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Abstract: In this article, we investigate Ehrenfest's theorem from the Dirac equation in a noncommutative 

phase-space where we calculate the time derivative of the position and the kinetic momentum operators for 

Dirac particles in interaction with electromagnetic field and within a noncommutative setting. This allows 

examining the effect of the phase-space noncommutativity on Ehrenfest's theorem. Knowing that with both the 

linear Bopp-Shift and ⋆product, the noncommutativity is inserted. 
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1 Introduction 

The Dirac equation is a relativistic quantum mechanical equation that describes the conduct of massive 

particles with spin-1⁄2, specifically known as Dirac particles, which include electrons. The classical limit (CL) of 

the Dirac equation can be explored when quantum mechanics' influences are disregarded, allowing us to 

describe the system's conduct using classical physics. Quantum effects such as entanglement, superposition and 

interference should vanish at the macroscopic scale in the CL, and this demise is not easy to explain. However, 

in this scenario, the system behaves according to classical laws of physics. The CL is ordinarily expressed in 

terms of the limit of a vanishing Planck’s constant, i.e., ℏ ⟶ 0 as scaled with the system’s action. In this case, 

Hamilton’s principle takes its classical expression and all the operator’s commute. To explore the CL of the Dirac 

equation, one can begin by examining the equation's solutions in the limit of extensive distances and durations 

or in the limit of large energies and momenta, where the influences of quantum mechanics become negligible 

[36]. In specific terms, the CL emerges when the system possesses a large quantum number, undergoes 

significant interactions with its surroundings, or when its de Broglie wavelength becomes significantly smaller 

compared to other pertinent length measurements. In this scenario, the findings predicted by quantum 

mechanics must converge to those predicted by classical mechanics as reaching the macroscopic scale. Put 

differently, one can attain the CL of a quantum mechanical system by contrasting the predictions of the quantum 

mechanical system with those of classical physics in situations where quantum effects are minimal. If the 
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forecasts from the Dirac equation align with those of classical physics, it implies that the CL has been attained. 

The frequently cited correspondence principle is perhaps the Bohr correspondence principle [2], asserts that in 

the limit of large quantum numbers, a quantum system exhibits behavior akin to the corresponding classical 

system. Numerous studies exploring the alignment between quantum and classical aspects have been conducted 

in the literature [26], [10], [3], [31], [25], [1], [27], [28], [29], [24]. 

Ehrenfest's theorem is frequently employed when studying the CL of quantum mechanical systems [5]. This 

theorem serves as a potent instrument for comprehending the behavior of such systems. By its application, we 

can see the manner in which quantum mechanical influences dissipate, giving rise to classical dynamics [6]. 

Certainly, Ehrenfest's theorem establishes a connection between the evolution of expected values of observables 

and classical equations of motion. Within the framework of the Dirac equation, this theorem remains valid in 

the CL, where quantum effects are insignificantly small, causing the equation to simplify to its classical 

counterpart. In this regime, the anticipated values of observables mirror the behavior dictated by classical 

equations of motion, derived from the system's Hamiltonian. Consequently, it can be asserted that Ehrenfest's 

theorem is applicable to the CL of the Dirac equation. Another aspect to consider is the “semiclassical limit” of 

the Dirac equation, which can be attained when external potentials vary slowly, such as the electrostatic 

potential [34].  Likewise, there is what we call the “non-relativistic limit” of the Dirac equation [11], [12], which 

is often taken to be the limit in which the speed of the particle is much less than the speed of light 𝑣 ≪ 𝑐 or low 

energy in front of the rest energy, it allows us to neglect the relativistic effects. In this limit, the Dirac equation 

reduces to the Schrödinger equation, which is the equation of motion of non-relativistic quantum mechanics. 

Furthermore, the classical and the NR limits are related but distinct concepts, they address different aspects of 

the system's behavior. The CL focuses on the transition from the quantum to the classical realm, while the non-

relativistic limit deals with the absence of relativistic effects and corrections. However, it's important to 

highlight that in numerous practical physical situations, the CL and the non-relativistic limit can align, leading 

to similar descriptions of the system's conduct. 

On the other side, studies and inquiries into noncommutative (NC) geometry have emerged as a subject of 

significant intrigue in the past few decades. NC geometry exerts substantial influence across various domains of 

high-energy and contemporary physics including quantum physics [13], [30], [14], string theories, [33], 

standard model [32], quantum field theory [15], [35], cosmology, black holes, and gravity [9], [7]. Research has 

demonstrated the significance of NC phase-space (NCPS) in comprehending phenomena occurring at extremely 

short distances and within the high-energy ranges. It is worth noting also that various forms of phase-space 

noncommutativity have been explored in the literature as part of a comprehensive examination of this subject. 

For an overview of this subject, check [16], [17], [18], [19]. The passage from the commutative setting to the NC 

one (or vice versa) is achieved using four essential methods namely, (i) Bopp-shift transformations. (ii) Moyal–

Weyl product (⋆product) instead of ordinary product in the actions and functions of the physical systems.  (iii) 

Seiberg–Witten maps. (iv) Weyl–Wigner maps, which means using the ordinary product with Weyl operators. 

As has been extensively discussed in the literature (see, e.g., [13], [4], [20], [8], [21], [22], [23], and references 

therein). However, here in this study, our approach hinges on the combination of the ⋆product and Bopp-shift 

techniques.  

