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Abstract : In this paper a new definitionn of fractional derivative and fractional integral in the sense of
conformable derivative type is presented. This form of definition shows that it is more compatible with
classical natural definition of derivative and is more convinient fractional derivative one. We will define
this for 0 < a < 1 and n — 1 < a < n and further, if @« = 1 the definition coincides with the classical
definition of derivative of first order.
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1 Introduction

The origin of the fractional derivative goes back to Hopital’s question in the late 17th century, when he asked
1

what happens for % if n = 5. After that, mathematicians provided new definitions for the derivative
of the arbitary order, most of which were defined in integral form. In 2014, Khalil et al.[13] presented
a new definition of fractional derivative, which has many commonalities with ordinary derivative, and
called it conformable fractional derivative. In recent years, fractional calculus and consequently fractional
differential equations have attracted the attention of many researchers in this field[L5, 4, B, 2, [, 9]
Fractional differential equations are very important among mathematicians due to their many physical
applications [L1, 12, 16, B, [10]. Different definitions are provided for fractional derivatives and fractional
integrals. The most important fractional derivatives like Riemann-Liouville, Caputo, Caputo-Fabrizio[d]

and Atangana-Baleanu[] that have been presented have an integral representation [14, [l].

1. Riemann-Liouville fractional derivative of order o € [n — 1,n) of f is

RL o o 1 d" ¢ f(x)
DL = iy |, e

2. Caputo fractional derivative of order a € [n — 1,n) of f is

t M) (g
CDg(f)(t) = F(nl_ a) / (t _fx)illﬂdx.
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3. Caputo-Fabrizio fractional derivative of order o« € (0,1) of f is

F DI (f)(E) = (@) expl~ "= e,

where M () is known to be a normalized function such that M (0) = M (1) = 1.

4. Atangana-Baleanu fractional derivative of order a € (0,1) of f in Caputo sense is

ABC Da (£)(t) = Bl e,

where M () has the same properties in the case of the Caputo-Fabrizio fractional derivative.

Most of these definitions do not apply to the elementary properties of the ordinary derivative except
the property of linearity. In [[L3], a new definition of fractional derivative presented that applied to the
basic properties of ordinary derivative. In this paper, with the use of this definition and Mittag-Leffler
function, we introduce a new fractional derivative and prove the properties of the derivative, and finally,
by presenting some examples, we find out the efficiency of this definition.

2 Definition of new fractional derivative

We start this section by defining the Mittag-Leffler function. This function appears in many physical
phenomena and also occurs naturally in the solution of fractional differential equations. In fact, this
function is a generalization of the exponential function, while the gamma function is a generalization of
the factorial function.

Definition 2.1. The one parameter Mittag-Leffler function E, is defined as

R
kZ:OFak—i—l a>0,aeRzeC

In the next definition, we present a new fractional derivative using the Mittag-Leffler function. In the
new definition, we Will use the first two terms of the expansion of the Mittag-Leffler function, that is,

Ea(et ™) =1+ F(QH) +O0(t™2).

Definition 2.2. Suppose function f is given that f : [0,00) — R, then the new fractional derivative of
order « in the sense of conformable fractional derivative is defined

D*(f)(¢) = lim LElE D)) =IO (2.1)

e—0 E

fort >0 and a € (0,1). In this case we say that f is a-differentiable.

We suppose f is a-differentiable in (0,t), and lim,_,o+ f(®)(t) exists, then define

Now by the use of (EI), we obtain the following important theorem.

Theorem 2.3. If function f : [0,00) — R is a-differentiable at to > 0, 0 < o < 1, then f is continuous
at to.



New definition of fractional derivative included Mittag-Leffler function of conformable type
Proof. Using f(tEq(ety ®)) — f(to) = ws. So we have

tim [/ (1B (et ™) — £(t0)] = lim LUl D) = J00) i, o

e—0 £ e—0

Put h = %, then we have

m [f(to +h) — f(to)] = £ (to) x 0,

li
h—0

then we obtain
lim f(to + h) = f(to),
h—0

hence, f will be comtinuous at %o.

Now we can show that definition (@) satisfies all the properties in the following theorem.

Theorem 2.4. Let f,g be a-differentiable functions at a pointt >0 and 0 < a < 1, then we have

1. D*(af +bg) = aD*(f) + bD"(g), for all a,b € R

2. D¢ t”)z%,forallpé]l@

3. D%(c) =0, for all constant function f(t) =c

ID%(g) +gD*(f)

5. D¢ L)ZM
: g g2

S
>
Q
—~ ~ = =
)
)
=
I

Proof. Here we prove relation (4) and the others are so easy to stablish.

D*(fg)(t) = lim f(tEa(et™))g(tEa(et™™)) — f(H)g(t)

e—0 g

_ iy L@Ea(et™))g(tEa(et™?)) = f(H)g(tEa(et™)) + f(H)g(tEa(et™)) — f(H)g(?)
e—=0 3

— g% (f(tE&(st;a)) — f(t) % g(tEa(df_a))) + f(t) gg% g(tEa(Et;a)) — g(t)

— D*(f)(®) lim g(tEa(et™) + F(HD (9)(0),
now by the use of (@) we have lim._,0 g(tEa(et™%) = g(t), so proof completed.

By the use of definition (@) we have the following important lemma.

23

Lemma 2.5. Let f be a-differentiable and also differentiable function at a pointt > 0 and 0 < o < 1,

then

Proof. In defenition (@) let h = %’ then & = t* 'T'(a 4 1)h, this completes the proof.

