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Applying Haar-Sinc spectral method for solving

time-fractional Burger equation
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Abstract: Haar-Sinc spectral method is used for the numerical approximation of time fractional Burgers’
equations with variable and constant coefficients. The main idea in this method is using a linear discretiza-
tion of time and space by combination of Haar and Sinc functions, respectively. While implementing the
method, the operational matrices of the fractional integral of the fractional Haar functions are made,
and by using them, an algebraic equation is obtained. Then, using the collocation method, the algebraic
equation is converted into a system of equations, and after solving the system with Maple software, the
numerical results of the problem is obtained. The accuracy and speed of the proposed algorithm are tested

by obtaining L∞, L2 error and the convergence rate ( C − rate =
log(

en1,k
en2,k

)

log(h1
h2

)
).
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1 Introduction
In many real problems, modeling using the concept of derivative and integral of fractional order gives

a more appropriate description of the facts of the problem compared to integer order of derivatives and
integrals. Therefore, with the increase of applications and modeling based on fractional calculations, the
necessity of developing analytical and numerical methods for this category of equations becomes more
obvious and visible. Usually, obtaining accurate and analytical solutions for fractional order equations is
not a simple task and in many cases, the exact answers are finally written in terms of an infinite series,
which is expensive to calculate. Therefore, the need to develop computational methods with high accuracy
and speed for solving fractional equations is justifiable [21]. Burgers’ equation is one of the most important
and basic equations with many scientific and practical applications. This equation is a good model for
the study of gas dynamics, fluid movement, disturbance and turbulence in hydrodynamics, wave processes,
boundary layers, diffusion in porous media and the speed of sediment particles falling in stagnant fluid.This
equation is a simplified model of the Navier-Stokes equation that preserves many of the properties of this
equation [2, 11] . By replacing the first-order time derivative with a fractional one, the time fractional

1Corresponding author: Department of Computer Engineering , Islamic Azad University, Marivan Branch, Mari-
van, Iran, alipirkhedri@gmail.com

https://mcs.qut.ac.ir/article_712165.html
http://mcs.qut.ac.ir/


44 Mathematics and Computational Sciences, Vol 5(1) 2024

Burgers’ equation can be derived from the classical Burgers’ equation in the following manner[6]:

∂κΦ(x, t)

∂tκ
+Φ(x, t)

∂Φ(x, t)

∂x
− γ

∂2Φ(x, t)

∂x2
= Q(x, t), (1.1)

0 < x < 1, 0 < t ≤ 1,

with initial conditions
Φ(x, 0) = r(x), 0 < x < 1, (1.2)

and boundary conditions
Φ(0, t) = f1(t),Φ(1, t) = f2(t), 0 < t < 1, (1.3)

where the functions Q(x, t), r(x), f1(t) and f2(t) are known continuous functions,γ is viscosity parameter
and 0 < κ ≤ 1 is Caputo fractional order derivative. The nonlinear time fractional Burgers’ equation is dif-
ficult to solve and there are many numerical and analytical solutions such as, trigonometric tension B-spline
collocation [23], the fractional reduced differential transform method [25], finite difference and Fibonacci
collocation method [12], Lucas polynomials coupled with finite difference method [1], Fourier spectral
approximation [4], the Crank-Nicolson approximation [17], weighted meshless spectral method[10], uni-
fied finite difference Chebyshev wavelet method [18], cubic spline based differential quadrature method[7],
L1/LDG method [14], orthonormal shifted discrete Legendre polynomials [8] and expansion method by
the Cole-Hopf transformation[27]. In certain cases, analytical solution of this equation is very difficult and
even impossible. Therefore, according to the importance of the subject and in order to help the scientific
and industrial communities, in this paper we will obtain the numerical solution of this equation and check
the stability and convergence rate of the algorithm. For this purpose, we first introduce the fractional
derivative and the Caputo derivative and express the characteristics of fractional derivatives and the rela-
tionships between them, and then we consider the properties of orthogonal Haar and Sinc functions. Then,
using the Haar operational matrix of fractional order integration, we expand the time part of the equation
in terms of Haar functions and the space part in terms of orthogonal Sinc functions. Then, by using the
spectral collocation method the residual function have been obtained and the numerical solution of the
equation is converted into the solution of an algebraic equation system which can be solved by Maple
software. Finally, by presenting two examples and its numerical results by tables and graphs, we compare
the numerical results with previous published works and we show that the order of convergence of the
proposed method is exponential and is faster and more accurate than other methods.