Inspired by endeavors to comprehend string theory, quantum gravity approaches with a focus on gravitational 

stability, and models of black holes, and driven by the ambition to develop a quantum formulation of the Einstein 

equation within the realm of NC geometry, we have chosen to investigate the problem at hand within the 

framework of NC geometry. Furthermore, we believe that exploring the CL of the Dirac equation can provide 

valuable insights into classical phenomenological implications. That is why we focus on investigating the CL 
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through Ehrenfest's theorem from the Dirac equation in the NC setting. This paper is outlined as follows: In 

Section 2, the NC geometry is briefly reviewed. In Section 3, we study the CL of the NC Dirac equation whereas 

in Sub-Section 3.1, a deformed Dirac equation is obtained. In Sub-Section 3.2, we investigate Ehrenfest's theorem 

from the Dirac equation within the NC framework, and then Section 4 is left for the conclusion and remarks. 

2 Brief Overview on the Noncommutative Phase-Space 

The NC geometry offers intriguing characteristics within the realm of quantum mechanics, and in order to 

explore these NC effects, we've adapted quantum mechanics to incorporate noncommutativity. Consequently, 

in this segment of our investigation, we provide a concise overview of the specific NC geometry required for our 

calculations. However, when dealing with extremely minuscule scales, such as those found in string theory, the 

position coordinates no longer commute, nor do the momenta. This implies that the order of operators matters 

during calculations. So, for two different operators, e.g., 𝐴̂ and 𝐵̂, one has, in general, 𝐴̂ ∗ 𝐵̂ ≠  𝐵̂ ∗ 𝐴̂. Now, we 

consider the operators for coordinates and momentum in the NC setting as 𝑥𝑖
𝑛𝑐 and 𝑝𝑖

𝑛𝑐respectively, then, in a 

d-dimensional NCPS, the altered commutation relations take the following form: 

 

[𝑥𝜇
𝑛𝑐 , 𝑥𝜈

𝑛𝑐 ] = 𝑖𝛩𝜇𝜈 ,                                 

[𝑝𝜇
𝑛𝑐 , 𝑝𝜈

𝑛𝑐 ] = 𝑖𝜂𝜇𝜈 ,     (𝜇, 𝜈 = 1, . . 𝑑),

[𝑥𝜇
𝑛𝑐 , 𝑝𝜈

𝑛𝑐 ] = 𝑖ℏ̃𝛿𝜇𝜈                                 

                                           (2.1) 

 

 

 

 with Θ𝜇𝜈 ,  η𝜇𝜈  stand for constant antisymmetric 𝑑 × 𝑑 matrices and 𝛿𝜇𝜈 is the identity matrix. The effective 

Planck constant (deformed ℏ) is given by 
 

 ℏ̃ = ℏ(𝐴𝐵 + 𝜉),  with   𝜉 =
𝑇𝑟[Θ𝜂]

4𝐴𝐵ℏ2
,                                            (2.2) 

 

 where 𝜉 ≪ 1 is the consistency condition in quantum mechanics, and is expected to be typically satisfied when 
the NC parameters are of the 2nd order. Now, 𝑥𝑖

𝑛𝑐 and 𝑝𝑖
𝑛𝑐 can be presented in terms of the commutative 

coordinates 𝑥𝑖 and 𝑝𝑖 in conventional quantum mechanics via the following Bopp-shift [20] 
 

𝑥𝜇
𝑛𝑐 = 𝐴𝑥𝜇 −

Θ𝜇𝜈

2𝐴ℏ
𝑝𝜈    ;  𝑝𝜇

𝑛𝑐 = 𝐵𝑝𝜇 +
η𝜇𝜈

2𝐵ℏ
𝑥𝜈 ,                                   (2.3) 

 
where 𝐴 = 1 −

Θ𝜂

8ℏ2 and 𝐵 =
1

𝐴
, which are scaling constants and usually are considered 𝐴 = 𝐵 = 1 to the 1st 

order of Θ and 𝜂. As a consequence, the equations (2.3) and (2.2) become 

 

   
𝑥𝜇

𝑛𝑐 = 𝑥𝜇 −
Θ𝜇𝜈

2ℏ
𝑝𝜈 ,

𝑝𝜇
𝑛𝑐 = 𝑝𝜇 +

η𝜇𝜈

2ℏ
𝑥𝜈 ,

 ℏ̃ = ℏ(1 + 𝜉|𝐴=𝐵=1).                                   (2.4) 

 

As long as the system under consideration is three-dimensional, we have the following NC algebra: 
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[𝑥𝑗
𝑛𝑐 , 𝑥𝑘

𝑛𝑐 ] =
𝑖

2
𝜖𝑗𝑘𝑙Θ𝑙 ,                                    

[𝑝𝑗
𝑛𝑐 , 𝑝𝑘

𝑛𝑐 ] =
𝑖

2
𝜖𝑗𝑘𝑙η𝑙 ,       (𝑗, 𝑘, 𝑙 = 1,2,3),

[𝑥𝑗
𝑛𝑐 , 𝑝𝑘

𝑛𝑐 ] = 𝑖ℏ (1 +
Θ𝜂

4ℏ2) 𝛿𝑗𝑘 ,                    

                                          (2.5) 

 
with Θ𝑙 = (0,0, Θ), η𝑙 = (0,0, 𝜂) where Θ, 𝜂 are real-valued NC parameters with [Θ] = 𝐿2  and [η] = 𝑀2𝐿2𝑇−2, 
and 𝜖𝑗𝑘𝑙  is the Levi-Civita permutation tensor. These NC parameters are supposed to be extremely small, 

consequently, we have 

 
𝑥𝑖

𝑛𝑐 = 𝑥𝑖 −
𝜖𝑖𝑗𝑘Θ𝑘

4ℏ
𝑝𝑗   ;  𝑝𝑖

𝑛𝑐 = 𝑝𝑖 +
𝜖𝑖𝑗𝑘η𝑘

4ℏ
𝑥𝑗 .                                          (2.6) 

