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1 Introduction
Banach’s contraction has been generalized in several approaches by many scholars [1, 2, 3, 4, 10, 13].

In 2012, Sedghi et al. generalized metric space called S-metric space (S-ms) [12, 5, 6].
This study, investigate some new common fixed point results for single-valued and multi-valued mappings
are proven in S-ms by using a generalization of coincidence point for pair (f, F ), in which f is single-valued
and F is a multi-valued mapping. Also we generalized the concepts in [8] on an S-ms accomplished with
a finite number of graphs and present an application and an example. In this note, (X,S) is an S-ms
and G = {Gα : α = 1, 2..., l} is the set of all graphs where Gα = (X,Eα), Eα ⊆ X × X × X for each
α ∈ {1, 2, ..., l}.

2 Basic Concepts
Definition 2.1. Assume X is a nonempty set, S : X3 −→ R+ is called an S-m on X if for all ζ, ξ, η, a ∈ X
the following conditions hold:

(1) S(ζ, ξ, η) = 0 if and only if ζ = ξ = η;

(2) S(ζ, ξ, η) ≤ S(ζ, ζ, a) + S(ξ, ξ, a) + S(η, η, a).

The pair (X,S) is called an S-ms.
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Example 2.2. (1) ([12]) For any metric space (X, d), the mapping S : X3 −→ R+ defined by S(ζ, ξ, η) =
d(ζ, η) + d(ξ, η) is an S-m on X.

(2) ([12]) Assume X = R. The mapping S : X3 −→ R+ defined by S(ζ, ξ, η) = |ζ − ξ|+ |ζ + ξ − 2η| is an
S-m on X.

(3) Let β ≥ 0 and X = [β,∞). S : X3 −→ [0,∞) defined by

S(ζ, ξ, η) =

{
0 if ζ = ξ = η;

max{ζ, ξ, η} − β otherwise,

is an S-m on X. We call it the max S-m.

Lemma 2.3 ([12]). Assume (X,S) is an S-ms. Then, for all ζ, ξ ∈ X, S(ζ, ζ, ξ) = S(ξ, ξ, ζ).

Definition 2.4 ([12]). Assume (X,S) is an S-ms, ζ ∈ X and r > 0.
(1) An open ball Bs(ζ, r) is defined as

Bs(ζ, r) = {ξ ∈ X : S(ξ, ξ, ζ) < r}.

(2) {ζn} converges to ζ if limn→∞ S(ζn, ζn, ζ) = 0.
(3) {ζn} ⊆ X is called a Cauchy sequence if for every ϵ > 0, there exists an N0 ∈ N such that for every

i, j ≥ N0, S(ζi, ζi, ζj) < ε.
(4) An S-ms (X,S) is called complete if every Cauchy sequence converges.
The set of all closed bounded nonempty subsets of X is denoted by CB(X).

Example 2.5. Let X = [0,∞) with the max S-m. Then, we have: Bs(1, 2) = [0, 2), Bs(2, 1) = {2} and
Bs(1, 1) = {1}.

Lemma 2.6 ([12]). Let (X,S) be an S-ms and {ζn} converges to ζ, then, ζ is unique.

Lemma 2.7 ([12]). Let (X,S) be an S-ms. if {ζn} converges to ζ and {ξn} converges to ξ, then
S(ζn, ζn, ξn) → S(ζ, ζ, ξ).

Definition 2.8 ([11]). Let (X,S) be an S-ms. For ζ ∈ X and A ∈ CB(X), S(ζ, ζ, A) is defined as
inf{S(ζ, ζ, a) : a ∈ A}.

It can be easily seen that, S(ζ, ζ, A) = 0 ⇐⇒ ζ ∈ A.

Definition 2.9 ([11]). Let (X,S) be an S-ms, then
SH : CB(X)3 −→ [0,∞), is defined by;

SH(A,B,C) = Hs(A,C) +Hs(B,C).

