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Abstract: This paper studies advanced mathematical methods like sin-cos and sinh-cosh approaches
to find precise solutions by considering inter-modal dispersion and spatio-temporal dynamics with kerr
law nonlinearity in the Resonant shrédinger equation. These methods are useful for solving nonlinear
partial differential equations. To obtain the ordinary differential equation for the traveling wave solution,
we initially deal with the general partial differential equation (PDE). Then, a series of optical soliton
solutions, including cusp and dark solitons, are derived for the Resonant shréodinger equation using this
effective approach.
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1 Introduction

Nonlinear partial differential equations are instrumental in modeling various phenomena in nonlinear
systems, spanning disciplines like fluid mechanics, plasma physics, and electromagnetism, among others
L8, 013, 11, 14, 2, B8, 21, 17, 19, 15, B, 12, 5, [L0, 20, 16]. These equations involve nonlinear terms that
make it challenging to find exact solutions [, 9, 1, 6, 2, 23, [l]. The goal of this article is to consider
the Resonant Shréodinger equation with inter-modal and spatio-temporal Kerr nonlinearity can be
written in the form [22]:

ZQt+VQxx+Luxt+TQ3+.u (|Q||Q| ) Q = tkox. (1)
The imaginary unit ¢ symbolizes in the equation, where the complex field amplitude is denoted by
o(z,t). The temporal and spatial coordinates, ¢ and z, respectively, are integral to the equation.
The parameters v and ¢ represent the coefficients for group velocity dispersion and spatio-temporal
dispersion, respectively. Additionally, 7 signifies nonlinearity in the Kerr law. To determine
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precise solutions, one can utilize the extended rational methods of sin-cos and sinh-cosh ansatz.
These approaches suggest that the field amplitude g(x,t) can be expressed as a combination of
trigonometric or hyperbolic functions multiplied by rational functions of ¢ and x. Inserting these
ansatz into the Resonant Schrédinger equation, applying trigonometric and hyperbolic identities,
and solving for the unknown coefficients entails solving a system of algebraic equations to obtain
exact solutions. These exact solutions obtained through extended rational techniques offer insights
into the behavior of the resonant Shrodinger equation with inter-modal dispersion and spatio-
temporal Kerr nonlinearity. These methods aid in comprehending the impact of various parameters
on the system’s dynamics and serve as a foundation for future analysis and interpretation. Various
research methodologies have been used to arrive at exact solutions for the resonant Shrodinger
equation, including Lie symmetry techniques, sine-cosine methods, the % expansion method, and
the extended sinh-Gordan expansion technique, among others. This article opts to utilize the
rational extended sinh-cosh technique and extended rational sin-cos procedure in exploring the
resonant nonlinear Shrodinger equation.

The residual parts of this article are as follows: Section E uses techniques of extended rational
sine-cosine and sinh-cosh [9, [7, [l] are employed. Section B adopts the equations mentioned earlier
to resonant nonlinear Shrodinger equation. Section Y finalizes the consequences of this article by
drawing 2D and 3D graphical representations. Finally, Section [ is dedicated to a brief conclusion.

2 The proposed method
Consider the nonlinear partial differential equation of the form as

P(u, ug, Uy, Ugg, sty ...) = 0, (2)
where u(x,t) represents the wave function. Now, we assume a traveling wave solution of the form:

u(z,t) = Z(€) (3)

o d 8 L d
ar gi? - g 27
ot Yag ot d€
o _d & &

T (4)

g is the wave propogation speed, Eq. (E) can be turned into the following ordinary differential
equation:
G(E,Z,2",..)=0 (5)

2.1 Extended rational sine-cosine procedure

Step 1. Assume that Eq. (@) has the solution in the form of

(€) = Bo sin(nf)

_ _ Bosin(mg) B2
B2 + B1cos(ng)’

By

(1]

cos(n€) #
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or

(6 = o) ey 2 -2 ™)

B + Prsin(ng)’ B’
in which 7 is a wave number and (y,5; and (2 are parameters to be resolved.
Step 2. In this step, we substitute one of the equations mentioned above in Eq. (4), then gathering
all terms with the identical powers of cos(n€)? or sin(n€)? and equalling to zero. A set of algebraic
equations is derived from all coeflicients of cos(n&)? or sin(n§)?. Algebraic equations’ solutions will
be found with mathematics software.
Step 3. In this part, we substitute the values of By, 81, B2 and n in Eq. (B) or Eq. (H) Then we
will find the solutions of the equations.