 
In NC quantum mechanics, replacing the usual product with the ⋆product, effectively transforms our quantum 
mechanical system into an NC one. Furthermore, if let ℋ(𝑥, 𝑝) be the Hamiltonian operator of the standard 
quantum mechanics, then its corresponding Schrödinger equation in NC quantum mechanics typically be 

 
ℋ(𝑥, 𝑝) ⋆ 𝜓(𝑥, 𝑝) = 𝐸𝜓(𝑥, 𝑝).                                               (2.7) 

 
The ⋆product between two arbitrary functions ℱ(𝑥, 𝑝) and 𝒢(𝑥, 𝑝) from ℛ𝐷   within phase-space is defined as 

[13], 

(ℱ ⋆ 𝒢)(𝑥, 𝑝) = exp [
𝑖

2
Θ𝑎𝑏𝜕𝑥𝑎

𝜕𝑥𝑏
+

𝑖

2
η𝑎𝑏𝜕𝑝𝑎

𝜕𝑝𝑏
] ℱ(𝑥𝑎 , 𝑝𝑎)𝒢(𝑥𝑏 , 𝑝𝑏) =  ℱ(𝑥, 𝑝) 𝒢(𝑥, 𝑝) +

∑
1

𝑛!
(

𝑖

2
)

𝑛
Θ𝑎1𝑏1 … Θ𝑎𝑛𝑏𝑛𝜕𝑎1

𝑥 … 𝜕𝑎𝑛

𝑥 ℱ(𝑥, 𝑝) × 𝜕𝑏1

𝑥 … 𝜕𝑏𝑛

𝑥 𝒢(𝑥, 𝑝)𝑛=1 +

∑𝑛=1
1

𝑛!
(

𝑖

2
)

𝑛
η𝑎1𝑏1 … η𝑎𝑛𝑏𝑛𝜕𝑎1

𝑝
… 𝜕𝑎𝑛

𝑝
ℱ(𝑥, 𝑝) × 𝜕𝑏1

𝑝
… 𝜕𝑏𝑛

𝑝
𝒢(𝑥, 𝑝),                         (2.8) 

 
with ℱ(𝑥, 𝑝) and 𝒢(𝑥, 𝑝), supposed to be infinitely differentiable. But once consider only the case of NC space, 

the ⋆product definition becomes [23], 

 

(ℱ ⋆ 𝒢)(𝑥) = exp [
𝑖

2
Θ𝑎𝑏𝜕𝑥𝑎

𝜕𝑥𝑏
] ℱ(𝑥𝑎)𝒢(𝑥𝑏) =  ℱ(𝑥) 𝒢(𝑥) + ∑

1

𝑛!
(

𝑖

2
)

𝑛
Θ𝑎1𝑏1 … Θ𝑎𝑛𝑏𝑛𝜕𝑎1

… 𝜕𝑎𝑛
ℱ(𝑥) ×𝑛=1

𝜕𝑏1
… 𝜕𝑏𝑛

𝒢(𝑥).                                                                                        (2.9) 

 

For low-energy fields, the NC field theories where 𝐸2 ≤ 1/Θ at the classical level are entirely reduced to their 
commutative counterparts due to the ⋆product nature. However, this is only the classical result, and even at 
low energies, quantum corrections inevitably reveal the influences of NC parameters. Knowing that in quantum 
mechanics, terms involving NC parameters can always be treated as perturbations. When let Θ = η = 0, the NC 
algebra simplifies to the ordinary commutative one and the canonical commutation relations become 
 

   

[𝑥𝑗 , 𝑥𝑘  ] = 0,                                    

[𝑝𝑗 , 𝑝𝑘] = 0,          (𝑗, 𝑘 = 1,2,3).

[𝑥𝑖  , 𝑥𝑖   ] = 𝑖ℏ𝛿𝑗𝑘 ,                            

                                         (2.10) 

 

3 Classical Limit of the Noncommutative Dirac Equation 
 
In this section, we obtain the Dirac equation in the NC framework and then use it to investigate Ehrenfest's 
theorem.  
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3.1 Noncommutative Dirac equation 
 
In a commutative phase-space, the time-dependent Dirac equation in interaction with an electromagnetic four-

potential 𝐴𝜇(𝐴, Φ) is: 

 

{𝑐𝛼⃗ ∙ (𝑝 −
𝑒

𝑐
𝐴(𝑟)) + 𝑒Φ(𝑟) + 𝛽𝑚𝑐2} 𝜓(𝑟, 𝑡) = 𝐸𝜓(𝑟, 𝑡),                                         (3.1) 

 

where 𝜓(𝑟, 𝑡) = (𝜙(𝑟, 𝑡)  𝜒(𝑟, 𝑡))
𝑇

 is the bispinor in the Dirac representation. The momentum 𝑝 is given by 𝑝 =

−𝑖ℏ∇⃗⃗⃗ and the Dirac matrices 𝛼𝑖  and 𝛽 satisfy the following anticommutation relations: 