Where, Hs(A,B) = max{hS(A,B), hS(B,A)}, hs(A,B) = sup{S(a, a,B) : a ∈ A} and S(a, a,B) =
inf{S(a, a, b) : b ∈ B}.

Lemma 2.10 ([11]). SH is an S-m on CB(X).

Lemma 2.11 ([11]). Let (X,S) be an S-ms. For all A ∈ CB(X) and ζ, ξ ∈ X, we have:

S(ζ, ζ, A) ≤ 2 S(ζ, ζ, ξ) + S(ξ, ξ, A)

.
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Remark 2.12. In (CB(X), SH) for all ζ, ξ, η ∈ X, we have

SH({ζ}, {ξ}, {η}) = S(ζ, ζ, η) + S(ξ, ξ, η)

.

Remark 2.13. In Example 2.2(3) assume u is a nondecreasing continuous mapping on X and assume
F (ζ) = [β, u(ζ)], then

Hs(Fζ, Fξ) =

{
u(ξ)− β if ξ ≥ ζ;

u(ζ)− β if ζ > ξ.

Definition 2.14. Let (X,S) be an S-ms and g : X −→ X and G : X −→ CB(X).
(1) g and G have a coincidence point at a if g(a) ∈ G(a), also g and G have a common fixed point at a if
g(a) = a ∈ G(a).

(2) g : X −→ X is G-weakly commuting at ζ ∈ X if g(g(ζ)) ∈ G(g(ζ)).
(3) We say (g,G) have a limit property if there exist a sequence {ζn} in X, a t ∈ X and an A ∈ CB(X)
such that

lim
n→∞

gζn = t ∈ A = lim
n→∞

Gζn.

Lemma 2.15 ([11]). Let (X,S) be an S-ms, {ζn} ⊂ X and let {An} ⊂ CB(X). Also limn→∞ ζn = ζ and
limn→∞ An = A ∈ CB(X). Then, limn→∞ S(ζn, ζn, An) = S(ζ, ζ, A).

Lemma 2.16 ([11]). Let (X,S) be a S-ms. Let C and D be two distinct subsets in CB(X) and γ > 1.
Then, for every c ∈ C there exists d ∈ D with S(c, c, d) < γ

2
SH(C,C,D).

3 Main results
The following theorem is a extension of Theorem 3.4 [7] for S-ms.

Theorem 3.1. Suppose g : X → X and G : X → CB(X) satisfies the following properties:
(1) (g,G) have the limit property;
(2) For distinct elements ζ, ξ ∈ X,

SH(Gζ,Gζ,Gξ) < max{S(gζ, gζ, gξ), α[S(gζ, gζ,Gζ) (3.1)
+ S(gξ, gξ,Gξ)], α[S(gζ, gζ,Gξ) + S(gξ, gξ,Gζ)]}, (1 ≤ α < 2).

If g(X) is a closed subset of X, then
(a) g and G have a coincidence point.
(b) g and G have a common fixed point, if for every v ∈ C(g,G), ggv = gv, where C(g,G) is the set of

all coincidence points of g and G.

Proof. By assumption, there exists a sequence {ζn} ⊆ X, t ∈ X, and A ∈ CB(X) with limn→∞ g(ζn) =
t ∈ A = limn→∞ Gζn. If for some a ∈ X, t = g(a), Setting ζ = ζn and ξ = a in relation (3.1) we get:

SH(Gζn, Gζn, Ga) < max{S(gζn, gζn, ga), α[S(gζn, gζn, Gζn)

+ S(ga, ga,Ga)], α[S(gζn, gζn, Ga) + S(ga, ga,Gζn)]}.
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By Lemma 2.15, follows, limn→∞ SH(Gζn, Gζn, Ga) = SH(A,A,Ga) ⩽ α S(ga, ga,Ga).
By definition of SH :

2S(ga, ga,Ga) ⩽ SH(A,A,Ga) ⩽ α S(ga, ga,Ga).