(1]

2.2 Extended rational sinh-cosh procedure

Stepl. Assume that Eq. (4) has the solution in the form of

By sinh(ne) , B
‘—‘(5) - 52 + Bl COSh('I’]g)’ CObh(Wf) 51 )
/ey Bo cosh(né) : B

in which 7 is a wave number and (y,5; and (5 are parameters to be resolved.

Step 2. In this step, we substitute one of the equations mentioned above in Eq. (4), then
gathering all terms with the identical powers of cosh(n£)? or sinh(n€)? and equalling to zero. A
set of algebraic equations is derived from all coefficients of cosh(n&)? or sinh(n&)?. Algebraic equa-
tions’s solutions will be found with mathematics software.

Step 3. In this part, we substitute the values of 8y, 81, 52 and 7 in Egs. (E) Then we will find
the solutions of the equations.

3 The implementation of these methods
Suppose the resonant nonlinear Shrodinger equation, if we use the transformations

ofa,t) = e OE(©E), E=x—vt, $€)=-Az+pt+90, (9)

where A, p, § and v are solutions frequency, wave number, phase constant, and velocity of the
solution respectively. By substituting (f) in (B) the imaginery and real parts will decompose, and
we can arrive

(v—1w4+mE" + (hp—p— kX —vAHZ+ 7123 =0, (10)

K+ 20X —p

o1 (11)

v =
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3.1 The implementation of the rational extended sin-cos technique

Assume that Eq. (E) has solutions in the formation of

~ fo sin(ng)
©) = B2 + Bicos(né)’

(1]

(12)

By replacing Eq. (@) in Eq. (@), then gathering all terms with the identical powers of cos(n¢)?
and equalling to zero. A set of algebraic equations is derived from all coefficients of cos(n§)?. The
next equations are gained:

cos(n€)? : Bo, (VA* + (—tp + k)X + p) B1% +750%)
cos(né)" : 2B0B1, (V)\2 + (—p+ )N+ (1/200 — v/2 — pu/2) n° + p) B2
cos(n€)’ : =2 (/2w — v/2 = u/2) 0" = 1/2,uX* + (1/20 = 5/2) A = p/2) B>" + 0’ (=0 + v + ) B1” +1/2750°) Bo

These algebraic equations resolve, we will find the next solutions:

Part 1)
VAN +Ap—AE—p \/ 2 —Apt+ Ak tp
= _ T _ o
K \/ 2w+2v+2u Fo - Br Br=P1, B
(13)
Part 2)

B2, Br=—PF2, B2=p5
(14)

Y T e TV DL TR :i\/_uAQ—MHMH
—w+v+u ’ 0 T

BQ» 61 = 527 52 = 62

n:i\/_—2u)\2+2L)\p—2)\n—2p ﬁo:i\/_u)\?—b)\p—&—)\m—i—p

—w+vrv+pu T
(15)
Case 1: Taking part 1 into consideration, the solution of Eq. (@) can be got as
_ VA2 —Ap+ Ak + — VN2 Ap— Ak —
=1(6) = j:\/— p Ptan [ /- P Pe (16)
T —2w+2u+2p

By combining Equations (E) and (@) , we get

A2 —Ap+ A —UA2 4N p— Ak — _
Ql(l',t):l:\/y LAp+ I$+ptan <\/ VA +LAp R P(thrz)) e’b(*)\er/JtJro)

T —2w+2v+2pu
(17)
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Case 2: Likewise, for part 2, the solution of (@) can be got as

_ VN2 —Xp+ A+ p . —2UA2 4 2\p — 20k — 2
=a(8) :i\/— P P sin <\/— p p§>

T —w+v+pu

1

24 2up— 22k —2p )\
1+ cos [ 4]— 1
><< +cos<\/ mp—— 1S (18)

By combining Equations (9) and (18), we get

A2 — A A —2UN2 42 1p— 20k —2
o2(x,t) = :I:\/—V Pt K+psin <\/— pAT AL n p (—tv—i—x))
T —w+v+p

-1

—2vA2 42 —2Xk—2 ;
o <1+cos (\/_ VA2 +2 A AR p(—tv+x)>) (=X z+pt+0) (19)
—w+vrv+p

Case 3: Likewise, for part 3, the solutions of Eq. (@) can be obtained as

A2 — A A —2UN2+ 2 Ap—2XKk—2
Eg(g)—i\/—y tApt FH_psin <\/— ATt L+p n n p(—tv+x)>
T —w+v+p