 

{𝛼𝑖 , 𝛼𝑗} = 2𝛿𝑖𝑗 , {𝛼𝑖 , 𝛽} = 0,   𝛼𝑖
2 = 𝛽2 .                                            (3.2) 

 

Note that in equation (3.1), we utilized 
𝑒

𝑐
𝐴(𝑟) instead of 𝑒𝐴(𝑟). The factor 

𝑒

𝑐
 is employed in Gaussian units, 

whereas in SI units, there is no such factor. In the following, we derive the NC Dirac equation through two steps, 

the first step is by implementing space noncommutativity while in the second one, we implement the phase 

noncommutativity. So, we first implement the noncommutativity in space by linking the commutative 

coordinates  𝑟 with the NC ones  𝑟𝑛𝑐 through the ⋆product, therefore with the help of equation (2.9), we obtain 

 

ℋ(𝑟, 𝑝) ⋆ 𝜓(𝑟, 𝑡) = {𝑐𝛼⃗ ∙ (𝑝 −
𝑒

𝑐
𝐴(𝑟)) + 𝑒Φ(𝑟) + 𝛽𝑚𝑐2} ⋆ 𝜓(𝑟, 𝑡) = 𝑖ℏ

𝜕

𝜕𝑡
𝜓(𝑟, 𝑡).                 (3.3) 

 

Knowing that the electromagnetic potential adopts the form 𝐴(𝑟) ∝ 𝐵𝑟, which is expressed in the symmetric 

gauge, where 𝐵 is the magnetic field, thus, the derivations in equation (2.9) firmly turned off in the first-order, 

consequently, equation (3.3) becomes 

 

ℋ(𝑟, 𝑝) ⋆ 𝜓(𝑟, 𝑡) = ℋ(𝑟, 𝑝)𝜓(𝑟, 𝑡) +
𝑖

2
Θ𝑎𝑏𝜕𝑎 {𝑐𝛼⃗ ∙ (𝑝 −

𝑒

𝑐
𝐴(𝑟)) + 𝑒Φ(𝑟) + 𝛽𝑚𝑐2} 𝜕𝑏𝜓(𝑟, 𝑡) + 𝒪(Θ2) =

𝑖ℏ
𝜕

𝜕𝑡
𝜓(𝑟, 𝑡).                                                                                             (3.4) 

 

Note that 𝑐𝛼⃗ ∙ (𝜕𝑎𝑝) = 𝛽𝜕𝑎(𝑚𝑐2) = 0, then the equation (3.4) simply becomes 

 

ℋ(𝑟, 𝑝)𝜓(𝑟, 𝑡) −
𝑖𝑒

2
Θ𝑎𝑏𝜕𝑎{𝛼⃗ ∙ 𝐴 + Φ}𝜕𝑏𝜓(𝑟, 𝑡) = 𝑖ℏ

𝜕

𝜕𝑡
𝜓(𝑟, 𝑡).                                         (3.5) 

 

Now, we move on to implement the noncommutativity in phase in equation (3.5), thus, we relate the 

commutative momentum 𝑝 with the NC one 𝑝𝑛𝑐 via the Bopp-shift transformation, so using equation (2.6), we 

obtain the phase-space NC Dirac equation: 

 

{𝑐𝛼⃗ ∙ (𝑝 +
1

2ℏ
η𝑖𝑗𝑥𝑗 −

𝑒

𝑐
𝐴) + 𝑒Φ + 𝛽𝑚𝑐2 −

𝑖𝑒

2
Θ𝑎𝑏𝜕𝑎(𝛼⃗ ∙ 𝐴 + Φ)𝜕𝑏} 𝜓 = 𝑖ℏ

𝜕

𝜕𝑡
𝜓.                             (3.6) 

 
Following necessary minor simplifications, equation (3.6) can be expressed in a more concise form as follows 

[11], [12]: 
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{𝑐𝛼⃗ ∙ (𝑝 −
𝑒

𝑐
𝐴) + 𝑒Φ + 𝛽𝑚𝑐2 +

𝑐

ℏ
(𝛼⃗ × 𝑟) ∙ 𝜂 +

𝑒

ℏ
(∇⃗⃗⃗ (𝛼⃗ ∙ 𝐴 − Φ) × 𝑝) ∙ Θ⃗⃗⃗} 𝜓𝑛𝑐 = 𝑖ℏ

𝜕

𝜕𝑡
𝜓𝑛𝑐 ,               (3.7) 

 

where 𝜓𝑛𝑐(𝑟, 𝑡) = (𝜙(Θ, η)  𝜒(Θ, η))
𝑇

 is the wave function in the NC phase-space. Next, we move to employ the 

obtained deformed Dirac equation (3.7) to explore the CL through Ehrenfest's theorem.  