2 Caputo’s fractional order derivative
In this section, we would like to briefly explain the concept of the Caputo’s fractional order derivative

(κ > 0) [21, 13, 26]. Suppose s is the smallest integer greater than κ, then the derivative of Caputo’s
fractional order can be defined as:

C
dD

κ
t Φ(x, t) =

{
Is−κt Ds

tΦ(x, t), s− 1 < κ < s,

Ds
tΦ(x, t), κ = s, s ∈ N,

(2.1)

where

Iκt Φ(x, t) =
1

Γ(κ)

∫ t

d

(t− ρ)κ−1Φ(x, ρ)dρ, t, κ > 0. (2.2)

Also the following properties for fractional integral and derivatives can be listed as follows:

Iκt (t
β) =

Γ(β + 1)

Γ(κ+ β + 1)
tκ+β ,

Iκt (x
βtγ) = xβIκt (t

γ),
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Dκ
t (aΦ(x, t) + bS(x, t)) = aDκ

t Φ(x, t) + bDκ
t S(x, t). (2.3)

The left and right Caputo fractional derivatives of order κ > 0 of a function Φ(x, t) where d < t < e are
defined by [26] :

C
dD

κ
t Φ(x, t) =d D

κ
t (Φ(x, t)− Φ(x, d)) , (2.4)

and
C
tD

κ
eΦ(x, t) =t D

κ
e (Φ(x, t)− Φ(x, e)) , (2.5)

respectively, where dD
κ
t (Φ(x, t)) and tD

κ
e (Φ(x, t)) denote the left and right Riemann–Liouville fractional

derivative of order κ , that is,

dD
κ
t (Φ(x, t)) =

1

Γ(1− κ)

d

dt

∫ t

d

(t− ρ)−κΦ(x, ρ)dρ, (2.6)

tD
κ
e (Φ(x, t)) =

−1

Γ(1− κ)

d

dt

∫ e

t

(ρ− t)−κΦ(x, ρ)dρ. (2.7)

2.1 Rationalized Haar Functions
In this part, we would like to examine several formulas in relation to rationalized Haarfunctions and its
fractional order of integral and derivative. Full explanations are available in references [3, 22, 15, 9]. More
generally, we define the RH functions over the interval [a, b) as:

Rv(t) =


1, p1 ≤ t < p 1

2

−1, p 1
2
≤ t < p0,

0, otherwise,
(2.8)

R0(t) = 1, pq = a+
(n− q

2m

)
(b− a), q = 0,

1

2
, 1, a, b > 0. (2.9)

v = 2m + n− 1, m = 0, 1, 2, ..., n = 1, 2, 3, ..., 2m. (2.10)

Due to the completeness of Haar functions in domain (a, b), any arbitrary function y(t) can be expanded
with arbitrary precision:

y(t) ≃
k−1∑
v=0

xvRv(t) = XT γk(t), k = 2s+1, s = 0, 1, 2, .... (2.11)

Also, this expansion can be expressed in the form of the following matrix forms:

X =
[
x0, x1, . . . , xk−1

]T
, (2.12)

γk(t) =
[
R0(t), R1(t), . . . , Rk−1(t)

]T
. (2.13)

Also, the integral of Haar functions can be calculated as the following matrix form:∫ t

0

γk(s)ds ≃ Lk×kγk(t), (2.14)

Lk×k =
b

2k

[
2kL( k

2
)×( k

2
) −Ω( k

2
)×( k

2
)

Ω−1

( k
2
)×( k

2
)

0

]
k×k

, (2.15)
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Ωk×k =
[
γk(

1
2k
), γk(

3
2k
), . . . , γk(

2k−1
2k

)
]
1×k , (2.16)

where Ω1 = [1], L1 = [ 1
2
].

