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1 Introduction

Over the past few decades, fractional calculus has emerged as a significant field for addressing real-
world problems in physics, chemistry, engineering, & other disciplines. Extensive literature on fractional
differential equations (FDEs) provides both analytical and numerical results, Local and global existence
and uniqueness theorems for a functional delay fractional differential equation with bounded delay are
discussed in [2, [, [L§], existence and multiplicity of positive solutions for a class of higher-order nonlinear
fractional differential equations with integral boundary conditions are in detail [19, 22, 25, 28, 29, B4]
Fixed point(FP) theory (FPT) has been instrumental in proving the existence and uniqueness of solutions
to FDEs. Addressing challenges in FPT, to resolve integral equations, Mahwin [30] developed topological
degree theory (TDT). Subsequently, Isaia [23] applied TDT to various integral equations. Analysis of TDT
in existing literature can be found in [L6, B9, 10, 45, 51, p2].

Bashir Ahmad and S. Sivasundaram [g] elaborated on the nonlinear term in FIDE’s within the context
of boundary value problems. Mingyue Zuo and et al.[31] explored FIDE’s characterized by anti-periodic
boundary conditions and impulsive conditions. Agarwal et al. [3] provided insights into neutral fractional
equations with a bounded delay considering its initial value problem (IVP). Based on fractional deriva-
tives, Doa Santos and et al. [26, B7] focused on identifying existence solutions for neutral equations and
integro-differential equations. Ravichandran et al. [36] provided a concise examination of fractional neutral
systems incorporating infinite delay. Yan et al. [43, 44] applied neutral functions featuring state-dependent
delays to fractional integro-differential equations. Zhou et al. [4&850] explored p-type fractional neutral
evolution equations featuring infinite delay.

We’ve encountered numerous instances of research exploring RL or CF fractional derivatives within both
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analytical and numerical contexts in FDEs. Hadamard [21] pioneered novel derivative featuring logarith-
mic kernel term, now recognized as Hadamard (HD) fractional derivative. Utilizing this HD fractional
derivative, Butzer et al. [13-15] delved into its analysis alongside HD fractional integral employing the
Mellin transform method. Employing derivative of HD along integral boundary conditions, Ardjouni [f]
elucidated positive solutions for FDEs. Various studies Like implicit Hadamards fractional differential
equations, nonlocal multi-point boundary conditions, higher-order nonlinear fractional differential equa-
tion and inclusions with integral boundary conditions, two dimensional equations and sequential Caputo
types are studied in [10, 11, 20, 27, B3, k1] Subsequently, Jarad et al. [24] explored modification of Caputo
FDEs, a Caputo type Hadamard derivative (CH-derivative). In [, 4, , 12] FDEs along boundary value
problems via CH-derivative were elucidated.

In this study, the investigation rigorously explores the existence outcomes of neutral FIDEs featuring
the CH-derivative, utilizing TDM.

FDC[YT(t) — g(t, T (1), PY()] = f(t, T (1), 00(1), ST(Y), teJ:=[0,]
aY(1) + b5 DY (1) = HZAY(61), 1<61< L0 >0 (1.1)
¢Y(L) +dgDPY(L) = A T%2Y(02), 1<62<L,02>0

here §D¢ & § D? represent the CH-derivatives of orders o & p, along 1 < 0 < 2,0 < p < 1, 79 stands

as the definitive HD integral of fractional order g;,i = 1,2, f € C(J X R X R X R, R) are functions that
remains continuous, while the operators P and () are determined as

(PY)(t) = /0 k(t, )Y (s)ds

(OT)(t) = /O I(t, $)Y(s)ds

(ST)(8) = /0 h(t, $)T(s)ds

heret€ J,k,l € C(D,R),D={(t,s) e I x T :t>st & heC(T xT,R)
Suppose a, b, ¢, and d are constants from R, fulfilling

B c1(log 61)2* d(log £)' 7" co(log 62)22T? ci1(log6)2r Tt c2(log 62)92
v= (“_ T(o + 1) )(ClOgL+ T2—p)  I(e2+2) ) T(or +2) (Clog’g_ T(o2+1) )
#0 (1.2)

The structure of the article unfolds like this: Section 2 establishes fundamental results to demonstrate
existence via topological degree theory. Section 3 delves into the existence of FIDEs utilizing boundary
conditions employing TDM. Sections 5 and 6 present illustrations and conclusions, respectively.