 

3.2 Ehrenfest’s theorem in noncommutative setting 
 
Ehrenfest's theorem can be derived from the Dirac equation. It asserts that the time evolution of expected 

values of observables in quantum mechanics adheres to classical equations of motion. In simpler terms, it 

implies that the average behavior of a quantum system aligns with classical physics. It is also important to note 

that this theorem is applicable to all quantum systems. However, in this context, we are calculating the time 

derivatives of position and kinetic momentum operators for Dirac particles interacting with an 

electromagnetic field within a deformed framework. So, the equation of motion of an arbitrary operator ℱ̂ is 

given by 
𝑑ℱ̂

𝑑𝑡
=

𝜕ℱ̂

𝜕𝑡
+

𝑖

ℏ
[ℋ̂, ℱ̂],                                         (3.8) 

 
where ℋ̂ is the Hamiltonian operator. Let's start with the position operator 
 

𝑑𝑥̂⃗

𝑑𝑡
=

𝜕𝑥̂⃗

𝜕𝑡
+

𝑖

ℏ
[ℋ̂𝑛𝑐 , 𝑥̂⃗] =

𝑖

ℏ
[ℋ̂𝑛𝑐 , 𝑥̂⃗],                                        (3.9) 

 
where the Hamiltonian operator from equation (3.7) is 

 

ℋ̂𝑛𝑐 = 𝑐𝛼̂⃗ ∙ (𝑝̂ −
𝑒

𝑐
𝐴) + 𝑒Φ + 𝛽̂𝑚𝑐2 +

𝑐

ℏ
(𝛼̂⃗ × 𝑟̂) ∙ 𝜂 +

𝑒

ℏ
(∇⃗⃗⃗ (𝛼̂⃗ ∙ 𝐴 − Φ) × 𝑝̂) ∙ Θ⃗⃗⃗,                                        (3.10) 

 
then the commutator in (3.9) reads  

 

[ℋ̂𝑛𝑐 , 𝑥̂⃗] = 𝑐[𝛼̂⃗ ∙ 𝑝̂, 𝑥̂⃗] − 𝑒[𝛼̂⃗ ∙ 𝐴, 𝑥̂⃗] + 𝑒[Φ, 𝑥̂⃗] + 𝑚𝑐2[𝛽̂, 𝑥̂⃗] +
𝑐

ℏ
[(𝛼̂⃗ × 𝑟̂) ∙ 𝜂, 𝑥̂⃗] +

𝑒

ℏ
[(∇⃗⃗⃗ (𝛼̂⃗ ∙ 𝐴 − Φ) × 𝑝̂) ∙ Θ⃗⃗⃗, 𝑥̂⃗],                                      

(3.11) 
 

Φ depends on spatial coordinates, thus [Φ, 𝑥̂⃗] = 0. The position operator 𝑥̂ is diagonal concerning the spinor 

indices, i.e., 𝑥̂⃗𝜓 = 𝑥⃗𝜓 and contains no differentiation, consequently [𝛽̂, 𝑥̂⃗] = [𝛼̂⃗, 𝑥̂⃗] = 0, for three arbitrary 

vectors 𝐴1, 𝐴2 and 𝐴3 we use the identity [𝐴1 𝐴2, 𝐴3] = [𝐴1 , 𝐴3]𝐴2 + 𝐴1[ 𝐴2, 𝐴3]. Then we have 

 

[𝛼̂⃗ ∙ 𝑝̂, 𝑥̂⃗] = −𝑖ℏ𝛼̂⃗,                                        (3.12) 

and 

[𝛼̂⃗ ∙ 𝐴, 𝑥̂⃗] = 0,                                               (3.13) 

also 

[(𝛼̂⃗ × 𝑟̂) ∙ 𝜂, 𝑥̂⃗] = 0.                                     (3.14) 

 

Through the feature 𝐴1 ∙ (𝐴2 × 𝐴3) = 𝐴2 ∙ (𝐴3 × 𝐴1) = 𝐴3 ∙ (𝐴1 × 𝐴2) , we have 

 

[(∇⃗⃗⃗ (𝛼̂⃗ ∙ 𝐴 − Φ) × 𝑝̂) ∙ Θ⃗⃗⃗, 𝑥̂⃗] = ∑ [𝑝̂𝑖 , 𝑥̂𝑗] (Θ⃗⃗⃗ × ∇⃗⃗⃗ (𝛼̂⃗ ∙ 𝐴 − Φ))
𝑖

𝑒𝑗𝑖,𝑗 = −𝑖ℏ ∑ δ𝑖𝑗 (Θ⃗⃗⃗ × ∇⃗⃗⃗ (𝛼̂⃗ ∙ 𝐴 − Φ))
𝑖

𝑒𝑗𝑖,𝑗 ,                                        

(3.15)  
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with [𝑝̂𝑖 , 𝑥̂𝑗] = −𝑖ℏδ𝑖𝑗 , then we obtain 

 
𝑑𝑥̂⃗

𝑑𝑡
= 𝑐𝛼̂⃗ − 𝑖𝑒 ∑ δ𝑖𝑗 (Θ⃗⃗⃗ × ∇⃗⃗⃗ (𝛼̂⃗ ∙ 𝐴 − Φ))

𝑖
𝑒𝑗𝑖,𝑗 ≡ 𝑣̂⃗ + Λ⃗⃗⃗,                                   (3.16) 

 

where 𝑣̂⃗ =  𝑐𝛼̂⃗ and Λ⃗⃗⃗ = 𝑖𝑒 ∑ δ𝑖𝑗 (Θ⃗⃗⃗ × ∇⃗⃗⃗ (𝛼̂⃗ ∙ 𝐴 − Φ))
𝑖

𝑒𝑗𝑖,𝑗 . Let us subsequently see how the above operator 

(3.16) acts on the Dirac spinor. Considering single components 𝜓, then we get 

 

𝑑𝑥̂⃗

𝑑𝑡
𝜓 = ±𝑐𝜓 − 𝑖𝑒 ∑ δ𝑖𝑗 (Θ⃗⃗⃗ × ∇⃗⃗⃗ (𝛼̂⃗ ∙ 𝐴 − Φ))

𝑖
𝑒𝑗𝑖,𝑗 |𝛼̂⃗⃗⃗≡±1𝜓,                              (3.17) 

 

where the eigenvalues of 𝛼̂⃗ are ± 1. In the limit of Θ → 0, equation (3.17) turns to: 

 

𝑑𝑥̂⃗

𝑑𝑡
𝜓 = ±𝑐𝜓.                                              (3.18) 

 
This result has no classical analogy because despite the considered effects the Dirac particle is still moving at 

the speed of light as appears in the first term of equations (3.17) and (3.18) (case when Λ⃗⃗⃗ = 0). 

