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On varieties and the direct limit of groups
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Abstract: Leedham-Green and Mckay [Acta Math. 137(1976) 99-150] introduced the generalized version of the Baer-
invariant of a group with respect to two varieties of groups. A group G is called capable if there exists a group H such
that G = H/Z(H). In this paper, we generalize some properties of capability of direct product of groups with respect to
two varieties of groups and direct limits. Moreover, we survey some properties of the Baer-invariant of a pair of groups
with respect to two varieties of groups and direct limits.
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1 Introduction and Preliminaries

Let F., be the free group freely generated by the countable set X = {x;, x,,...} and V be a subset of F.,. Let V be
the veriety of groups defined by the set of laws V. P. Hall [A] introduced the following subgroups of a given group G
associated with a variety of groups V, as follows

V(G) =((g1,.--,8) | g €G,veV, 1 <i<r),
Vi(G)={aeG|vg....8a,....8) =v(g1,....&) & €G,veV,1<i<r}

which are called the verbal and the marginal subgroups of G, respectively. Let N be a normal subgroup of a groups G.
Then we define [NV*G] to be the subgroup of G generated by the elements of the following set:

g1 a8 8 V(8L .. 8) |1 Si<rveV,g €G,neN).
Also, we define
V*(N,G)={neN|v(gi,...,g&Ns.... &) =v(g1,...,&),vEV,g:€G,1 <i<r}.

In particular, if N = G, then V(N,G) = [NV*G] = V(G) and V*(N,G) = V*(G) are ordinary verbal and marginal
subgroups of G.

R. Baer [B] introduced the notion of capable group. A group G is called capable if there exists a group H such that
G = H/Z(H). F.R. Beyl, U. Felgner and P. Schmid [4] proved that a group G is capable if and only if Z*(G) = 1, where
Z*(G) is the smallest central subgroup of G whose factor group is capable. They showed that the class of all capable
groups is closed under the direct products. Then M. R. R. Moghaddam and S. Kayvanfar [[[T] generalized the concept
of capability to “V-capability for a group G. (see [9] for more information).

ICorresponding author: Department of Mathematics, Neyshabur Branch, Islamic Azad University, Neyshabur, Iran; Email:
arabyani.h@gmail.com, h.arabyani @iau-neyshabur.ac.ir


https://mcs.qut.ac.ir/article_706422.html
http://mcs.qut.ac.ir/

14 Mathematics and Computational Sciences, Vol 4(3) 2023

Let V and ‘W be two varieties of groups defined by the sets of laws V and W, respectively. Let G be a group in the
variety ‘W with a free presentation 1 - R — F LG6-1. Clearly 1 —» R/W(F) —» F/W(F) - G — 1is a W-free
presentation of G. If G is in the variety ‘W, then we can define the Baer-invariant of the group G, with respect to two
varieties V and ‘W as follows

WF)R N V(F))

WYMEG) = W(F)[RV*F]

We can see that WV M(G) is abelian and independent of the free presentation of G. In particular, when we consider
W to be the variety of all groups, then we obtain the Baer-invariant of the group G, with respect to the variety V (see
[0] for more information).
Let {G;; A/, 1} be a system of groups and [ a partially ordered set in such a way that for every i, j € I, there exists
k € I'such that i, j < k. For i < j there exists a homomorphism A/ : G; — G; satisfying the following conditions:
(i) Foreachiel, /lj: : G; — G; is the identity homomorphism;
(ii) Ifi < j <k, then the following diagram commutes,

A
i
G,‘ H‘G/‘

Ak
1 /l k
J

G

that is, 4/4% = A%,
In this case, the system {G; /l{ ,1} is called a direct system of groups. Let | J,c; G; be the disjoint union of groups in the
direct system. Then we define an equivalence relation on this set as follows

x~y o A= /l’j‘.(x), forsomek > i, j.

Let G = U,; Gi/ ~ be the quotient set and denote the equivalence class of an element x by {x}. Now, we define the
binary operation on G, in the following way. For any {x} and {y} in G, there exists i, j € I such that x € G; and y € G},
then for some & > i, j,

) = (A @O0).