—1

—2UN+2Ap—2XKk—2
X (1—005 (\/— P 2P al p(—tv—i-x))) (20)
—w+v+pu

By combining Egs. (H) and (@)7 we get

AZ—Ap+ A 20N +2Ap—2X Kk —2
Q3(x,t)_ﬁ:\/—y et K+psin<\/— PATE 2P al p(—tv—i-z)) (21)

T —w+v+u
~1
—2UA2+2Ap—2Xk—2 ,
x (1= cos [ ) -2XAE2Ap noEp (—tv + ) el(-Aatptto) (22)
- +v+u
OR
Assume that Eq. (@) has the solutions in the formation of
- Bo cos(ng)
E)= ——F7t— (23)
B2 + B sin(né)

By replacing Eq.(22) in Eq.(10), then gathering all terms with the identical powers of sin(n£)? and
equalling to zero. A set of algebraic equations is derived from all coefficients of sin(n£)?. The next
equations are gained:

sin(n€)? : fo (— (A2 = (—1p + W)X+ p) Br® — 7o?)

e s (30~ o (b 5 ) )

sin(nf)o:2((<%Lv—g—%>n2—§w\2 <7L g )5224-51 (—w+v+p)n’ + Tﬁo )5
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These algebraic equations resolve, we will find the next solutions:

Part 4)
VA +Ap— A —p \/ VA2 = \ip+ Ak +p
=F\- =+y/- = =0 (24
! \/ 2w+ 2w +2u Bo - Bi, Br =P, B2 (24)
Part 5)

B2, P1 = B2, P2 = P2
(25)

N T R RVt 1t TR :i\/_m2—up+m+p
—w+v+pu ’ 0 T

Part 6)

—2UN2 + UXp — 26\ — 2 VA2 —idp+ KX+
n=i\/— P i Bo=i\/— P LBoy Br=—B2 Ba=p

—w+v+u T
(26)
Case 4: Taking part 4 into consideration, the solution of Eq. (@) can be obtained as
vAZ — \ip+ Ak +p —vX2 4+ Ap— Ak —p
= =44/— t — 27
4(8) \/ - co 2wt 20+ 24 3 (27)

By combining Egs. (E) and (@), we get

2 _ —_1)\2 _ — A
94(x,t):i\/—y)\ )\Lp—l-)\fi—f-pcot (\/_ vAZ+ Ap— Ak p(—tv—i—x)) ei(=Aa+pt46)

T —2w+2v+2p
(28)
Case 5: Likewise, for part 5, the solution of Eq. (E) can be obtained as

A2 — A A —2UN+2Ap—2KkA—2
E5(§)::I:\/—V APtk +pcos<\/— pAT ¥ 2P al pf)
T —w+v+u

1

—9 )2 _ _ B
" <1+sin <\/_ 2UN2 4+ 21Ap—2K A 2p€>> (29)
—w+v+pu

By combining Egs. (g) and (@), we get

A2 — ) A -2, N2+ 2.\, p—2,k, A —2
Qs(x,t):i\/—y AP K +pcos<\/— VAT ,L—;_p—’_,f{, 7p(‘tv—i—ﬂﬁ))
T —w+v+p

-1

—2,v\2 42 -2 -2 )
X <1 + sin <\/— A2 A p e P (—tv+ x))) et (=Xa+p,t+0) (30)

—w+v+p
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Case 6 : Likewise, for part 6, the solutions of Eq. (@) can be obtained as

A2 — b A —2aX2+2bAp—2KA—2
Eﬁ(f)::lz\/—a prr +pcos<\/— ot P . pf)

c —bv+a+p
1

N2 £ 20 p— 2R A — 2 -
X <l—sin (\/— vATF 2P il p§>> (31)
—w+vrv+p

By combining Egs. (H) and (El)7 we get

2 _ —2UN2 4+ 2N p— 2K\ —2
QG(CL‘,L‘):i\/—V)\ L)\p—i_ﬁ/\_‘_pcos(\/— AT F200p w A p(—tv—i-w))

T —w+v+tu

—1

_ 2 _ — .
. (1_Sm W_ 20UM2 £ 200 p— 2K\ 2p(—tv—|—x)>> (Aot (32)

—w+v+pu

3.2 extended rational sinh-cosh technique

Assume that Eq. (@) has solutions in the formation of

(¢ — o sinh(ng)
By + B cosh(n)

