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On the reduced minimum modulus

of multiplication operators
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Abstract: In this paper, we investigate the properties of the reduced minimum modulus in the context
of Banach spaces. Given a Banach space X, we denote the algebra of bounded operators on X as B(X).
Our primary focus is on examining the relationship between the reduced minimum modulus of a given
operator T' € B(X) and its associated left and right multiplication operators, denoted by Ly : S +— T'S
and Rr : S +— ST, respectively. By analyzing these relationships, we present a comprehensive analysis of
their properties and derive novel results concerning the reduced minimum modulus of Ly and Rr.
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1 Introduction

Let X be any Banach space, T : X — X be a bounded linear operator, and N(T') denote the kernel of T
The reduced minimum modulus of T" (see [I, 14]) is defined by

[ T]]

(T) = inf{m A X\N(T)}7

with the agreement that y(T) = 400 whenever T' = 0. When X is a Hilbert space, v(T") changes to the

following simple formula:
[Tl

el

~(T) = inf z#£0,z€ N(T)L}.

The reduced minimum modulus is a classical notion that originates from perturbation theory. It measures
the closeness of the range of operators and thus plays an essential role in studying the spectral properties
of operators. For example, (see [L0]) it provides more information about the Kato resolvent set, px (T'),
which is defined as the set of all scalars A such that Ran(A — T') is closed and

Ker(A-T) C ﬂ Ran(A—T)".
n=1
An easy application of the Open Mapping Theorem shows that v(7") > 0 if and only if Ran(T') is closed.

Moreover, Ran(T) is closed if and only if T is relatively open, which means that T : X — Ran(T) is an open
map [14]. Clearly, v(T) = ||T!||~* when T is invertible, and by the Closed Range Theorem, v(T) = ~(T*).
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Furthermore, if T : X\N(T) — Y is the natural induced operator determined by T'(z + N(T')) = Tz, then
it is easy to see that v(T) = ~(T). For more information about the reduced minimum modulus, one can
refer to [0, B, 4, [1, 11, 13].

Let X be a Banach space, and let B(X) denote the Banach algebra of all bounded linear operators
T:X — X. Let T € B(X), consider the left multiplication operator Ly defined by

Lr:B(X)— B(X) by Lr(U) =TU,
and the right multiplication operator Ry defined by
Rr: B(X) = B(X) by Rr(U) =UT.

In this paper, we explore the intricate relationships between the reduced minimum modulus of a given
operator T' € B(X) and its associated left and right multiplication operators, denoted by Lz : S +— TS
and Rr : S +— ST, respectively. We provide a comprehensive analysis of their properties and derive novel
results concerning the reduced minimum modulus of Lt and Rz in terms of v(T).

In general, for T' € B(X), we establish that v(Lr) = v(Rr) < 7(T). Furthermore, we demonstrate
that equality holds when T is restricted to the range-kernel complemented operator. We recall that a
bounded linear operator T' € B(X) is considered range-kernel complemented if either N(T') or Ran(T) is a
complemented subspace in X. Notably, every Hilbert space operator or finite-rank operator is range-kernel
complemented.

More specifically, we show that y(Lr) = «(T) when N(T) is complemented and (Rr) = (T") when
Ran(T') is a closed complemented subspace in X. In particular, we prove that v(Lr) = v(Rr) = ~v(T)
when X is a Hilbert space.

As a consequence of our findings, we deduce that if T is a range-kernel complemented operator, then T
has a closed range in X if and only if L7 ( or Rr) has a closed range in B(X) (see [B, f]). Lastly, we obtain
a sufficient condition for the generalized conjugate operator Cr.s : U — TUS to have a closed range in
B(X).