That is, S(ga, ga,Ga) = 0. Therefore, ga ∈ Ga. Hence, (a) holds. For conclude of (b), by (a), there exist
t, a ∈ X with t = ga ∈ Ga. As a ∈ C(g,G), thus, gga = ga and gga ∈ Gga. Therefore, gt = t ∈ Gt.

Example 3.2. Accomplish X = [1,∞) with the max S-m.
Define g : X −→ X, G : X −→ CB(X) as

g(ζ) = ζ3 and G(ζ) =

[
1,

ζ2 + 1

2ζ

]
.

The pair (g,G) satisfies the limit property. Indeed;

lim
n→∞

g(1 +
1

n
) = 1 ∈ lim

n→∞
G(1 +

1

n
) = {1}.

For any ζ, ξ ∈ X, with ζ ̸= ξ the relation (3.1) in Theorem 3.1 holds. For example, in the case ζ < ξ, by
Remark 2.13 we get

SH(Gζ,Gζ,Gξ) = 2HS(Gζ,Gξ) =
ξ2 + 1

ξ
− 2.

On the other hand, S(gζ, gζ, gξ) = S(ζ3, ζ3, ξ3) = ξ3 − 1. So

SH(Gζ,Gζ,Gξ) < max{S(gζ, gζ, gξ), α[S(gζ, gζ,Gζ)

+ S(gξ, gξ,Gξ)], α[S(gζ, gζ,Gξ) + S(gξ, gξ,Gζ)]}.

By Theorem 3.1,g and G have a coincidence point. Indeed, g(1) ∈ G(1). As gg(1) = g(1) and gg(1) ∈ G(1),
g and G have common fixed point 1.

Now, we generalize the existence of fixed point for multi-valued mappings with values in (CB(X), SH).

Definition 3.3. Let (X,S) be an S-ms accomplished with a finite number of graphs G = {Gα}lα=1. The
mapping T : X → CB(X) is called G-monotone, if (ζ, ξ, η) ∈ Eα =⇒ Tζ × Tξ × Tη ⊆ Eα+1, for each
α ∈ {1, 2, . . . , l}, with El+1 = E1.

Example 3.4. Let X = {1, 2, 3}, E1 = {(1, 1, 1), (1, 1, 3), (1, 3, 1), (1, 3, 3), (3, 1, 1),
(3, 1, 3), (3, 3, 1), (3, 3, 3)} and E2 = {(2, 2, 2)}. The family of graphs G = {Gα} is taken as Gα =
(X,Eα), α = 1, 2. Define a mapping T : X → CB(X) by:

Tm =

{
{2} if m = 1, 3;

{1, 3} if m = 2.

Let (m,n, p) ∈ E1 then Tm = Tn = Tp = {2} and Tm× Tn× Tp ⊆ E2.
Now, if (m,n, p) ∈ E2, then Tm = Tn = Tp = {1, 3} and Tm× Tn× Tp = E1. Hence T is G-monotone.

Definition 3.5. Let (X,S) be an S-ms accomplished with a finite number of graphs G = {Gα}lα=1. The
pair (G,S) is called regular if the following conditions satisfy:
if {ζn} ⊆ X and ζ ∈ X such that
(a) for all α ∈ {1, 2, . . . , l}, there exists a subsequence {ζnα,i} ⊆ {ζn} with (ζnα,i , ζnα,i , ζnα,i+1) ∈ Eα, for
all i,
(b) S(ζn, ζn, ζ) → 0,
then there exists a subsequence {ζni} ⊆ {ζn} and β ∈ {1, 2, . . . , l} such that (ζni , ζni , ζ) ∈ Eβ, for all i.
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Example 3.6. Assume G = (X,E) is a graph where X = C([a, b]) is the family of all continuous functions
on [a, b], and E ⊆ X ×X ×X is given by (ζ, ξ, η) ∈ E if and only if ζ(r) ≤ ξ(r) ≤ η(r) for all r ∈ [a, b].
Accomplish X with the following S-m.