2 Basic results
Suppose a Banach space be X, and let B be the set containing all bounded subsets within X.

Definition 2.1. [16] v : B — R4 is rigorously established as follows: For any B € B, its Kuratowski
measure of non-compactness, symbolized as Y (B), is established as the smallest positive value d for which
B can be encompassed by a finite assortment of sets, each possessing a diameter not surpassing d.
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We will provide a concise elucidation of this definition. Let’s start by considering a subset B contained
within the space X. We define B as compact if, and only if, it satisfies two conditions simultaneously:
completeness, indicating that all Cauchy sequence in B has a limit that lies within B as dictated by || - ||,
and total boundedness, wherein for any e > 0, there exists a finite covering of B such that each subset
in the covering contains a diameter that does not exceed e. Hence, when B exhibits compactness, it
inevitably exhibits total boundedness, thereby implying v(B) = 0. This naturally positions v as a metric
for assessing the compactness of a set. A zero value of v implies compactness, while a larger v suggests a
greater deviation from compactness.

Armed with this definition, we assert the subsequent findings, whose verifications are detailed in [17].
Proposition 2.2. [1§] Let %, %, % be bounded subsets on Banach space, then

1. V(%) =0 % is compact.

2. v(C«) = ICllv(%), CeR

3. v(% + ) < v(Th) + v(%), U, U €B

4. U C U = l/(%l) < 7/(%2)

5. v(2% U %) = max{v(?%),v(%)}

6. v(iconv %) =v(%)

7 v(WU)=v(U)

We establish = as the set of continuous functions Y : [0, 7] — R defined over the interval I’. Fur-

thermore, we assert that (=, |- |) forms a Banach space equipped with the supremum |Y|, defined as the
maximum absolute value of Y'(t) over the interval [0, T].

Definition 2.3. [16] If F : p — Y exhibits boundedness, continuity and u C Y, & if F is Y— Lipschitz
and satisfies v(F(H)) < kv(H) for all H C p and some k > 0, where k < 1, results in F exhibiting
v—contraction.

Proposition 2.4. [16] Suppose T1,T>,T5,Ts : u — Y are v—Lipschitz maps with respective constants
mi, My, m3, ma, then collectively, they form a v—Lipschitz map with the constant m; + mo + m3z 4+ my.

For an i € {1,2,3,4}, results in ,
1Fz(z) = Frpll < mzllz — y|| < (ms +me +ms +my)|lz — y||
Therefore, V Z in the set 1,2, 3,4, F; exhibits v—Lipschitz mappings combined with m; + ma + m3 + my.
Proposition 2.5. [16] Let G : u — Y be compact, then G exhibits v— Lipschitz with zero constant.

Proposition @ unequivocally establishes that for every compact subset H, v(G(H)) equals zero. There-
fore, the conclusion naturally ensues.

Proposition 2.6. [16] Let G : u — Y exhibits Lipschitz continuity, results as it also exhibits v— Lipschitz
with k.

Definition 2.7. )16/ Let F : ¥ — F is termed v—condensing when, for every set A € B, v(F(A)) is
less than or equal to v(A). We represent the set C,(£2) as the collection of all v—condensing mappings
F:2—-X.

