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On o-locally compact space
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Abstract: The aim of this paper is to introduce and give preliminary investigation of d—locally compact
spaces. Locally compactness and d—locally compactness are independent of each other. Every locally
compact Hausdorff space is 0—locally compact. But the converse is not true even though it be Hausdorff.
0—locally compactness is a topological property. d—locally compactness is not preserved by the product
topology.
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1 Introduction

By a space, we mean a topological space. If A C X, the closure, interior and boundary of A is denoted
by clA, intA and OA respectively and if Y is a subspace of X and A C Y, the closure, interior and
boundary of A in Y is denoted by cly A, inty A and dy A respectively. A space X will be called 0—locally
compact at x € X if for every open set U containing x, there exists an open subset V' containing = such
that OV is compact and V' C U. A space X is called 0—locally compact if it is 0—locally compact at
each of points. Locally compact and d—locally compact are independent of each other (Example E=3 and
Example E4). We show that a locally compact Hausdorff space is d—locally compact (Lemma EZ3). Open
or closed subspace of a d—locally compact space is d—locally compact (Lemma P74 and Lemma Z9). We
show that 0—locally compactness is a topological property (Theorem E1M). The product of two d—locally
compact spaces need not to be d—locally compact (Example 211). We give some conditions such that the
product of two d—locally compact spaces is d—locally compact( Lemma T2 and Theorem PZ713).

The space of real numbers with the usual topology is denoted by R, and Q is the rationals with the
subspace topology. Let I be a non-empty index set, and for every i € I, X; be a space. We denote by
[1;c; Xi, the cartesian product of X; with the product topology. For each j, m; : [[,c; Xi — X is the
natural projection map. For more information on topological spaces, see [].

2 (O-locally compact space

In this section, we introduce the concept and study some properties of 0—locally compact space.

LCorresponding author: Department of Mathematics, Technical and Vocational University (TVU), Tehran, Iran,
alijanialiakbar@gmail.com


https://mcs.qut.ac.ir/article_705143.html
http://mcs.qut.ac.ir/

22 Mathematics and Computational Sciences, Vol 4(2) 2023

Definition 2.1. A space X is called 0—locally compact at x if for every open set U C X containing x,
there exists an open set V. C X containing x such that OV is compact and V- C U. The space X 1is called
0—locally compact if X is 0—locally compact at each of its points.

Lemma 2.2. Let 5 be a basis on X such that OB is compact for every B € . Then X is 0-locally
compact.

Proof. Let x € X and U C X be an open set containing x. Then there exists B € f such that z € B and
B C U. By the assumption, 0B is compact. So X is 0-locally compact. O

Locally compactness and d—locally compactness are independent of each other. See the examples B3
and 3.

Example 2.3. It is clear that {(a,b) N Q;a,b € R} is a basis on Q. Also, 9((a,b) NQ) = {a,b} NQ is
compact in Q. By Lemma B33, Q is a 0—locally compact space which is not locally compact.

Example 2.4. Let X be an infinite set and p € X. We define
=0} J{UC X;:peU}

Then T is a topology on X. It is clear that (X,T) is locally compact space. Since d{p} = X — {p} is not
compact, (X, T) is not a 0—locally compact space.

Lemma 2.5. A locally compact Hausdorff space is O—locally compact.

Proof. Let z € X and U be an open set containing . Since X is locally compact and Hausdorff, there
exists an open set V' C X containing x, such that ¢V is compact and V C U. It follows that 0V, as a
closed subset of compact set ¢V, is compact. The proof is complete. O

Lemma 2.6. FEvery compact space X is 0—locally compact, even though X is not Hausdorff.
Proof. 1t is clear. O

Lemma 2.7. Let X be a 0—locally compact space, andY C X an open subspace. Then also Y is 0—locally
compact.