Clearly, this operation is well-defined and makes G into a group, which is called the direct limit of the direct system
{G;; A, I} and denoted by

G = hmG,
—

Let V and ‘W be two varieties of groups defined by sets of laws V and W, respectively. Let E be a group and G a group
inW. Lety : E — G be an epimorphism such that kery C V*(E). We denoted by (WV*)*(G) the intersection of all
subgroups of the form ¥/(V*(E)). We can see that (WV*)*(G) is a characteristic subgroup of G and contained in V*(G).
In particular, if ‘W is the variety of all groups and V is the variety of abelian groups, then this subgroup is denoted by
Z*(G).

2 On the direct limit of groups

In this section, we survey some results on capability of groups with respect to two varieties of groups. First, we discuss
some results which are needed for the proof of our main results.
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Lemma 2.1. ([II2], Lemma 2.1 and 2.3) Let {G;, /l',.", I} be a direct system of groups and N; a normal subgroup of G;
such that A/(N;) C N, forall i, j € I. Then

j G - . i . . .
(i) {N;, /I{lNl., 1} and {ﬁ’ /1{, 1} are both direct systems, where /l'l.’ is the induced homomorphism,

(ii) IfV is the variety of groups and N; C V*(G;), for all i € I, then li_r)nN,- c V*(li_r)n Gy),

(iii) lim — = —=—,
— N; limN;
—

(iv) The direct limit of exact sequences remain exact.

Theorem 2.2. ([I2], Theorem 1.2) Let V and ‘W be two varieties of groups and {G;, /l,j 1} be a direct system of groups
inW. Then

lim WVYM(G)) = WVYM(Iim G)).
— —

Theorem 2.3. ([B], Lemma 2.7) Let V and ‘W be two varieties of groups and G be a group in ‘W. Let N be a
normal subgroup of G such that N C V*(G). Then N € (WV*)*(G) if and only if the homomorphism WYV M(G) —
WYV M(G/N) is a monomorphism.

The following theorem is a simple generalization of ([9], Theorem 2.3).
Theorem 2.4. Let V and ‘W be two varieties of groups, A and B be two groups in ‘W with
WYVMA X B) = WVM(A) X WV M(B).

Then (WV*)*(A x B) = (WV*)*(A) X (WV*)*(B). Consequently, A X B is W-V-capable if and only if A and B are both
W-V-capable.

Lemma 2.5. ([8], Lemma 2.5) For any family of groups {G}ic;, consider the directed system {G;, , ¢j’, A} consisting of

all finite direct products G;, = [ G; (I, is a finite subset of 1), with the natural embedding homomorphisms ¢j’ 1 G, —
iely

G, (h C 1y). Also, the index set A is ordered in a directed way so that for any 1, A’ € A, 1 < X ifand only if I C Iy.

Then the direct product G; = [] G; is a direct limit of this directed system.
iel

Theorem 2.6. Let V and ‘W be two varieties of groups, {G;}ic; be a family of groups in ‘W such that for any i, j € I,
WYVYMG; x Gj) 2 WVYMG;) x WVYM(G)). Then WV*)(I1 G;) = [T(WV*)*(G;). Consequently, []G; is W-V-
i€l

iel i€l
capable if and only if each G; is W-V-capable.

Proof. By the notations of Lemma 3, we conclude that ,I;[, G, E(WV*)*(G,-) and E W are direct limits of
directed systems { [T Gy, ¢1 , A} ATT(WV*)"(Gy), &} , A}, and { [T Gi/(WV*)'(Gy), yr} , A} Assume that {G}ie; is a family
of groups in whicllelhfor any G; arllithj i, j eI, WVYMG; le)?G ) = WVYM(G) X WVYM(G;). By Theorem 4,
‘H(WV*)*(G,-) c (WV*)*(.H G,), for any finite subset I, of /. Thus, by using Theorem Z3 the following map is a
lrzz)nomorphism “

[1G:

iel,

%% G) > W _
(VM(igl ) VM [TWV)*(G)

iely

).

Now, by Lemma ZTl, we obtain the following monomorphism
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[1G;:
. . iely
lim WVMT G — im WY Mgrpas

iel,

).