Also, the fractional order integral of Haar functions (Iκt γk)(t) can be calculated as the following matrix
form:

(Iκt γk)(t) = Lκk×kγk(t), (2.17)
Lκk×k = Ωk×kT

κΩ−1
k×k, (2.18)

Tκ =
1

kκ
1

Γ(κ+ 2)


1 ω1 ω2 . . . ωk−1

0 1 ω1 . . . ωk−2

0 0 1 . . . ωk−3

0 0 0
. . .

...
0 0 0 0 1


k×k

, (2.19)

ωr = (r + 1)κ+1 − 2rκ+1 + (r − 1)κ+1. (2.20)

2.2 Sinc functions
The general characteristics of the Sinc function have been examined in references [20, 16] and in this section
we briefly explain some of the features of this function. This function is defined as follows in the infinite
interval:

Sinc(x) =

{
sin(πx)
πx

x ̸= 0

1 x = 0
. (2.21)

The set of Sinc functions for the constant parameter h and different values of m form a complete orthogonal
set in the Hilbert space and any arbitrary function f can be expanded in terms of these functions:

Sm(h, x) ≡ Sinc(
x−mh

h
) =

{
sin(π

h
(x−mh)

π
h
(x−mh) x ̸= mh,

1 x = mh,
(2.22)

Sm(h, jh) = δmj =

{
1 j = m,

0 j ̸= m,
(2.23)

fm,h(x) =

∞∑
m=−∞

f(mh)Sinc(
x−mh

h
). (2.24)

To approximate the functions that are in the (0, 1) range, we can use the translating with the ψ(x) function
as follows:

ψ(x) = ln(
x

1− x
), (2.25)

Sm(x) ≡ S(m,h) ◦ ψ(x) = Sinc(
ψ(x)−mh

h
). (2.26)

According to the above equations, the set of collocation points xm is defined as:

xm = ψ−1(mh) =
emh

1 + emh
,m = 0,±1,±2, ... (2.27)

Also, the value of the Sinc function and the first and second order derivatives at the collocation points xm
are defined as [19]:

δ
(0)
m,j = [S(m,h) ◦ ψ(x)]| x=xj =

{
1 m = j,

0 m ̸= j,
(2.28)



Applying Haar-Sinc spectral method for solving time-fractional Burger equatio 47

δ
(1)
m,j =

d

dψ
[S(m,h) ◦ ψ(x)]| x=xj =

1

h

{
0 m = j,
(−1)j−m

j−m m ̸= j,
(2.29)

δ
(2)
m,j =

d2

dψ2
[S(m,h) ◦ ψ(x)]| x=xj =

1

h2

{
−π2

3
m = j,

−2(−1)j−m

(j−m)2
m ̸= j.

(2.30)

3 Error and Convergence rate
According to the theorems that have been proven in the references[5, 24], the approximation error of

Haar and Sinc functions is as follows.

3.1 Rationalized Haar functions
If Dκ

⋆yq(t) is an approximation with q resolution of Dκ
⋆y(t) function, then:

∥Dκ
⋆y(t)−Dκ

⋆yq(t)∥E ≤ 1

qs−κ
B

Γ(s− κ).(s− κ)

1√
s− 22(s−κ)

, (3.1)

Dκ
⋆yq(t) =

q−1∑
i=0

ciRi(t), (3.2)

and,

∥y(t)∥E =

(∫ 1

0

y2(t)dt

) 1
2

. (3.3)

3.2 Sinc functions
If there are constants C > 0, α > 0 and 0 < d ≤ π

2
such that |y(x)| ≤ Ce−α|ψ(x)| by choosing h =

√
πd
αN

≤
2πd
ln(2)

, then the estimation error is:

∣∣∣∣∣y(x)−
N∑

k=−N

y(kh)S(k, h) ◦ ψ(x)

∣∣∣∣∣ ≤ K
√
Ne(−

√
πdαN),

where K depends only on d, α and y.