Now, the equation of motion for the kinetic momentum  𝐷̂⃗⃗⃗ = 𝑝̂ −
𝑒

𝑐
𝐴 is 

 

𝑑𝐷̂⃗⃗⃗

𝑑𝑡
=

𝜕𝐷̂⃗⃗⃗

𝜕𝑡
+

𝑖

ℏ
[ℋ̂𝑛𝑐 , 𝐷̂⃗⃗⃗] = −

𝑒

𝑐

𝜕𝐴

𝜕𝑡
+

𝑖

ℏ
[ℋ̂𝑛𝑐 , 𝐷̂⃗⃗⃗].                                 (3.19) 

 
Then, the commutator is given by 
 

[ℋ̂𝑛𝑐 , 𝐷̂⃗⃗⃗] = [ℋ̂𝑛𝑐 , 𝑝̂] −
𝑒

𝑐
[ℋ̂𝑛𝑐 , 𝐴].                                          (3.20) 

 
First, we calculate the first commutator in (3.20) 

 

[ℋ̂𝑛𝑐 , 𝑝̂] = 𝑐[𝛼̂⃗ ∙ 𝑝̂, 𝑝̂] − 𝑒[𝛼̂⃗ ∙ 𝐴, 𝑝̂] + 𝑒[Φ, 𝑝̂] + 𝑚𝑐2[𝛽̂, 𝑝̂] +
𝑐

ℏ
[(𝛼̂⃗ × 𝑟̂) ∙ 𝜂, 𝑝̂] +

𝑒

ℏ
[(∇⃗⃗⃗ (𝛼̂⃗ ∙ 𝐴 − Φ) × 𝑝̂) ∙ Θ⃗⃗⃗, 𝑝̂],                                        

(3.21) 
 

with [𝛽̂, 𝑝̂] = [𝛼̂⃗, 𝑝̂] = 0 because 𝛽̂ and 𝛼̂⃗ do not depend on space coordinates. Furthermore, we have 

 

𝑒[Φ, 𝑝̂] = 𝑖ℏ𝑒[∇⃗⃗⃗, Φ] = 𝑖ℏ𝑒(∇⃗⃗⃗Φ − Φ∇⃗⃗⃗),                                        (3.22) 

 
then making use of this commutator to get 
 

e[Φ, 𝑝̂]𝜓 = 𝑖ℏ𝑒(∇⃗⃗⃗Φ − Φ∇⃗⃗⃗)𝜓 = 𝑖ℏ𝑒(∇⃗⃗⃗Φ)𝜓,                                      (3.23) 

and 
 

𝑐[𝛼̂⃗ ∙ 𝑝̂, 𝑝̂] = 0,                                        (3.24) 

 
also 

−𝑒[𝛼̂⃗ ∙ 𝐴, 𝑝̂]𝜓 = −𝑒 ∑ 𝛼̂𝑖[𝐴𝑖 , 𝑝̂𝑗]𝑒𝑗𝑖,𝑗 𝜓 = −𝑖ℏ𝑒 ∑ 𝛼̂𝑖[𝐴𝑖 , ∇𝑗]𝑒𝑗𝑖,𝑗 𝜓 = −𝑖ℏ𝑒 ∑ 𝛼̂𝑖(∇𝑗𝐴𝑖)𝑒𝑗𝑖,𝑗 𝜓.                  (3.25) 
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By using the feature above the equation (3.15), we get 

 
𝑐

ℏ
[(𝛼̂⃗ × 𝑟̂) ∙ 𝜂, 𝑝̂] =

𝑐

ℏ
∑ [(𝛼̂⃗ × 𝜂)

𝑖
𝑟̂𝑖 , 𝑝̂𝑗]𝑖,𝑗 𝑒𝑗 = −𝑖𝑐 ∑ [𝑟̂𝑖 , ∇𝑗](𝜂 × 𝛼̂⃗)

𝑖
𝑒𝑗𝑖,𝑗 ,                                      (3.26) 

 
with 
 

𝑒

ℏ
[(∇⃗⃗⃗ (𝛼̂⃗ ∙ 𝐴 − Φ) × 𝑝̂) ∙ Θ⃗⃗⃗, 𝑝̂] =

𝑒

ℏ
[(Θ⃗⃗⃗ × ∇⃗⃗⃗ (𝛼̂⃗ ∙ 𝐴 − Φ) × 𝑝̂) ∙ 𝑝̂, 𝑝̂] =

𝑒

ℏ
∑ [(Θ⃗⃗⃗ × ∇⃗⃗⃗ (𝛼̂⃗ ∙ 𝐴 − Φ))