By replacing Eqs. (@) and (@), then gathering all terms with the identical powers of cosh(ng)?
and equalling to zero. A set of algebraic equations is derived from all coefficients of cosh(n¢)?. The
next equations are gained:

cosh(€)? : Bo ((VA* + (—tp + &) A+ p) Bi? — cBo”)

cosh(né)" : 2 By B2 (VA® + (—ep + &) A+ (=1/2w + /2 + p/2) 1f° + p) B

cosh(n€)? : 28 (((1/200 —v/2 — pu/2) n* + 1/20\% + (—=1/2p + K/2) X + p/2) B2°
+ 07 (—w+ v+ p) i® +1/276°

[1]

(33)

These algebraic equations resolve, we will find the next solutions:

Part 7)
VA = Ap+Ar+p \/ VAN +Xip—AE—p
K \/ —2w+2v+2u Bo . Bi Bi=p1, B2=0
(34)
Part 8)

B2 Pr=p1, B2=p
(35)

n:i\/_2u)\2—2L)\p+2)\ﬁ+2p BO::E\/_—V)\2+L)\p—/\/<;—p
—WwW+V+N
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Part 9)
20X2 -2\ p+2XAKk+2 — VA2 +Ap— Ak —
ni\/ ¥ 2 Boi\/ P Py Br=—B1, B2=Po.
—w+v+pu T
(36)
Case 7: Taking part 7 into consideration, the solution of Eq. (H) can be obtained as
—VvXN2 4+ Xip— A& —p VA2 —Xip+Ak+p
= =44/ — tanh — . 37
" \/ T an —2w+2v+2p ¢ (37)

By combining Equations Egs. (E) and (@)7 we get

VA2 Xip— Ak — A2 — )\ A ,
or(z,t) = i\/ VA® + Aup K=Ponh v p+Ak+p (—tv + z) | ei-Az+pt+0)
T —2w+2v+2pu

(38)
Case 8: Likewise, for part 8, the solution of (10) can be obtained as

— )2 — _ 2 _
Es(f)Zi\/— AT HApZ AR P sinh <\/—2V)\ 2L)\p+2)\l€+2p§)
T —w+vrv+pu

-1

20A2 =2 2 2
X <1+cosh (\/— a Apt2Ant pf)) . (39)
—w+v+u

By combining Egs. (E) and (@), we get

—UA2+ i Ap— Ak — 2UA2 — 21\ 2 2
Qg(x,t):\/— VAT AP r psinh <\/— v APt ARt p(—vt+x)>
T e 2 Y

-1

2UA2 — 2.\ 2 2 ;
X <1+cosh <\/— Y AP EART p(—vt+m)>> gl(-Aetptto) (40)

—Ww+V+N
Case 9 : Likewise, for part 9, the solutions of (@) can be obtained as

—v\2 Ap — Ak — 2UA2 — 2\ 2\ 2
%@)_i¢ pAT S LAp AR pmm<¢y AP H+’%>
T - +v+u

—1
2 _
o (1 ~ cosh (\/21/)\ 2L)\p+2)\/<;+2p£>> . (41)
—w+v+u
By combining Egs. (@) and (@), we get

a2 " 2WAZ — 2 Nk + 2
o9(x,t) = i\/— VAT A = A= p sinh <\/— VA L:)\_f :__’_); ha p(_vt + JT))
T _

-1

2 _ .
X (1 — cosh <\/— AT = ZAp 200+ 2p (—vt+ a:)) ) el(Aatpt+0), (42)

—w+v+pu
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OR
Assume that Eq. (@) has solutions in the formation of

() = Bo cosh(ng)
B2 + B1sinh(ng)’

By replacing Eqgs. (E) and (@)7 then gathering all terms with the identical powers of sinh(n&)?
and equalling to zero. A set of algebraic equations is derived from all coefficients of sinh(n¢)?. The
next equations are gained:

sinh(n€)? : (VA2 + (o + K) A+ p) Bi® = 7B0°) Bo

sinh(n€)" : 281, (VA® + (—tp+ &) A+ (—1/200 +v/2+ 1/2) n° + p) B2

sinh(n€)? : =2 (((=1/2w +v/2 4 p/2)n* — 1/2vX% + (1/21p — k/2) X — p/2) B2°
+ 52 (—w v+ p)n +1/2 7502)50-

(1]

(43)

