )T

<M{ sTHT N n+4 200+ 6 }
- 'n+74+41) Tm+7+1)(n+2) T(r+1)C(n+3)
|A[s" Al (n +4) }
+5{ +
'(n+1) T'(n+1)(n+2)
< MY1 46T,

where M = m[%)i”f (s,u(s))| + 1. Thus, T is uniformly bounded on Bj;. Moreover, for u € Bs and
s€|0,

s1, 82 € [0,1] such that s; < s2, we have

1 52 _
T —(T <l / — )" f (a, d
[(Tu) (s2) — (Tw) (s1)] < 'F(U+T) ; (52 — ) f(z,u(z)) dx
1 o ntr—1
Tnt7) /0 (s1 — ) f(z,u(x)) dx
S7,-5-1 _ sn+1 28n+2 _ 2sn+2 1
+[[ 2 1 2 L )/ 1—2)"™ 7 f (2, u(z)) de
(Fors * otaraem) [, 0o e
25072 — 25712 97t _ ogut! ! 1
1-— d
| (Forare * Fararm) [ -9 @i
+ A /32 (52 — )" " u(x)dx A /S1 (s1 — )" ' u(z)de
A 5 — N L —
T'(n) Jo T'(n) Jo
22 n+2 _ nt+2 A n+1 _ n+1 1
+ (53 1) + (53 i) / (1 —2)" " u(z)d
(n+2)T'(n) ' (n) 0
2M M
< _ n+7 n+T _ T
_F(n+7—+1)(82 s1) +F(77+T+1) (s3 51T
n M Sl _ gl 2 (537 = s777) 2M (SQH — syt " syt — 371]+1)
Ln+r+1) \ ! (n+2) P(r+1) \ I'(n+3) T (n+2)
26 |)‘| n 4 |’\| n n 4 |)‘| 2 (Sg+2 _ 871]+2) n+1 n+1
e AR NS A S YRS A G R R N &
Since the functions (s2 — s1)""7, 8077 —s7TT T2 _ 72 I _g1HL (55 — 51)" and s — 57 are uniformly

continuous on [0, 1], then 7 (Bs) is equicontinuous. By the Arzela—Ascoli theorem, we have T (Bs) relativity
compact. Hence, the operator 7 : Bs — Bs is completely continuous. Therefore, By the Schauder fixed-
point theorem, the BVP problem (IT) and (I2) has a solution. O

For a fractional Langevin equation, we show the existence of solutions in the following example .
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Example 3.3. Consider the following boundary value problem of fractional orders

c)2.8 (¢ 0.8 __ s—tan_ u(s)
Dgy ( Doy + 0-1) u(g)gf 4(s+28 »s€(0,1) (3.1)
w(0) =u (1) =0, DPu(0)= DiEu(1)=0,
Here, 7 = 2.8, n = 0.8, A = 0.1 and f(s,u(s)) = %711)3(9) Clearly that the function f is continuous
and : 1
s,u) — f(s,v <——  _|tantu—tan"to| < u—uvl.
e = s 0] < 7 | | < 76 1=l
_ 2046 20+6 _ 2(0.8)+6 2(0.8)+6 ~
Also, T1 = T 4D 2 T T3 Or(mT3) — T08128+1)(08+2) T T@stDr(0.8+3) ~ 0.5477 and
Ty = F(‘gﬁ;l(;i)z) — F?(;‘léfff)'(so)fgig) /2 0.2914, then T1 4+ T2 ~ 0.8391 < 1. Hence the assumptions (A1-As)

are satisfied. Thus by applying Theorem B, the BVP (1) has a unique solution.

4 Conclusion

This paper is investigated a new Langevin equation of fractional orders with boundary conditions. We
have proved the uniqueness solution in Theorem BJl. Then, we have showed the existence of solution of
the problem only by one condition. Moreover, an example have proposed to illustrate our results.
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