𝑖
, 𝑝̂𝑗]𝑖,𝑗 𝑝̂𝑖𝑒𝑗 =

−𝑖𝑒 ∑ [(Θ⃗⃗⃗ × ∇⃗⃗⃗ (𝛼̂⃗ ∙ 𝐴 − Φ))
𝑖

, ∇𝑗]𝑖,𝑗 ∇𝑖𝑒𝑗 .                                      (3.27) 

 
Now, for the second commutator in equation (3.20), we have 

 

[ℋ̂𝑛𝑐 , 𝐴] = 𝑐[𝛼̂⃗ ∙ 𝑝̂, 𝐴] − 𝑒[𝛼̂⃗ ∙ 𝐴, 𝐴] + 𝑒[Φ, 𝐴] + 𝑚𝑐2[𝛽̂, 𝐴] +
𝑐

ℏ
[(𝛼̂⃗ × 𝑟̂) ∙ 𝜂, 𝐴] +

𝑒

ℏ
[(∇⃗⃗⃗ (𝛼̂⃗ ∙ 𝐴 − Φ) × 𝑝̂) ∙ Θ⃗⃗⃗, 𝐴].                                      

(3.28) 
 
Thereafter we move to calculate each commutator in equation (3.28), thus we start with 

 

𝑐[𝛼̂⃗ ∙ 𝑝̂, 𝐴]𝜓 = 𝑐 ∑ 𝛼̂𝑖[𝑝̂𝑖 , 𝐴𝑗]𝑒𝑗𝑖,𝑗 𝜓 = −𝑖ℏ𝑐 ∑ 𝛼̂𝑖(∇𝑖𝐴𝑗)𝑒𝑗𝑖,𝑗 𝜓,                                      (3.29) 

 

where the gradient in equations (3.25) and (3.29) acts on 𝐴 only.  

Knowing that [𝛽̂, 𝐴] = [Φ, 𝐴] = [𝛼̂⃗, 𝐴] = 0; 
𝑐

ℏ
∑ [(𝛼̂⃗ × 𝑟̂)

𝑖
, 𝐴𝑗] 𝜂𝑖𝑒𝑗𝑖,𝑗 = 0, and 

 
𝑒

ℏ
[(∇⃗⃗⃗ (𝛼̂⃗ ∙ 𝐴 − Φ) × 𝑝̂) ∙ Θ⃗⃗⃗, 𝐴] =

𝑒

ℏ
[(Θ⃗⃗⃗ × ∇⃗⃗⃗ (𝛼̂⃗ ∙ 𝐴 − Φ)) ∙ 𝑝̂, 𝐴] =

𝑒

ℏ
∑ (Θ⃗⃗⃗ × ∇⃗⃗⃗ (𝛼̂⃗ ∙ 𝐴 − Φ))

𝑖
[𝑝̂𝑖 , 𝐴𝑗]𝑒𝑗𝑖,𝑗 =

−𝑖𝑒 ∑ (Θ⃗⃗⃗ × ∇⃗⃗⃗ (𝛼̂⃗ ∙ 𝐴 − Φ))
𝑖

(∇𝑖𝐴𝑗)𝑒𝑗𝑖,𝑗 .                                      (3.30) 

 
Now in total, we have  
 

𝑑𝐷̂⃗⃗⃗

𝑑𝑡
= −𝑒 (

1

𝑐

𝜕𝐴

𝜕𝑡
+ ∇⃗⃗⃗Φ) +

𝑒

𝑐
∑ (𝑐𝛼̂𝑖)(∇𝑗𝐴𝑖 − ∇𝑖𝐴𝑗)𝑒𝑗𝑖,𝑗 +

𝑐

ℏ
∑ [𝑟̂𝑖 , ∇𝑗](𝜂 × 𝛼̂⃗)

𝑖
𝑒𝑗𝑖,𝑗 +

𝑒

ℏ
∑ [(Θ⃗⃗⃗ ×𝑖,𝑗

∇⃗⃗⃗ (𝛼̂⃗ ∙ 𝐴 − Φ))
𝑖

, ∇𝑗] ∇𝑖𝑒𝑗 −
𝑒2

𝑐ℏ
∑ (Θ⃗⃗⃗ × ∇⃗⃗⃗ (𝛼̂⃗ ∙ 𝐴 − Φ))

𝑖
(∇𝑖𝐴𝑗)𝑒𝑗𝑖,𝑗 .                                      (3.31)   

 
After some simplifications we get 
 

𝑑𝐷̂⃗⃗⃗

𝑑𝑡
= 𝑒𝐸⃗⃗ +

𝑒

𝑐
𝑣⃗ × curl𝐴 +

𝑒

ℏ
∑ [(Θ⃗⃗⃗ × ∇⃗⃗⃗ (𝛼̂⃗ ∙ 𝐴 − Φ))

𝑖
, ∇𝑗] ∇𝑖𝑒𝑗𝑖,𝑗 +

𝑐

ℏ
∑ [𝑟̂𝑖 , ∇𝑗](𝜂 × 𝛼̂⃗)

𝑖
𝑒𝑗𝑖,𝑗 −

𝑒2

𝑐ℏ
∑ (Θ⃗⃗⃗ × ∇⃗⃗⃗ (𝛼̂⃗ ∙ 𝐴 − Φ))

𝑖
(∇𝑖𝐴𝑗)𝑒𝑗𝑖,𝑗 ,                                         (3.32)   

 

where −𝐸⃗⃗ =
1

𝑐

𝜕𝐴

𝜕𝑡
+ ∇⃗⃗⃗Φ and 𝑣⃗ × curl𝐴 = ∑ 𝑣̂𝑖(∇𝑗𝐴𝑖 − ∇𝑖𝐴𝑗)𝑒𝑗𝑖,𝑗 .  