S(ζ, ξ, η) =∥ ζ − η ∥∞ + ∥ ξ − η ∥∞= sup
r∈[a,b]

|ζ(r)− η(r)|+ sup
r∈[a,b]

|ξ(r)− η(r)|.

Assume {ζn} is a sequence and ζ is a point in X such that
(i) there exists a subsequence {ζni} of {ζn} such that ζni(r) ≤ ζni+1(r), holds for all i ∈ N and r ∈ [a, b],
(ii) S(ζn, ζn, ζ) → 0.
Then (ζni , ζni , ζ) ∈ E for all i ∈ N. Thus, (G,S) is regular.

Let Θ be the set of all functions θ : [0,∞) → [0,∞) satisfying the following conditions:
(i) θ is increasing;
(ii)

∑∞
n=1 θ

n(r) < ∞ for each r > 0.
Remark 3.7. Each function θ ∈ Θ satisfies condition θ(r) < r, for each r > 0.
Theorem 3.8. Let (X,S) be a complete S-ms accomplished with a finite number of graphs G = {Gα}lα=1

and assume T : X → CB(X) is a G-monotone multi-valued mapping such that
(i) there exist an ω ∈ X and a η ∈ Tω such that (ω, ω, η) ∈ E1;

(ii) (G,S) is regular;
(iii) there exist θ ∈ Θ and a lower semi-continuous function λ : X → R+ such that

SH(Tζ, T ζ, T ξ) + λ(v1) + λ(v2) ⩽ θ(S(ζ, ζ, ξ) + λ(ζ) + λ(ξ)), (3.2)

for all ζ, ξ ∈ X, and (v1, v2) ∈ Tζ × Tξ, whenever (ζ, ζ, ξ) ∈ Eα, for any α ∈ {1, 2, · · · , l}, with
El+1 = E1.

Then T has a fixed point.
Proof. By assumption, there exists ζ0 ∈ X and ζ1 ∈ Tζ0 with (ζ0, ζ0, ζ1) ∈ E1. If ζ1 = ζ0, then ζ0 is a
fixed point of T . Otherwise assume

t0 = S(ζ0, ζ0, ζ1) + λ(ζ0) + λ(ζ1).

By relation (3.2) and Lemma 2.16, for γ > 2, there exists ζ2 ∈ Tζ1 such that

S(ζ1, ζ1, ζ2) + λ(ζ1) + λ(ζ2) <
γ

2
(SH(Tζ0, T ζ0, T ζ1) + λ(ζ1) + λ(ζ2))

≤ γ

2
(θ(S(ζ0, ζ0, ζ1) + λ(ζ0) + λ(ζ1)))

=
γ

2
θ(t0).

Since θ ∈ Θ is increasing, we have

θ(S(ζ1, ζ1, ζ2) + λ(ζ1) + λ(ζ2)) < θ(
γ

2
θ(t0)).

Put γ1 =
2θ( γ

2
θ(t0))

θ(S(ζ1,ζ1,ζ2)+λ(ζ1)+λ(ζ2))
. Then γ1 > 2. If ζ1 = ζ2, then ζ1 is a fixed point. Otherwise since T is

G-monotone, we have (ζ1, ζ1, ζ2) ∈ E2. Again by relation (3.2) and Lemma 2.16 there exists ζ3 ∈ Tζ2 such
that

S(ζ2, ζ2, ζ3) + λ(ζ2) + λ(ζ3) <
γ1
2
(SH(Tζ1, T ζ1, T ζ2) + λ(ζ2) + λ(ζ3))

≤ γ1
2
θ(S(ζ1, ζ1, ζ2) + λ(ζ1) + λ(ζ2))

= θ(
γ

2
θ(t0)).
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We continue this process to obtain a sequence {ζm} ⊂ X such that ζm+1 ∈ Tζm, and also ζm+1 ̸= ζm
for each m ∈ {0, 1, 2, · · · }. So for each m ∈ {0, 1, 2, · · · }, there exists α = α(m) ∈ {1, 2, · · · , l} such that,
(ζm, ζm, ζm+1) ∈ Eα and

S(ζm, ζm, ζm+1) + λ(ζm) + λ(ζm+1) < θm−1(
γ

2
θ(t0)).