We hereby establish D as the "degree function” utilized in TDT. [17, 23]
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Theorem 2.8. [16] F :Y — Y is v—condensing map and
H={YTeY:3(e]ll,L]such thatT = (tT}.
Let H exhibits boundedness in =, so 3r > 0 s. t. H C B,(0), results in
D(Z—-¢t,B.(0),0)=1, V¢e]|l,£].
Therefore, t necessarily possesses at least one FP.
Definition 2.9. [28] Integral in HD of 0 > 0 for Y € £(J) is rigorously defined by:

5 [ a5

Arey(t) = o) .

where -
(o) = / e ldt, 0>0
0

Letézt%, 0>0,n=[g +1
Definition 2.10. /28] Derivative in HD of o > 0 and Y € = is emphatically asserted by:
Aper) = 6" ("7 2T (1)).
Definition 2.11. [24, 28] Derivative in CH of o > 0 and T € = is emphatically declared by:
apeY) =" 7T (v)
We draw upon several essential lemmas which is fundamental analyzing FDEs.

Lemma 2.12. [24, 28] Suppose o > 0,7 > 0,n=[g]+ 1 and a > 0. Then

- I'(r)
1. "7%(log L)1 = ————(log 1),
(log ;) F(QJFT)(O 2)
Especially, when a equals 1 and v equals 1, the aforementioned outcome simplifies to 77°(1)(0) =
1
— (1 £))et!
o (o)
F(T’) t\r—o—1
1 , >
2 BD%(log ) = { T(r— ) (57 o

0, ref{0,1,...,n—1}.
Lemma 2.13. /24, 2§] Let nui,02 >0 and Y € Z. Then,
1. Hzev(F ey (v)) = (Fzortezy(t))
2. Eper(Agezy(v)) = (F7e27 1Y (1))
8. Do (F o (1) = Y ().
Lemma 2.14. [24, 28] Suppose o > 0. Set n=[o]+ 1. VT € = the CH-derivative of FDEs
aDeY(t) =0

has a solution
n

T(t) = ci(logt)’
i=0
and c;,1 =0,1,...,n — 1 be real constants. Furthermore, subsequent outcome ensues promptly.

n—1

TIEEDEY () = () + 3 cillog )’

=0
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3 Main Results

We will establish several hypotheses that we will firmly presume:
(A1) 3 constant € ¢ >0 and p € [0,1) s. t.

lg(t, T (1), PY@))] < (€ + €| 7")

forall T € =.
(A2) 3 constants €1, €, s. t.

lg(®, Y1 (t), PY1(E)) — g(t, T2(t), PY2(8))[| < E1f[T1 = Tof| + &||[PTy — PTy||

(A3) 3 constant F, F,F >0and p € [0,1) s. t.
[£(£, (1), 0T (1), ST®)I| < (F + FITLIP + FIT|P)
forall T € =.
(A4) 3 constants Fi, Fa2, F3 s. t.
£ (t, T1(t), 0O 1(t), ST1(t)) — f(t, T2(t), 0 2(t), ST2(1))|| < Fil|T1 — T2 + F2||OT1 — OYs||
+ .7‘—3HST1 — STQH

(A5) Let kmax = sup [, [[k(t, 5)]|ds, lmax = sup [ [li(t, s)||ds & hmax = sup [, [|h(t, s)]|ds.
teJ teJg teJ

Lemma 3.1. [1§] When dealing with V' over J, FODE as follows:

DY) - W] =V(), teT:=[0,¢g
aY(1) +05DPY(1) = 797(6), 1<6:<£01>0 (3.1)
Y (L) +dEDPY(L) = AT (02), 1<62<L,00>0

Then 3 only one solution, referred to as

Y(t) =" IV () + W(t) + Ki(8)(TT eV (01) + W (01)) + Ka(t)(ca(TT2 TV (02) + W (62))
—c("7°V(L) + W(L)) + d(" 727V (L) + W(L)) (3.2)

where,
. Kl(t) = Cl(!Iﬁ - !pzt), Kz(t) = c1W3 + Yyt
(log £)'?  ca(log 02)92“)

d
e Uy = —|(clogg —
v (clog e+ T2 —p) (o2 +2)

—_

S

. l . cz(logﬁz)”
o« Uy = Q_/(clogﬁ 7F(g2+1) )
o1+1
g L (eloatr
U\ T(o1+2)
_1 c1(log61)°!
* w‘*‘w( F(91—|—1))