Now by using of (@) we give new fractional derivative of some important functions.

Proposition 2.6. Suppose a € R, then

1. D(e™) = S et

(2.2)

O
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2. D%(sinat) = % cos at
3. D%(cosat) = —% sin at

Remark 2.7. Noice that function f could not be differentiable at a point but it could be a-differentiable.

for example f(t) = V/t, then D(%>f(0) = 2&5) # 0, but f'(0) does not exist. This case is not true for the
2

known classical fractional derivatives.
Now for the case n < a < n + 1 we have the following definition.

Definition 2.8. Suppose function f is given that f : [0,00) — R, and n-differentiable at t, and o €
(n,n + 1] then the conformable type fractional derivative of order « is defined by the relation

([al-1) (Tal=1)yy _ f(Ta]-1)
D()(e) = tim T BT ) 2 P (23)

such that [a] is the smallest integer greater than or equal to a.

Remark 2.9. Now by the use of definition (@), we can easily show that

- tal—a)
T T(a]+1)

where a € (n,n+ 1], and f is (n + 1)-differentiable at t > 0.

DE(f)(t) FIeD ),

Theorem 2.10. (Rolle’s Theorem) Let f : [a,b] — R, with a > 0, is a function that satisfies
1. f is continuous on [a,b],
2. f is a-differentiable for 0 < a < 1,
5. fla) = 1),

Then, there exists ¢ € (a,b), such that D*(f)(c) =0

Proof. 1t is easy to investigate. O

Theorem 2.11. (Mean value Theorem) Let f : [a,b] — R, with a > 0, is a function that satisfies
1. f is continuous on [a,b],
2. f is a-differentiable for 0 < a < 1,

then, there exists ¢ € (a,b), such that D*(f)(c) = F(b)—f(a)

Tt po Lt a
« [e3

Proof. Let g(z) be a function as follows

o(z) = f(x) — f(a) - F(a+1f)(:3 : {“Ejll)aa (F(aa+ 1)3504 _ F(aa—i— 1) o

)

this function satisfies in () conditions. So there exist ¢ € (a,b), such that D%(g)(c¢) = 0. Since
g(a) = g(b), we have
I'a+1),, T'(a+1) .,
1) - f(@) = et Dy _TOHD o

« «

given that we know there exist ¢ € (a,b), such that D%(g)(c) = 0 and by using D“(@ma) =1, we
have D(g)(c) = D“(f)(c). The completes the proof. O
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3 New fractional integral

If the function f be a-differentiable in (a, b) we define the a-fractional integral of f fora > 0 and a < ¢t < b.

Definition 3.1. New a-fractional integral of a-differentiable function f define as follows

o (a4 1
O (3.1)
that o« € (0,1).
One of the most imortant results of this definition is the following.

Theorem 3.2. If f is a continuous function in the domain of I*, fort > a

DE(I*(f)(@X) = f(t). (32)
Proof. By the difinition of f, I (f)(t) is differentiable, so by the use of (@) we have

o o _ ot d o, ot d ("T(a+1)
DI N0 = Fap O = far G | e @
11—«
= Natn) el =10
This complets the proof. O

4 Illustrative examples

In this section, we will solve some fractional differential equations including the new fractional derivative
of order a.

Example 4.1. We consider the following equation
D% +y=0, y0)=1 0<a<l (4.1)
Substituting (@) in the equation, then

one can easily show that the exact solution of this (@) is

(a3

x
y(x) = exp(~T(a+ ). (4.3)
This solution applies to the initial condition and the equation (@), s0
o < z® < z°
D*(exp(~T(a+ 1)) + exp(~T(a+ 1)) = —exp(~T(a+ 1) Z) +exp(~T(a+ DZ) =0,

also y(0) = exp(—I'(a+ 1)%) = 1. The plot of the solutions of the equation (@) for different values of «
is shown in the figure (1).

Figure (2) shows the solution of the differential equation (@) based on the conformable fractional
derivative, the new fractional derivative and the ordinary derivative. Clearly, the solution of the equation
obtained by defining the new derivative is closer to the exact solution of the equation based on the ordinary
derivative.
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Figure 1: Plots of y(t) for example (@) for different values of o = 0.9(blue), o = 0.95(red) and
exact solution(black).
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Figure 2: Plots of y(t) for example (@) for conformable derivative(blue), new definition(red) and
ordinary derivative(black).
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Example 4.2. Consider the equation

D% +y=a(l+ T(25)

We investigate it for a = % and plots of solutions for some different values of «

Wfl)y, +y=Va(l+ Féﬁ)x), (4.4)
or in simple form -
v+ E/f)y =(1+ T(25) x)['(1.5), (4.5)

and for similar a, this is a linear first order equation that one can solve with analytical, approrimate or
numerical methods.

Example 4.3. Consider the equation following equation for o = %

Dy _ UVT T3
T2y -3z’

plugging (@) in the equation, then we have

1—1 3
T 2 _yyThor (4.6)
'z +1) 2y — 3z

and so we will have the following equivalent equation that is homogeneous equation and can solve easily.

r Yyt

=5 5 D(L5). (4.7)

Y

5 Results and discussion

In this paper, by using the definition of the Mittag-Leffler function, we could provide a new definition of
the fractional derivative that applies to the basic properties of the ordinary derivative. Then we stated and
proved two important rules of the derivative, Roll’s theorem and mean value theorem. Finally, with the
help of the new definition of the fractional derivative, we presented and solved some fractional differential
equations including this derivative, show their graphs, and observed its effectiveness.
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