2 Main results

In what follows, let X be a Banach space and B(X) be the Banach algebra of bounded linear operators
on X. For every x € X and f € X*, the rank one operator  ® f is defined by (z ® f)(t) = f(t)x. Note
that z ® f is bounded and ||z ® f|| = ||z]|||f]l-

Suppose M is a closed subspace of a Banach space X. If there exists a closed subspace N of X such
that X = M + N and M NN = (, then M is said to be complemented in X. In this case, we write
X =M ® N. It is well known that a closed subspace of a Banach space X is complemented in X if and
only if it is the range of some continuous projection in X. Additionally, if M is a closed subspace of a
Banach space X such that either dim(M) < oo or dim(X /M) < oo, then M is complemented ([12]).

Proposition 2.1. Let T € B(X) then v(Lt) = v(Rr+) and v(Lt) < ~(T).
Proof. For the first part, it is enough to consider the following relations:
Lo (Ul = |TU|| = |[U"T*|| = || R~ (U) ]I,

and
UeN(Lr) = U e N(Rrp+),
for every U € B(X).
For the second part, if (L) = 0 there is nothing to prove, so assume that v(Lz) > 0. Then for
x € X \ N(T), pick a linear functional f € X such that ||f|| < 1 and f(z) = 1. Consider the rank one
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operator U = = ® f, we observe that U € B(X) \ N(Lr) and so for € > 1, there exists some V € N(Lr)
such that
edist(U,N(Lt)) > ||[U — V.

Hence
-1 Lz U)]l 17U Tz ® f||
Lt) < <
e L) S U N S TU=V S Uz = Va
ITz) [T

= |lz = V| ~ dist(x, N(T))"

Taking the infimum on the right hand some of the above with respect to x, gives e ™' (L7) < v(T).
Letting € — 1, we get v(Lr) < (7). This completes the proof. O

Theorem 2.1. Let T € B(X) be a range-kernel complemented operator then
(i) If N(T) is complemented in X then v(Lr) = v(T).
(ii) If R(T) is complemented in X then v(Rr) = ~(T).

Proof. In the event that v(T') = 0, Theorem @ implies y(Lr) = v(T) = 0. Assuming v(T) > 0, T
possesses a closed range, and since T is a range-kernel complemented operator, either N(T) or R(T) is a
complemented subspace in X. Initially, let us suppose that N(7T) is complemented. Consequently, there
exists a closed subspace M satisfying X = N(T') @ M. Let P be the projection from X onto the closed
subspace M, then Ran(P) = M, N(P) = N(T), and (I — P) is a projection onto N(T'). Observe that

d(Pz,N(T)) = |[Pz| (€ X). (2.1)

To see this, it is clear that d(Px, N(T)) < ||Pz||. Now for € > 1, there exists some y € N(T') such that
ed(Px, N(T)) = || Pz — yl|.
Simultaneously, Py = 0 and
1Pz =yl > |P(Pz —y)|| = |P*z]| = || Px|

Hence ed(Pz, N(T)) > ||Pz||. Taking ¢ — 1, d(Pz, N(T')) > ||Pz|| and (1) is proved.
Now assume that U € B(X)\N(Lr) hence (I — P)U € N(Lr) and so

Lr((I - P)U)=T( - P)U =0.
The above observations imply that

e I o I o/ )
dist(U, N(Lr)) = [0~ (T~ P)U| = [P0

On the other hand, by considering EI, we have

ITU| 2 [T(U=)| = [T (PUz + (I — P)Ux)||
= TPUz|| =z v(T)d(PUz, N(T)) = v(T)|| PUx||
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for every x € ball(X). It implies that |TU|| > ~(T)||PU|| and considering @

ITU]| ITU]|
< < .
YD) S4BT S @i, N(L)

Taking the infimum on the right hand side of the above inequality with respect to U, we obtain (T <
~v(Lr). Therefore v(L7) = «v(T') and the proof of part (i) is complemented.
Now assume that R(T") is complemented in X. In this case Y = R(T) & M for some closed subspace
M in Y. Since
M* = (Y/R(T))" = R(T)* = N(T"),

we observe that N(T™) is complemented in Y™ and so by part (i), v(T") < v(L7+). Hence
VT) =A(T7) = y(Lr~) = y(Rr).
Now the proof of part (ii) is also completed. O
Since every closed subspace in a Hilbert space is complemented, the following corollary is immediate:
Corollary 2.2. Let H be a Hilbert space and T € B(X) then v(T) = v(Lr) = v(Rr)

The following corollary is also immediate from Theorem @

Corollary 2.3. Let T € B(X) be a range-kernel complemented operator then the following statements are
equivalent:

(1) T has a closed range in X.
(2) Lt has a closed range in B(X).