4 Haar-Sinc collocation method
To approximate the unknown function Φ(x, t) and in order to use the operational matrix of Haar’s

fractional integral, we first expand ∂Φ(x,t)

∂t
in terms of Haar and Sinc functions as:

∂Φn,k(x, t)

∂t
=

n∑
i=−n

k−1∑
j=0

cijSi(x)Rj(t). (4.1)
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Then, by applying the operational matrix of the fractional integral of Haar functions and using the value of
the Sinc functions and its derivatives at the collocational points xm, the following equations are established:

Φn,k(xm, t) = r(xm) +

k−1∑
j=0

k−1∑
l=0

cmlLljRj(t) (4.2)

∂κΦn,k(xm, t)

∂tκ
= (Dκ

t r(x))xm +

k−1∑
j=0

k−1∑
l=0

cmlL
(1−κ)
lj Rj(t), (4.3)

∂Φn,k(xm, t)

∂x
=

(
∂r(x)

∂x

)
xm

+

n∑
i=−n

k−1∑
j=0

k−1∑
l=0

w
(1)
imcilLljRj(t), (4.4)

∂2Φn,k(xm, t)

∂x2
=

(
∂2r(x)

∂x2

)
xm

+
n∑

i=−n

k−1∑
j=0

n−1∑
l=0

w
(2)
imcilLljRj(t), (4.5)

where

Llj = Lk×k[l, j],

L
(1−κ)
lj = L

(1−κ)
k×k [l, j],

w
(1)
im = ψ′(xm)δ

(1)
i,m, (4.6)

w
(2)
im = ψ′′(xm)δ

(1)
i,m + (ψ′(xm))2δ

(2)
i,m.

But for proof, according to the equations (1.2),(2.14),(2.28),(4.1) and (4.7) we get:

∫ t

0

∂Φ(x, t)

∂t
dt = Φ(x, t)− r(x), (4.7)

Φn,k(xm, t) = r(xm) +

∫ t

0

(
n∑

i=−n

k−1∑
j=0

cijSi(xm)Rj(t)

)
dt

= r(xm) +

k−1∑
j=0

k−1∑
l=0

cmlLljRj(t). (4.8)

Also according to equations (2.17),(2.28),(4.1) and (4.8) we have:

∂κΦn,k(xm, t)

∂tκ
= (Dκ

t r(x))xm +

n∑
i=−n

k−1∑
j=0

k−1∑
l=0

cilL
(1−κ)
lj Si(xm)Rj(t)

= (Dκ
t r(x))xm +

k−1∑
j=0

k−1∑
l=0

cmlL
(1−κ)
lj Rj(t). (4.9)
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Next� by using equations(2.29),(4.1) and (4.8) we get:

∂Φn,k(xm, t)

∂x
=

(
∂r(x)

∂x

)
xm

+
n∑

i=−n

k−1∑
j=0

k−1∑
l=0

cilLlj

(
dSi(x)

dx

)
x=xm

Rj(t)

=

(
∂r(x)

∂x

)
xm

+
n∑

i=−n

k−1∑
j=0

k−1∑
l=0

cilLlj

(
ψ′(x)

d

dϕ
Si(x)

)
x=xm

Rj(t)

=

(
∂r(x)

∂x

)
xm

+

n∑
i=−n

k−1∑
j=0

k−1∑
l=0

cilLlj
(
ψ′(xm)δ

(1)
i,m

)
Rj(t). (4.10)

Finally according to equations(2.30),(4.1) and (4.8) we have:

∂2Φn,k(xm, t)

∂x2
=

(
∂2r(x)

∂x2

)
xm

+

n∑
i=−n

k−1∑
j=0

k−1∑
l=0

cilLlj

(
d2Si(x)

dx2

)
x=xm

Rj(t)

=

(
∂2r(x)

∂x2

)
xm

+

n∑
i=−n

k−1∑
j=0

k−1∑
l=0

cilLlj

(
ψ′′(x)

d

dϕ
Si(x) + (ψ′(x))2

d

dϕ2
Si(x)