& W is given by (@)
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Proof. From Lemma 7 equation (@) becomes,
T) =" Z°V () + W(t) + ko + k1 log(t), ko, k1 € R

Using boundary conditions, we have,

Ho; H + (log 6:)° (log §;)° !
Y 0;) = ey 0; W (0; k k s =1,2...
(6 (00 + W(O) + ko35 TR T 1)
1—p
FDMY(R) =1 TP (8) 4 W)+ A ES

Solving for ko, k1 we get the solutions:

ko = W ZT O Y (01) + W (ch T2 Y (0) — (c(PZ2V (L) + W (L)) + d(F TPV (L) + W(L))))

&7
k= @ ((TT2 22V (02) + W(6:)) — (c(TT°V () + W(L)) + d(T°7°V () + W (£))))
— W (TTOV(0,) + W (1))
Substituting for ko and k1 we get (@) O

Considering the issue outlined in (EI), leveraging lemma @ above yields definitive solution,

T(t) =" T e (t) + gr (t) + K () (TTOF8 fr(01) + gr (01)) + Ka(t) (c2(TZ 78 fr(02) + g (62))
— ("I fr (L) + g1 (L)) + d(" I fr (£) + g (£))) (3.3)

To condense, we signify g(t, T(t), PY(t)) by gr, f(t, T(t),0Y(t), ST(t)) by fr and
K1 (f) = Cl(Wl — ng), Kg(f) =c1¥3 + WUst
1-p o2+1 Q2
v = l(clog2+ dllog £) 7 _ ca(log ) ) ), v = %(clogﬁ _ c2(log)® )

7 T2-p)  T(e2+2 (o2 + 1)
. l C1 (10g 91)Ql+1 . l . C1 (1og 91)91
%_w( (o1 +2) ) %_W(a (o1 +1) )

and ¥ is determined through the expression provided in (@)
We will explicitly establish the following trio of operators:

1. Define T : & — = as T1 Y (t) =H Zefr(t) + gr ().

2. Define Tz : 5 — 5 as ToY(t) = K1 (8)(FZ2F 2 fr(61) + g (61))
+ Ko (8) (c2(TT2H2 fr (02) + gr (62))).

3. Define Ts : 5 — = as T3 Y (t) = K2(t)(c(TZ2fr (L) + gr (L)) + d(TZe* fx (L) + gr (£))).
Suppose T : & —w ZasT =T + T + Ts.

[n

1 o
Theorem 3.2. [11, |16/ Suppose T1 is Lipschitz with Lipschitz constant %(]ﬁ + Folmax + F3hmax) +
&1 + Cokmax. It also satisfies the following growth relation:
log £)¢ o - -
Imr o)) < Y52 (r o B 4+ A + € + @

I'(o+1)
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Proof. Let T1,T2 € Z. We have,

[Ta 1 () — Ta Y2 ()] < 1728 fr, () = Z2 fry ()] + g, (1) — gra (D]
<TI0 fr, — froll(t) + (€1 + Eokmax) | L1 — T2
< [TZ0(1)(L)(Fi + Folmax 4+ Fahmax) + €1 + Eakmax][|[ T1 — T2

_ [ (log L)®

]: -Flmax ]:hmax @ e kmax T _T
F(Q+1)( 1+ F2 + F3 )+ €1+ € }H 1 2]

Hence

(log L)°

1T = Tl < [0

(]:1 + -FQZmax + ]:3hmax) + 61 + €2kmax] ||T1 - TQ”

Therefore, T1 exhibits Lipschitz continuity, with a constant specified by:

[(bgL)Q
I(o+1)

For the growth relation of t € 7,

(]:1 + J:leax + ]'-maax) + 61 + Gkaax:|

1T 0O < 1728 fe(8) + gr ()]
<TI0 fr (O] + llge @)
<TIUF + FITI” + FITIT) + € + €7
(log )* < z ~
= F+ F|T|” + F|T|*) + € + €||7||”
o F + FITIP + FIXP) + €+ &)
Therefore, we possess

log £)¢ 9 - -
T @) < [&j—&(ﬂfnrup +FITI")]| + e+ el

Theorem 3.3. Suppose T> be continuous and satisfies the growth relation:
I Y () < Az, (F + FILN” + FITN") + Bry (€ + €77
where,

(log g1)9+91
P(or+o+1)
Br, = ([lea[[l[#all + lle2[l[[#=]1€) + ([exllez|[[[@s]] + [[¥all£).