With 𝑣⃗ × curl𝐴 = 𝑣⃗ × 𝐵⃗⃗ , then we have 
 

𝑑𝐷̂⃗⃗⃗

𝑑𝑡
= 𝑒𝐸⃗⃗ +

𝑒

𝑐
𝑣⃗ × 𝐵⃗⃗ +

𝑒

ℏ
∑ [(Θ⃗⃗⃗ × ∇⃗⃗⃗ (𝛼̂⃗ ∙ 𝐴 − Φ))

𝑖
, ∇𝑗] ∇𝑖𝑒𝑗𝑖,𝑗 +

𝑐

ℏ
∑ [𝑟̂𝑖 , ∇𝑗](𝜂 × 𝛼̂⃗)

𝑖
𝑒𝑗𝑖,𝑗 −

𝑒2

𝑐ℏ
∑ (Θ⃗⃗⃗ ×𝑖,𝑗

∇⃗⃗⃗ (𝛼̂⃗ ∙ 𝐴 − Φ))
𝑖

(∇𝑖𝐴𝑗)𝑒𝑗 ,                                              (3.33)   
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which is a deformed Lorentz force in the classical case, and in the limits of  Θ → 0 and η → 0, we have 
 

𝑑𝐷̂⃗⃗⃗

𝑑𝑡
= 𝑒𝐸⃗⃗ +

𝑒

𝑐
𝑣⃗ × 𝐵⃗⃗,                                      (3.34) 

 

which is the Lorentz force in the classical case. Now we move to discuss the results, so we find that  𝑥̂⃗ does not 

satisfy classical equations of motion, but a classical equation of motion can be set up for the operator 𝐷̂⃗⃗⃗. 

However, at least equation (3.34) seems to coincide formally with the corresponding classical equation, 

although we always have to bear in mind that any expectation values of (3.34) are not very useful due to the 

Zitterbewegung, reduced in the velocity. At most, the projection of the even contributions of (3.34) produces 

results, which are relevant within the scope of a classical single-particle description. We now return to equation 

(3.32), which shows the effect of the phase-space noncommutativity on the form of the Lorentz force, which 

has been deformed by these considerations, also equation (3.17) shows the effect of noncommutativity on the 

obtained velocity. However, we find that the used conditions and considerations affected Ehrenfest's theorem. 

3 Conclusion and remarks 

The classical and non-relativistic limits are essential in quantum mechanics; thus, it is very interesting to 
investigate fundamental phenomena in these limits. So, studying the CL of the Dirac equation is important for 
understanding the behavior of Dirac particles in a variety of contexts, from condensed matter systems to particle 
physics and cosmology. Here are some motivations for studying the CL of the Dirac equation: The CL of the Dirac 
equation is important for understanding how classical behavior emerges from quantum dynamics. Also, the 
limits of measurement in quantum mechanics. And the conduct of spin-1/2 particles in non-relativistic systems. 
Then, studying the CL of the Dirac equation can help us understand how the relativistic conduct of particles 
reduces to classical mechanics.  
Besides, as applications to quantum field theory, the Dirac equation is the framework for describing the conduct 
of particles at the most fundamental level. Thus, studying the CL of the Dirac equation can provide insight into 
the conduct of particles in quantum field theory, particle physics, and cosmology. We may add some advantages 
and applications, so in the CL, the trajectories of particles become well-defined and can be described using 
classical mechanics, and understanding the CL of the Dirac equation can provide insight into how classical 
trajectories emerge from the underlying quantum dynamics. The Dirac equation is used to describe the conduct 
of relativistic particles in condensed matter systems, such as graphene. Thus, investigating the CL of the Dirac 
equation can provide insight into the behavior of electrons in these systems. The CL of the Dirac equation is 
relevant for understanding the limits of measurement where we can gain insight into the fundamental limits of 
what we can measure in the quantum world. It also helps to connect with the macroscopic world, namely by 
understanding how quantum mechanics transitions to classical mechanics in the limit of large systems, we can 
better understand how quantum mechanics connects to the macroscopic world. We have what we call 
decoherence, which is where quantum systems tend to lose their coherence and become localized in a particular 
state. Understanding the mechanisms of decoherence can help us to design and control quantum systems, which 
is important for applications such as quantum computing. The CL is also important for the study of quantum 
chaos, which refers to the conduct of quantum systems that exhibit classical chaotic behavior in the classical 
regime. Understanding quantum chaos is important for a variety of applications, such as in the study of energy 
transport in complex systems. Overall, the study of the CL of the Dirac equation is important for both 
fundamental and practical reasons and has many connections to other areas of physics and mathematics.  
We now summarize our results. We examined the effect of the phase-space noncommutativity on Ehrenfest's 

theorem through the form of velocity and Lorentz force, which have been found deformed and not converge and 

coincide with their classical versions. Knowing that the noncommutativity was implemented using both the 
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⋆product and three-dimensional Bopp-Shift. Note that in the limits of  Θ → 0 and η → 0, the extended deformed 

systems reduce to that of ordinary quantum mechanics, obtained and discussed in the literature. The results of 

this work can be used to extend the study with the other used techniques to implement the CL of other 

relativistic wave equations. 
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