)
x=xm

Rj(t)

=

(
∂2r(x)

∂x2

)
xm

+

n∑
i=−n

k−1∑
j=0

k−1∑
l=0

cilLlj
(
ψ′′(xm)δ

(1)
i,m + (ψ′(xm))2δ

(2)
i,k

)
Rj(t). (4.11)

In the following, using the above equations, the residual function Rn,k(xm, t) for equation(1.1) can be
obtained as follows:

Rn,k(xm, t) =
∂κΦn,k(xm, t)

∂tκ
+Φn,k(xm, t)

∂Φn,k(xm, t)

∂x
− γ

∂2Φn,k(xm, t)

∂x2
−Q(xm, t) (4.12)

In order to approximate the function Φ(x, t), we must obtain the unknown coefficients {cij}j=0...k−1
i=−n...n . For

this purpose, we must equalize the Rn,k(x, t) to zero at Haar and Sinc collocation points:

Rn,k(xm, ti) = 0, m = −n, ..., n , i = 1, 2, ..., k, (4.13)

xm = ψ−1(mh) =
emh

1 + emh
, m = 0,±1,±2, ...,±n

ti =
2i− 1

2k
, i = 1, 2, ..., k.

Eq. (4.13) gives a system of algebraic equations, and after solving the system with Maple software, the
numerical results of the problem is obtained.

5 Numerical results and discussion
In this part, by giving 2 examples and calculating error norm and convergence rate below, we show

that the accuracy and speed of the proposed algorithm is higher compared to the methods mentioned in
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references [6],[1],[27] .

L∞ − error =Max|Φ∗(xm, ti)− Φ(xm, ti)|m=n
m=−n, ti =

2i− 1

2k
, i = 1, 2, ..., k,

L2 − error =

√∑n
m=−n (Φ

∗(xm, ti)− Φ(xm, ti))
2

2n+ 1
, ti =

2i− 1

2k
, i = 1, 2, ..., k,

C − rate =
log(

en2,k

en1,k
)

log(h2
h1

)
.

where Φ∗(xm, ti),Φ(xm, ti) are the exact and numerical approximation of Burgers’ equation at points xm, ti
respectively. Also, en1,k, en2,k are the errors corresponding to h1 = π√

2n1
and h2 = π√

2n2
respectively.

Example 1. First, we solve the following time-fractional Burgers’ equation which its exact solution is
ext2 [1]:

∂κΦ(x, t)

∂tκ
+Φ(x, t)

∂Φ(x, t)

∂x
− γ

∂2Φ(x, t)

∂x2
= t4e2x − γt2ex +

2t2−κex

Γ(3− κ)
,

Φ(x, 0) = 0, x ∈ [0, 1],

Φ(0, t) = t2,Φ(1, t) = et2, t ∈ (0, 1].

Table 1,2 show the L∞-error,L2-error and the convergence rates for k = 16 and several values of n with
the fractional parameter κ = 0.1, 0.6, 0.9 and the γ = 1. According to the tables 1,2, we can see that with
the increase of the number of collocation points(n), the convergence order of the algorithm also increases.
Also, the speed of convergence is generally higher for κ values that close to 0 and 1 than the middle values.
Figure 1 shows the logarithmic scale mode of L∞-error and L2-error for κ = 1 and k = 16, γ = 1 for
different values of n. According to the figure, we can see that the values of L2-error are lower than those
of L∞ for the same values of n.
Also, since in this semi-log representation the error variations are approximately linear versus n, we observe
that the values of error decay exponentially and we can conclude that the convergence rate of the proposed
method is exponential rate.

Example 2. Next, we solve following Burgers’ equation which its exact solution is
(
5e

−
(

x
2
+ tκ

4Γ(1+κ)

)
− 1

)−1

[6]:

∂κΦ(x, t)

∂tκ
+Φ(x, t)

∂Φ(x, t)

∂x
− γ

∂2Φ(x, t)

∂x2
= 0,

Φ(x, 0) =
1(

5 cosh x
2
− sinh x

2
− 1
) , x ∈ [0, 1],

Φ(0, t) =
1

5e
− tκ

4Γ(1+κ) − 1
,Φ(1, t) =

1

5e
−(0.5+ tκ

4Γ(1+κ)
) − 1

, t ∈ (0, 1].