These algebraic equations resolve, we will find the next solutions:

set 10)
vA2 = Xip+Ak+p \/ "2 Ap—Ak—p
::l: B ’ ::l: - = ) :0 44
K \/ —2w+2v+2u Bo - Br Br=p1, Be (44)
Part 11)

B2 B1 =182, B2 =Pa.

n:i\/_zuv—zmpwmmp ﬂO:i\/_VAQ—)\Lp-I-)\Ii-Fp

—w+vrv+p T
(45)
Case 10: Taking part 10 into consideration, the solution of (@) can be obtained as
—VAZ+Ap—AE—p VA2 = Xip+Ak+p
= =44/ th —
10(§) \/ T €0 —2w+2v+2p ¢
(46)

By combining Egs. (H) and (@)7 we get

—UXNZ A — Ak — A2 = Ap+ Ak + P
Qlo(x,t)::l:\/— f P coth <\/_ _2w+p2y+2up(_w+x)>e( Aa+pt+6)

(47)

_ UAZ — \p + Ak + W2 —2\p + 20k + 2
=€) = i\/— p P cosh <\/— p pf)
T —w+vrv+u

-1

2 _
o (1 + isinh (\/_ 2002 = 2X\ip + 2)K + 2p§>> . (48)
—w+v+u
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By combining Egs. (@) and (@)7 we get

T —ww+v+u
-1

2UA2 — 2\ 2\ 2 :
X (1 + isinh <\/ Y SRt S (—tv + x))) el (FATFpt0), (49)
—w+v+p

2—-A A 202 — 2 2 2
Q11($,t)=ﬂ:\/—y>\ o+ H+pcosh<\/— 1) ALp + 22Xk + p(—tv+x)>

4 Graphical Representaion

In this section, 3D and contour surface visualizations were created using selected parameter values
to showcase key findings from the analysis. The graphics portray the system’s behavior and offer
visual insights into the observed phenomena. Notably, the figures reveal the presence of sharp cusps
in waveforms (Figures 2 and 4), which are distinctive pointed features associated with certain types
of nonlinear waves. These cusps indicate nonlinear effects within the system and studying them
aids in grasping the dynamics and characteristics of the waves. Additionally, the analysis highlights
the existence of dark waves (Figures 1 and 3), which are localized structures or solitons propagating
with reduced amplitudes compared to the surrounding waves. The formation and propagation of
these dark and cusp waves are further illustrated through contour surface plots, offering valuable
understanding of their behavior. By examining these visuals, one can delve deeper into the intricate
dynamics and nonlinear influences at play in the system, facilitating the interpretation and analysis
of the conclusions drawn.
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Figure 1: The three-dimensional surfaces of Equation (17) with the values v =2, 1 =2, 7 = —1,
p=1, k=1, A=1, p=1infigures (a) and (b). The contour surfaces of Equation (17) are shown
withv=2,1=2,7=-1, k=1, pu=2,A=1, p=1in figures (a) and (b).

Figure 2: The three-dimensional surfaces of Equation (27) with the values v =2, 1 =2, 7 = —1,
w=1, k=1 A=1, p=1Iin figures (a) and (b). The contour surfaces of Equation (27) are shown
withv=2,1=27=-1, k=1, p=1,A=1, p=1in figures (a) and (b).
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(b)

Figure 3: The three-dimensional surfaces of Equation (37) with the values v =2, =2, 7 = —1,
w=1, k=1, A=1, p=1in figures (a) and (b). The contour surfaces of Equation (37) are shown
withv=21=27=-1,k=1, u=1, A=1, p=1in figures (a) and (b).

(b)

Figure 4: The three-dimensional surfaces of Equation (46) with the values v =2, 1 =2, 7 = —1,
p=1,6=1,A=1, p=11in figures (c) and (d). The contour surfaces of Equation (46) are shown
withv=21=2,7=-1, k=1, p=1,A=1, p=1 in figures (c) and (d).

5 Conclusions

This paper applied advanced mathematical techniques such as sin-cos and sinh-cosh methods to
achieve accurate solutions while considering inter-modal dispersion and spatio-temporal dynamics
with kerr law nonlinearity in the Resonant Shrodinger equation. These methodologies are effective
for solving nonlinear partial differential equations. Initially addressing the general partial differ-
ential equation (PDE) to derive the ordinary differential equation for the traveling wave solution,
the study then utilized these methods to obtain a series of optical soliton solutions, including cusp
and dark solitons, for the Resonant Shrédinger equation.
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