Therefore, limm→∞ S(ζm, ζm, ζm+1) + λ(ζm) + λ(ζm+1) = 0.
Consequently, S(ζm, ζm, ζm+1) → 0 and λ(ζm) → 0. From

∞∑
m=1

S(ζm, ζm, ζm+1) ≤
∞∑

m=1

[S(ζm, ζm, ζm+1) + λ(ζm) + λ(ζm+1)]

≤
∞∑

m=1

θm−1(
γ

2
θ(t0)) < ∞,

we get that {ζm} is a Cauchy sequence. Since (X,S) is complete, there exists ζ̂ ∈ X such that ζm →
ζ̂ . Since (G,S) is regular, there exist a subsequence {ζmi} of {ζm} and β ∈ {1, 2, · · · , l} such that
(ζmi , ζmi , ζ̂) ∈ Eβ for all i. Therefore, λ(ζ̂) ≤ lim infm→∞ λ(ζm) = 0 and hence λ(ζ̂) = 0.
As (ζmi , ζmi , ζ̂) ∈ Eβ for all i, so, by Lemma 2.11, Remark 3.7 and relation (3.2), we have

S(ζ̂, ζ̂, T ζ̂) ≤ 2S(ζ̂, ζ̂, ζmi+1) + S(ζmi+1 , ζmi+1 , T ζ̂)

≤ 2S(ζ̂, ζ̂, ζmi+1) +
1

2
SH(Tζmi , T ζmi , T ζ̂)

≤ 2S(ζ̂, ζ̂, ζmi+1) +
1

2
θ(S(ζmi , ζmi , ζ̂) + λ(ζmi) + λ(ζ̂))

< 2S(ζ̂, ζ̂, ζmi+1) +
1

2
[S(ζmi , ζmi , ζ̂) + λ(ζmi) + λ(ζ̂)],

for all i. It follows S(ζ̂, ζ̂, T ζ̂) = 0. That is, ζ̂ ∈ T ζ̂.

Corollary 3.9. Assume (X,S) is a complete S-ms, T : X → CB(X) is a multi-valued mapping and there
exist a lower semi-continuous mapping
λ : X → R+, and a t ∈ [0, 1) such that

SH(Tζ, T ζ, T ξ) + λ(v1) + λ(v2) ⩽ t[(S(ζ, ζ, ξ) + λ(ζ) + λ(ξ)], (3.3)

for all ζ, ξ ∈ X and (v1, v2) ∈ Tζ × Tξ.
Then T has a fixed point.

Proof. Assume l = 1, E1 = X ×X ×X and λ(ζ) = tζ, then the result follows from Theorem 3.8.

Corollary 3.10. Let (X,S) be a complete S-ms and let T : X −→ CB(X) be an a-contraction (0 < a < 1),
that is, for all ζ, ξ ∈ X, SH(Tζ, T ζ, T ξ) ≤ a S(ζ, ζ, ξ). Then, there exists ζ̃ ∈ X such that ζ̃ ∈ T ζ̃.

Proof. Assume λ(ζ) = 0 for each ζ ∈ X, then the result follows from Corollary 3.9.

Example 3.11. Accomplish X = [0,
π

2
] with the max S-m. Define T : X −→ CB(X) as

Tζ =


{0} if ζ ∈

[
0, π

4

)
;

{0, 1
2
} if ζ ∈

[
π
4
, π
2

)
;

{0, 1
3
} if ζ = π

2
.
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For ζ = 0 and ξ = π
4

, we have SH(Tζ, T ζ, T ξ) = 2HS({0}, {0, 1
2
}) = 1 and S(ζ, ζ, ξ) = max{ζ, ξ} = π

4
.