Table 3 shows the comparison of numerical solution Φ(x, 0.02) and absolute errors obtained by our method
for n = 17, k = 32 and γ = 1, κ = 0.8 with finite integration method-shifted Chebyshev polynomials (FIM-
SCP) in [6] and the expansion method with Cole–Hopf transformation (EPM-CHT) in [27]. According to
these values, we find that the numerical results of our method are more accurate.
Figure 2 shows the surface plot of Φ(x, t) obtained by proposed method for κ = 1, n = 17, k = 16 and
γ = 1.
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Figure 1: Logarithmic scale of L∞-error and L2-error for Example 1 (κ = 1, k = 16,γ = 1) for
different values of n .

Figure 2: Surface plot of Φ(x, t) obtained by proposed method for Example 2 (κ = 1, n = 17, k =
16, γ = 1)
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Table 1: Numerical results of L∞-error and C-rate for k = 16, γ = 1, for Example 1.
α = 0.1 α = 0.6 α = 0.9

n h = π√
2n

L∞-error C-rate L∞-error C-rate L∞-error C-rate
3 1.283e00 1.240e-01 - 1.621e-01 - 1.327e-01 -
5 9.935e-01 3.487e-02 4.961 6.422e-02 3.627 3.791e-02 4.906
7 8.400e-01 1.214e-02 6.286 2.580e-02 5.420 1.180e-02 6.938
9 7.406e-01 4.815e-03 7.354 1.085e-02 6.893 4.521e-03 7.634
11 6.699e-01 1.942e-03 9.040 5.374e-03 7.003 1.805e-03 9.151
13 6.161e-01 7.872e-04 10.786 2.917e-03 7.315 7.387e-04 10.697
15 5.736e-01 3.582e-04 11.016 1.552e-03 8.818 3.210e-04 11.647
17 5.388e-01 1.432e-04 14.649 8.371e-04 9.865 1.401e-04 13.260

Table 2: Numerical results of L2-error and C-rate for k = 16, γ = 1, for k = 16, γ = 1, for Example
1.

α = 0.1 α = 0.6 α = 0.9
n h = π√

2n
L2-error C-rate L2-error C-rate L2-error C-rate

3 1.283e00 1.321e-01 - 1.425e-01 - 1.258e-01 -
5 9.935e-01 3.357e-02 5.364 4.123e-02 4.853 3.378e-02 5.149
7 8.400e-01 9.102e-03 7.758 1.395e-02 6.440 8.920e-03 7.915
9 7.406e-01 2.570e-03 10.063 5.410e-03 7.544 2.611e-03 9.777
11 6.699e-01 8.452e-04 11.083 2.218e-03 8.883 8.821e-04 10.815
13 6.161e-01 2.824e-04 13.125 1.015e-03 9.350 2.762e-04 13.902
15 5.736e-01 9.261e-05 15.580 4.631e-04 10.969 8.954e-05 15.741
17 5.388e-01 3.127e-05 17.350 1.992e-04 13.478 2.964e-05 17.667

6 Conclusion
Nonlinear time fractional Burgers’ equation, which is one of the most important equation in the field

of physics and fluid mechanics have been solved numericaly by Haar-Sinc collocation method. The time
part of this equation, which is expressed as fractional derivatives, is discretized by Haar operational matrix
of the fractional order, and the space part of the equation is discretized with the orthogonal Sinc functions.
According to the data mentioned in the tables and figures, it can be said that the accuracy and convergence
rate of the method increases exponentially with the increase of collocation points. It can also be seen that
the accuracy of the algorithm increases as the Caputo’s fractional derivative (κ) tend zero and one. Also we
can see that generally the values of L2-error are lower than those of L∞ for the same values of collocation
points number.
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