Thus, we obtain the following monomorphism
[1G:
iel

WV G-

i€l

WVYMIIG) » WVYM(
iel

Thus, by Theorem 2 we have
g(WV*)*(Gf) c (WV*)*(,E Gi).
O
Corollary 2.7. Let 'V and ‘W be two varieties of groups and {G}ier be a family of perfect groups in W. Then [] G; is
W-V-capable if and only if each G; is W-V-capable, where V may be variety of alelian groups, variety of mf;;)otenl
groups or variety of polynilpotent groups.

In the following, we provide some nontrivial groups which are not capable:

1. There is no G such that

Z(GG) = (g. Thus, quaternion group Qs is not capable.

2. In [T6] it is proved that if a finite group G contains a normal subgroup H which is either generalized quaternion
of order 2", n > 2, or semidihedral of order 2", n > 3. Then G is not capable. So, Qg X Qg is not capable. In [I6],
also it is proved that if G is a finite nilpotent group and contains a normal subgroup H which is an extraspecial
p-group of order p* and exponent p, p odd, then G is not capable.

Theorem 2.8. ([II3], Theorem 2.5) Let V and ‘W be two varieties of groups and {G;, /l‘lf, I} be a direct system of groups
in the variety ‘W. Let N; be a normal subgroup of G; such that (N;) C N, for all i, j € I (i < j). Then

WYV M(lim N;, lim G;) = lim WVM(N;, G)).
— — —

Lemma 2.9. ([3], Corollary 3.6) Let 'V and ‘W be two varieties of groups and {G;, /l{, I} be a direct system of groups
in the variety ‘W. Let N; and K; be normal subgroups of G; such that K; C V*(G;), /l{(N,-) C N and /l{(l(,—) C K, for all
Ljell<)). IfG= li_r)nGi, N = li_n)lNi and K = li_n)lKi, then the following sequence is exact.

N G KN[NV*G]
1 K —, = _
- WIVYMK,G) > WVMN,G) - (W(VM(K, K) - KVGl
Proposition 2.10. Under assumption of Lemma 29,
(i) The following sequence is exact:

K N N
- - - -1,
[KV*G] [NV*G] [NV*G]K

N G
WYVMN,G) — W(VM(K, E)

(ii) The following conditions are equivalent:

G K N N
,—) > - -

K [KV*G] [NV*G] [NV*G]K
(b) WVYMK,G)=WVM(N,G),

N G KN[NV*G
(c) W(VM(E, E) ~ %

— 1 is exact,

N
(a) the sequence 1 — "VV(VM(f
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Proof. (i) By Lemma 1, Theorem 28 and a simple generalization of Lemma 3.1 of [[3], it is clear.
(if) By Lemma Z9 and Lemma I (iv), the following sequence is exact:
N G KN[NV*G]
1 - W K,G W N,G %% =, = —_— > 1.
> WYME G) > WVYMN,G) > WYM(, ) = e =
We can see that (b) and (c) are equivalent. On the other hand, by first part sequence and Lemma I and Theorem IR,
the following sequence is exact:

N G_ o K N N
WVYM(=, = 1
M% %~ kviel " invG C INVGK
N G
WIMGe | ke .

Now, by the proof of Theorem 2.6 of [I], we have |k ' = [KV'G] Hence, (a) and (c) are equivalent

era '
by Lemma 1 and Theorem IZS. O

In finall, we improve Theorem 5 of [[I].

Theorem 2.11. Let (N, G) be a nilpotent pair of groups of class ¢ > 2, V and ‘W be two varieties of groups defined by
the sets of laws V and W, respectively such that G be in W. Also, let 1 - R — F — G — 1 be a free presentation of
G with N = S /R for a normal subgroup S of F. If K is a normal subgroup of G such that K C N and K = T/R for a
normal subgroup T of F, then

(i)

BTV F
Vei(N,G) N [NV*G]| [ WY MEN, G)| = ‘(W(VM(% G ' WOV F]

s

KN W(F)RV*F]
) N G W(F)[TV"F]
() dAWVYMNG) = dWVYMGZ N 6y voavio) ( W(E)RVF] ) :
. N G W(F)[TV*F]
(iii) e(WVM(N,G)) divides e ((W(VM( v (N.G) Va(N.G) )) e( W)RVF] ) .