(log 92)Q+92

Ar, = v ¥l L =T T\
72 = lled ]l + llez 12|l T(o2t+ o+ 1)

+ (leallealll1@s ] + [1¥a]|£)

Proof. Take a series T,, within = that decisively tends toward T € =. Given the continuity of fyr and gr,
we have fr, — fr and gr, — gr. Therefore, applying the Lebesgue dominated convergence theorem, we
conclude that 75 exhibits continuity.

We possess,

[T ()] = (K1 (O[T 72 fr (01) + g (61)] + Ka(t)(c2[ 7T g (02) + gv (62)])
< KON L 0]+ lgr (00)11] + (K2 (O call[TZ972| fr (02) 1] + llgr (62)]]
< Any (F + F|X)P + FIY|”) + Br, (€ + €[ 7|7)



8 Mathematics and Computational Sciences, Vol 5(3) 2024

Consequently, we obtain the following:

IT2 YO < Az, (F + FITN" + FIYIP) + Bry (€ + E[|Y)|7).

Theorem 3.4. Assume T5 exhibits continuity and adheres to specified growth condition:
ITsY O] < Az (F + FIYTI” + FIYT") + Bz (€ + €|7|7),

here

[[cll(log £)¢ 4 IIdl(logﬁ)g‘”]
Tlo+1) L'(e—p+1)
Bry = ([lea[[Ils]] + 124l ©)lle|l + [Id]]]

Ary = (lea 9]l + 2]

Proof. Take a series T, within = that decisively tends toward T € =. Given the continuity of fy and gv,
we have fy, — fy and gv, — gr. Therefore, applying the Lebesgue dominated convergence theorem, we
conclude that T3 exhibits continuity.

We possess,

IT5sT(O] = [1K2(6)(c["Z° fr (L) + g ()] + d[Z°7° fr (L) + gr ()]
<K@l (HCHHIQIIfT(E)Il +llellllgx ()1 + NIzl fr ()] + ||d|\|\gr(2)||)
< Ay (F + FIYI + FITI") + Bry (€ + €| Y17
Consequently, we obtain the following:
IT5 YO < Az, (F + FITN” + FIYIP) + Br, (€ + €[|T)|7).
O

Theorem 3.5. Suppose T» happens to be compact, then it follows that T» is Lipschitz with a zero constant.

Proof. Consider ¢ contained within B(r). In order to establish 7> as a compact map, it’s necessary to
demonstrate the relative compactness of T>(¥). This means proving that the closure of 7(9), denoted

T5(¥), is compact within =. With reference to Theorem @, this holds true for T € ¢,
| T2 T (t)|| < Az, (F + FrP + FrP) + Br, (€ + &r")

Therefore, T>(1) exhibits uniform boundedness.
Subsequently, considering any T € = we obtain:
T2 ()] = K1 (T2 fr (01) + gr(601)) + K5 () (c2 (T2 fr (02) + g (62))|
BTN T fe 0]+ Ngr @] + 1K ©eall[T 272 fr (62)] + llgx (62)]]]
(10g 91)Q+91 (log 02)9+92
Cloi+o+1) Llo2+o+1)
+ (e[|l + [1@alllle21D (€ + €[ T)7))
< T(F + FIYTI + FIYTN) + 72(€ + €717

< (lleale] + 124l )+ AT + F))
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At this juncture, considering t; and t; € J, we observe,”

to o ~ ~

[T2Y(t2) = ToY ()| < / T2 (Oldt < [ (F + FIYI" + FITI7) + m=(€ + €[ T)7)](t2 — t)
t

Thus, as to — t1, |12 T(t2) — T2 Y (t1)|| — 0 = T% exhibits equicontinuity. By Arzela - Ascoli’s theorem,

T> demonstrates compactness.