Proof. Let y € Y, and U be an open set in Y containing y. Then U is open in X. Since X is 0—locally
compact, it follows that V' C U for some open set V in X containing y such that 9V is compact. O

Remark 2.8. Let Y C X be a closed subspace, and U an open subset in X. Then
8y(U N Y) = Cly(U N Y) — inty(U N Y)
=(dUNY)—-(UNY)
=0UNY

Lemma 2.9. Let X be a 0—locally compact space, andY C X a closed subspace. Then also Y is 0—locally
compact.

Proof. Let y € Y, and U C Y be an open set containing y. There exists an open set W C X such that
U=WnY. Since X is d—locally compact, there exists an open set V' C X containing y such that oV
is compact and V' C W. By Remark I, dy(V NY) = 9V NY which is compact. So Y is d—locally
compact. O

Theorem 2.10. 9—locally compactness is a topological property.
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Proof. Let X and Y be two spaces, and f : X — Y is a homeomorphism such that X is d—locally compact.
Let y € Y, and V C Y be an open set containing y. Since f is a homeomorphism, f(z) = y for some z € X
and f~*(V) C X is an open set containing z. On the other hand, X is d—locally compact. So there exists
an open set U C X containing 2 such that U C f~(V) and dU is compact. Since f is open, f(U) is open
in Y and is contained in V. Also

of(U) =cf(U) = f(U) = f(cU) — f(U) = f(oU)
Hence 0f(U) is compact and the proof is complete. O

If X and Y be two d—locally compact spaces, X X Y need not to be d—locally compact. See the
Example 27T,

Example 2.11. Let N = (0,1)>N(Q x R) ((0,1)* = (0,1) x (0,1)). We claim that the boundary of every
nonempty open subset of N is not compact. Let U C N be an open set. First, we show that w1 (U) C w1 (0U).
Let z € m1(U). Assume to contrary, x ¢ w1 (0U). Then {x} xR CU C N. Som({z}xR) C m(N) = (0,1)
which is a contradiction. Now, if OU is compact, clmi(U) is compact in Q which is a contradiction (since
intm(U) #0 ). Hence Q x R is not 0—locally compact.

Lemma 2.12. Let X be a discrete space and Y, a 0—locally compact space. Then X XY is 0—locally
compact.

Proof. Let N C X x Y be an open set containing (z,y). Then m2(N) is an open set in Y containing y.
Hence, there exists an open set V C Y containing y such that OV is compact. It is clear that ({z} xV)NN
is an open subset of X X Y containing (z,y). Also

O(({z} xV)NN) C ({z} x V)NIN
So d(({z} x V)N N) is compact. Hence X x Y is d—locally compact. O

Theorem 2.13. Let Y be a compact space. Then X XY is O—locally compact if and only if X is 0—locally
compact.

Proof. First, let X xY be 0—locally compact and, U C X an open set containing z. Then U xY C X xY
is an open set containing (x,y) for some y € Y. It follows that there exists an open subset N of X x Y
containing (z,y) such that ON is compact and N C X x Y. Since Y is compact, 71 is a closed map. Hence
Om1(N) C m1(ON). So 9m1(N) is compact and 71 (N) C U. This shows that X is d—locally compact.
Conversely, let N C X x Y be an open set containing (z,y). Then 71 (V) is an open set in X containing
z. Since X is 0—locally compact, there exists an open set U C X containing = such that OU is compact.
Clearly, (z,y) € (U xY)NN # (. Since 9((U x Y)NN) C (OU x Y)NON, (U x Y)N N is an open set
containing (z,y) such that ((U x Y) N N) is compact. It shows that X x Y is d—locally compact. O

Corollary 2.14. Let X and Y be two Hausdorff spaces. If X x'Y is 0—locally compact, then X and Y
are 0—locally compact.

Proof. Let y € Y. By Lemma P9, X x {y} is d—locally compact. Hence by Theorem E7T3, X is 0—locally
compact. Similarly, Y is 0—locally compact. O

Corollary 2.15. Let {Xi;i € I} be an arbitrary family of Hausdorff spaces. If T], Xi is a 0—locally
compact space, then each X; is 0—locally compact.
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