So, SH(Tζ, T ζ, T ξ) > S(ζ, ζ, ξ).Therefore we can not apply Corollary 3.10 to this example. Now, define

λ : X −→ R+ as λ(ζ) =

{
ζ if ζ < π

2
,

1 if ζ = π
2
.

By following cases, relation (3.3) holds for t = 3
π

.

1. If ζ, ξ ∈
[
0, π

4

)
or ζ, ξ ∈

[
π
4
, π
2

)
or ζ = ξ = π

2
, then for each (v1, v2) ∈ Tζ × Tξ, SH(Tζ, T ζ, T ξ) +

λ(v1) + λ(v2) = 0.
2. If ζ ∈

[
0, π

4

)
and ξ ∈

[
π
4
, π
2

)
, then for each (v1, v2) ∈ Tζ×Tξ, SH(Tζ, T ζ, T ξ) = 2HS({0}, {0, 1

2
}) =

1, λ(v1) + λ(v2) = 0 or 1
2
, and S(ζ, ζ, ξ) + λ(ζ) + λ(ξ) = 2ξ + ζ ≥ π

2
.

3. If ζ ∈
[
π
4
, π
2

)
and ξ = π

2
, then for each (v1, v2) ∈ Tζ × Tξ, SH(Tζ, T ζ, T ξ) = 2HS({0, 1

2
}, {0, 1

3
}) =

2max{0, 1
2
} = 1, λ(v1) + λ(v2) = 0 or 1

3
or 1

2
or 5

6
, and S(ζ, ζ, ξ) + λ(ζ) + λ(ξ) = ξ+ ζ +1 ≥ 3π+4

4
.

4. If ζ ∈
[
0, π

4

)
and ξ = π

2
, then for each (v1, v2) ∈ Tζ × Tξ, SH(Tζ, T ζ, T ξ) = 2HS({0}, {0, 1

3
}) =

2
3
, λ(v1) + λ(v2) = 0 or 1

3
, and S(ζ, ζ, ξ) + λ(ζ) + λ(ξ) = ξ + ζ + 1 ≥ π+2

2
.

So, all conditions of Corollary 3.9 are satisfied. Hence T has a fixed point.

4 Application
In this section, we investigate the existence of solution for certain nonlinear integral equations. Consider
the integral equation

ζ(r) =

∫ r

a

∫ v

a

q(r, v, w) g(r, v, ζ(w)) dw dv + k(r), r ∈ [a, b] (4.1)

where g : [a, b]× [a, b]×R −→ R is a closed bounded continuous function, q : [a, b]× [a, b]× [a, b] → [0,∞)
is a continuous function and k ∈ X = C([a, b]).
The purpose of this section is the existence of a solution for the integral equation (4.1) by using Theorem
3.8.
Accomplish X = C([a, b]) with the following S-m

S(ζ, ξ, η) =∥ ζ − η ∥∞ + ∥ ξ − η ∥∞ .

Clearly, (X,S) is a complete S-ms. We accomplish (X,S) with the graph G = (X,E) such that E ⊆
X ×X ×X is defined by

(ζ, ξ, η) ∈ E if and only if ζ(r) ≤ ξ(r) ≤ η(r) for all r ∈ [a, b].

By Example 3.6, (G,S) is regular.
Now, consider the given operator µ : X → X,

µ(ζ)(r) =

∫ r

a

∫ v

a

q(r, v, w) g(r, v, ζ(w)) dw dv + k(r), r ∈ [a, b]. (4.2)

Each fixed point of µ is a solution of the integral equation (4.1).
For this purpose, we state the following theorem.