Therefore, as stipulated in Proposition @, T5 exhibits Lipschitz continuity with a vanishing constant. [

Theorem 3.6. If T3 happens to be compact, then it necessarily implies that Ts exhibits a Lipschitz constant
of zero.

Proof. In order to establish T3 as a compact map, it is imperative to demonstrate the relative compactness
of T5(¢¥), where ¥ is a bounded subset contained in B(r).
That is to say, the set T3(¢) exhibits compactness within =. As deduced by Theorem @, for T € 9,

IT5T(4)|| < Ary (F + FrP + FrP) + Br, (€ + &rP)

Therefore, T5(1}) exhibits uniform boundedness.
At this juncture, when considering any Y belonging to =, it is imperative to note that

17 Ol < 15O (el Ze £ ()] + lge (DI + IdIZe | F (D)1 + llgr (D)]])
(log L)® (log L)
<12l (lell gy 35 + Mg,

+ 12l (lell + i) (& + & T]?)
<TE(F + FITI” + FITI) + 7 (e + E)

+ Il )(f+fl\Tll”+f”HT||”)

At this juncture, considering t; and t2 within the interval 7, it is evident that

to o ~ ~

757 (t2) — T (1) < / T2 (Oldt < [ (F + FIYI" + FITI7) + ma(€ + €[ T)7)](t2 — tr)
t1

Thus, as t2 — t1, ||[T3Y(t2) — T3 (t1)|| — 0 = T3 exhibits equicontinuity. According to the Arzela-Ascoli

theorem, T3 possesses the property of compactness.

Thus, according to Proposition R.5, T35 possesses a Lipschitz property with a constant of zero. O

log L)?
Since T'= Ty + T> + T5 and T is Lipschitz with Lipschitz constant %(}—1 + Folmax + F3hmax) +

€1 + Cokmax and T, T3 are Lispchitz with Lipschitz constant 0, As a result, T" demonstrates Lipschitz

log L)?
behavior, showcasing a Lipschitz constant (log L) (F1 + Folmax + Fshmax) + €1 + Eakmax.

Fle+1)
(log £)¢ s
m(}l + Folmax + F3hmax) + €1 + E2kmax < 1, Subsequently, as indicated by

Definition @, it can be deduced that T exhibits ¥— condensation.
Let’s demonstrate the existence theorem by applying the principles of topological degree theory.

If we assume that

Theorem 3.7 (Existence). The FODE (@) guarantees the existence of at least one solution provided
that
(log L)®

(m + Ar, +AT3) + (1+ Br, + BT3) < 1.
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Proof. Consider the set

H={YeZ:3(e€[0,1]s. t. (TY =T}
We assert that H exhibits boundedness.
Suppose T € H. Then 3¢ € [0,1] s. t. (T =T.

e, T = (T (Y) + To(T) + T3(Y))
Applying | - || to both sides yields

1] = ST ()N + (172 (0) ] + [[T5(T)]]
(log £)¢ o b | Elieellp
< (198~
< (T +Am +Ar) (F+ FITI + FITI7)
+(1+ Br, + Br,)(€ + €[ T|")
In the absence of boundedness in H, when dividing both sides by ||T||, the following is obtained:
(log L)® (F + FII” + FIr)?) (€+ €[
1< (5~ +An, + Ar: ——
(F(Q+ 1) ’ 3) Il (kY]

As ||T|| tends towards infinity, given that p lies in the range [0, 1), the r.h.s of the previous inequality rapidly
converges to zero. Consequently, we arrive at the contradiction 1 < 0, establishing the boundedness of H.
By invoking Theorem P.§, we assert that 7" undoubtedly harbors a fixed point, thus unequivocally proving
the existence of at least one solution to problem (EI) O

+ (1+ Br, + Bry)