(3) Rr has a closed range in B(X).

Recall that Corollary @ have been established directly in ([6], Theorem 3) for Hilbert spaces, and for
unbounded operators on Banach spaces ([f], Theorem 2.3 and Lemma 2.4).

It is possible to extend Corollary é to the generalized conjugate operators. Recall that for any
operator T', S € B(X), the generalized conjugate operator Cr s on B(X) is defined by Cr,s(U) = TUS.
It is straightforward to verify that Cr s is bounded and ||Cr,s|| < ||T||||S]|. The next corollary provides
a sufficient condition for C'r,s to have a closed range. Before stating it, we need the following simple
observation:

Theorem 2.4. Assume that T, S have closed ranges in X and N(T) C Ran(S) then T'S has closed range
in X.

Proof. Applying the open mapping principle, the induced operator 7 : X/N(T) — Ran(T) is a surjective
isomorphism. Since N(T') C Ran(S), the space Ran(S)/N(T) is a closed subspace of X/N(T). Since T is
an isomorphism, the image Ran(T'S) = T'(Ran(S)) = T(Ran(S)/N(T)) is closed in X. This completes
the proof. O

Corollary 2.5. Let T,S in B(X) and Lr,Rs are closed range such that N(Lt) C Ran(Rs) then the
generalized conjugate operator Cr,s has closed range.

We end the paper by the following question:
Question: Does for every bounded linear operator T': X — X on a Banach space X, v(Lr) = v(T)?



On the reduced minimum modulus of multiplication operators 33

References
[1] Apostol, C. (1985). The reduced minimum modulus. Michigan Mathematical Journal, 32(3), 279-294.
[2] Bouldin, R. (1981). The essential minimum modulus. Indiana University Mathematics Journal, 30(4),
513-517.
[3] Chen, G., Xue, Y. (1998). The expression of the generalized inverse of the perturbed operator under
Type I perturbation in Hilbert spaces. Linear algebra and its applications, 285(1-3), 1-6.
[4] Deng, C. Y., Du, H. K. (2006). The reduced minimum modulus of Drazin inverses of linear operators
on Hilbert spaces. Proceedings of the American Mathematical Society, 134(11), 3309-3317.
[5] Moorthy, C. G., Ramasamy, C. T. Unbounded Multiplication Operators With Closed Range.
[6] Moorthy, C. G., Johnson, P. S. (2004). Closed range multiplication operators. Mathematical Analysis
and Applications, 133-138.
[7] HA, J., RAKOCEVIO, V. (1998). Continuity of the Drazin inverse II. Studia Mathematica, 131, 2.
[8] Kulkarni, S. H., Nair, M. T. (2000). A characterization of closed range operators. Indian Journal of
Pure and Applied Mathematics, 31(4), 353-362.
[9] Kulkarni, S. H., Nair, M. T., Ramesh, G. (2008). Some properties of unbounded operators with closed
range. Proceedings Mathematical Sciences, 118, 613-625.
[10] Laursen, K. B., Neumann, M. (2000). An introduction to local spectral theory (No. 20). Oxford
University Press.
[11] Mbekhta, M. (1993). Generalized spectrum and a problem of Apostol. Proceedings of the American
Mathematical Society, 857-859.
[12] Rudin, W. Real and complex analysis McGraw-Hill, New York, 1974. MR, 49, 8783.
[13] Schmoeger, C. (1994). Perturbation properties of some classes of operators. Rend. Math. Appl., 7,
533-541.
[14] Taylor, A. E., Lay, D. C. (1986). Introduction to functional analysis. Krieger Publishing Co., Inc.



	Introduction
	Main results