Theorem 4.1. Suppose µ : X → X is the integral operator given by (4.2) and assume
(i) There exists ω ∈ X such that (ω, ω, µ(ω)) ∈ E;

(ii) The mapping g(r, v, ·) : R → R is increasing, for every r, v ∈ [a, b];
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(iii) For all ζ, ξ ∈ X with (ζ, ζ, ξ) ∈ E, and all r, v ∈ [a, b] we have

g(r, v, ξ(w))− g(r, v, ζ(w)) ≤ 1

8
ln [1 + 2(ξ(v)− ζ(v))];

(iv) supr∈[a,b]

∣∣∣∫ b

a

∫ b

a
q(r, v, w)dw dv

∣∣∣ ≤ 1.

Then µ has a fixed point.

Proof. By assumption (ii), µ is increasing and it follows that µ is G-monotone. By assumption (iii), for
all ζ, ξ ∈ X with (ζ, ζ, ξ) ∈ E, we have

|µ(ξ)(r)− µ(ζ)(r)| =

∣∣∣∣∫ r

a

∫ v

a

q(r, v, w)[g(r, v, ξ(w))− g(r, v, ζ(w))] dw dv

∣∣∣∣
=

∫ r

a

∫ v

a

q(r, v, w)[g(r, v, ξ(w))− g(r, v, ζ(w))] dw dv

≤
∫ r

a

∫ v

a

q(r, v, w)
ln (1 + 2(ξ(v)− ζ(v))

8
dw dv

≤ 1

8
ln (1 + 2∥ζ − ξ∥∞).

So, for all ζ, ξ ∈ X with (ζ, ζ, ξ) ∈ E, it follows that

SH({µζ}, {µζ}), {µξ}) = 2S(µζ, µζ, µξ) = 4∥µζ − µξ∥∞ ≤ 1

2
ln (1 + S(ζ, ζ, ξ)) = θ(S(ζ, ζ, ξ)),

where θ(r) = 1
2
ln (1 + r). Set λ(ζ) = 0 for each ζ ∈ X. Hence, by Theorem 3.8, µ has a fixed point.

Example 4.2. In the integral equation (4.1) assume X = C([0, 1],R+).
for all r, t1, t2, v ∈ [0, 1], r1 ∈ [0,∞), α ∈ (0,∞) and w ∈ [0, α],
g : [0, 1]× [0, 1]× [0, α] −→ R is defined by
g(r, v, w) = cos r+ ev

2

− 1

8
arctan 1

1+w
+ π

2
, q(t1, t2, v) = sin v

1+t1+t2
. For all ζ, ξ ∈ X with (ζ, ζ, ξ) ∈ E we

have:

g(r, v, ξ(w))− g(r, v, ζ(w)) =
1

8
[arctan

1

1 + ζ(w)
− arctan

1

1 + ξ(w)
]

≤ 1

8

1
1+ζ(w)

− 1
1+ξ(w)

1 + 1
(1+ξ(w))2

≤ 1

8

ξ(w)− ζ(w)

1 + ξ(w)− ζ(w)

≤ 1

8
ln[1 + 2(ξ(v)− ζ(v))].

So, all conditions of Theorem 4.1 are satisfied. Therefore, the following integral equation for k ∈ X has a
solution.

ζ(r) =

∫ r

0

∫ v

0

sin
w

1 + r + v
(cos r + ev

2

− 1

8
arctan

1

1 + ζ(w)
+

π

2
) dw dv + k(r), r ∈ [0, 1].

5 Conclusions
We generalized some related results in literature. Theorem 3.1 is a extension of Theorem 3.4 of Tayyab
Kamran, 2004. Theorem 3.8 and Theorem 4.1 are extensions of Theorem 2.3 and Theorem 3.2 of Tayyab
kamran, Calogero Vetro, Muhammad Usman Ali and Mehwish Waheed, 2017, for multi-valued and single-
valued mappings on SH -metric and S-ms, respectively.
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