Proof. By Theorem 2.2 of [5], the following sequence is exact:

W(E)TV*F] a N G_ g KN[NV*G]
1 - —W(F)[RV*F] - WVMWN,G) - (W(VM(E’ E) - —[KV*G] 1.

Thus,

~ W(F)R N [TV*F])

[WVYMN,G)| = |Imal —W(F)[RV*F]

and

N G

WYM %) _ KnINvG)
Ima T [KV*G]

where, K = V._;(N, G). Hence,
N G W(F)R N [TV*F])
KN [NVG]|[WVMN,G :| -, = | KV*G '—
|k nINV*G]|| (N, G)| WVYM(. ) kG| WORVFi
On the other hand,

[KV*G] = [Veo1(N,G)V*G] = V.(N, G) = {e).

[TV*F]
But [KV'G] & ————.
RN[TV*F]

(iii). o

Thus, RN [TV*F] = [TV*F]. This implies part (i). Similarly, we can prove (ii) and



18

Mathematics and Computational Sciences, Vol 4(3) 2023

Acknowledgement(s) : I would like to thank the referee(s) for his comments and suggestions on the manuscript.

References

(1]

(2]

(3]

(4]

(3]

(6]
(7]

(8]

(9]

[10]
(11]

[12]

[13]

[14]

[15]

[16]

H. Arabyani, Some remarks on the varieties of groups, Global Analysis and Discrete Mathematics, 6(1) 2021,
73-81.

M.R. Bacon, L. CH. Kappe, On capable p-groups of nilpotency class two, Illinois Journal of Mathematics, 47(1-2)
2003, 49-62.

R. Baer, Groups with preassigned central and central quotient group, Transactions of the American Mathematical
Society, 44 1938, 387-412.

FR. Beyl, U. Felgner, P. Schmid, On groups occurring as center factor groups, Journal of Algebra, 61 1979,
161-177.

A. Gholami, Z. Mohammad Abadi, S. Heidarian, Some generalized varietal properties of a pair of groups, South-
east Asian Bull. Math, 36 2012, 301-308.

P. Hall, Nilpotent groups, Canad. Math. Cong. Univ. Alberta. (Queen Mary College Math. Notes), 1970.

S. Heidarian, A. Gholami, Z. Mohammad Abadi, The structure of v-isologic pairs of groups, Filomat, 26(1) 2011,
67-79.

C.R. Leedham-Green, S. Mackay, Baer- Invariants, Isologism, Varietal Lows and Homology, Acta Math, 137
1976, 99-150.

H. Mirebrahimi, B. Mashayekhy, On varietal capability of infinite direct products of groups, International Journal
of Group Theory, 1(3) 2012, 33-37.

M.R.R. Moghaddam, The Bear-invariant of a direct product, Arch. Math. (Basel), 33 1979, 504-511.

M.R.R. Moghaddam, S. Kayvanfar, A new notation derived from varieties of groups, Algebra Collog, 4(1) 1997,
1-11.

M.R.R. Moghaddam, M.R. Rismanchian, A.R. Salemkar, Generalized Baer-invariant of groups and the direct
limit, Southeast Asian Bull. Math, 28 2004, 485-492.

M.R. Rismanchian, M. Araskhan, Generalized Baer-Invariant of a pair of groups and the direct limit, Journal of
Sciences, Islamic Republic of Iran, 22(2) 2011, 159-164.

M.R. Rismanchian, M. Araskhan, Generalized Baer-Invariant of a Pair of Groups and Marginal Extension, Journal
of Sciences, Islamic Republic of Iran, 23(3) 2012, 251-256.

M.R. Rismanchian, M. Araskhan, Some properties on the Baer-invariant of a pair of groups and vs-marginal
series, Turk. J. Math, 37 2013, 259-266.

Sh. Shahriari, On normal subgroups of capable groups, Arch. Math. (Basel), 48(3) 1987, 193-198.



	Introduction and Preliminaries
	On the direct limit of groups