At present, we demonstrate uniqueness pertaining to discussed problem.
Theorem 3.8 (Uniqueness). Assume FODE (@) admits a solitary solution under the condition that
( (log L)®
I'(e+1)
Proof. Consider arbitrary elements Y1, T2 € 5. Let ¢t be any element in 7,
T2 () = T2 ()| = [[(TA T2 (t) = TaT2(8) + (1T (t) — T2 (8) + (T3Y1(t) — Ts Lo (1))
STy = Tao) || + ([(T2Y1 — T Xo) || + [[(T501 — T50) ||

+ Ar, + AT3)(.7-"1 + Folmax + F3hmax) + (1 4+ Br, + Bry) (€1 + €2kmax)) < 1

Taking supremum over all ¢t € 7,
I1TTy = TYo| < [(TAYy = TAYo)[| + [[(T2Y1 — ToYo)|| + [[(T5T1 — T30 o)
Based on Theorem 3.1, we show that

(log £)°

I3 = Tl < [0

(-7:1 + -FQZmax + F3hmax) + 61 + €2knlax] HTI - TQH

We have from definition of 75:
T2 1 () = To Yo (0)]] < KL (O[T F2) fry (61) = fry (00 + [lgr (1) — g, (61)]]
+ K2 (®)lle2 | [T Z2F2| fry (61) = fra (00)]] + llgr, (B2) — g2 (62)]]
< (\|K1(f)|\HIm+g(1)(91 +0) + [ K2(8)]lea]| T2 ¢(1) (02 + 9))
X (F1 + Falmax + Fahmax)||T1 — T2||

(KO + [[K2(8) le2]) (€1 + E2kmax)[| L1 — Y]
= [Ar, (F1 + Folmax + Fshmax) + Br, (€1 + Eakmax)]||T1 — L2||
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Thus,
|1T2Y1 — To Y| < [Amy (F1 + Falmax + Fshmax) + Bry (€1 + Eakmax)]||T1 — T2||

We have from definition of T3:

T (t) — T3T2(8)] < |\K2(f)||(||C||[HIQHfT1(£) = fra (O + llgr, (£) — gr2 (E)]]]
NI TP £, (€) = fra (D) + llgr, (£) — g, (S)HD
< 11 (el "Z(1) () + ldllez| "2 (1) (0 - )
X (F1 + Falmax + Fshmax) [ T1 — Yol + [[K2() ([lell + 1d])) (€1 + E2kmax) [ T1 — L2
= [AT3 (fl + —FQZmax + f3hmax) + BTg(Gl + e2]<:rnaux)]||’rl - TQ”
Thus,
17571 — T3 2| < [Ary (F1 + Folmax + Fshmax) + Bry (€1 + Eakmax)]||T1 — L2||

Hence, we have,

TY1 = TP < (ThY1 — TAY2)|| + (T2 Y1 — T2To2)|| + [(T501 — T372)||
(log L)°
< [(F(g+1) + Az, + T3)(f1 + Falmax + F3hmax)
+ (1+ B, + Bry ) (€1 + E2kmax))][|[ T1 — T2
(log L)®

Since (m + ATQ + ATs) (]:1 + Folmax + ]:3hmax) + (1 + BT2 + BTs)(el + QEkaax) <1, ACCOI“diIlg

to Banach Contraction Theorem, 3 only one fixed point for T. Consequently, the FODE (EI) possesses
solitary solution. O

4 4.1 Application

Allow FIDEs of neutral type with boundary value conditions
gD% [T(t) — 15 01 e** 7Y (s)ds] = =sin(27Y) + 55T+ + 2+ 3 01 e?* 72T (s)ds + %fol e’ Y(s)ds,

T(0) + 3(5D3Y(0) = f(ﬁ @T(s)ds, teo,1]

here g(t, T(t), PY (1)) = & [} e 72T(s)ds,
FIET), 00 (1), ST(1) = f-sin(2rY) + 5T+ +2+ 1 [ e2i*2r(s)ds + L[ e Y (s)ds.

HereQ:%,p:%,azl,b:&c:l,d:lq:1,61:3,91:1,

1
16
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(1Og91)9+91
I(or+o0+1)
Br, = ([lea[[l[#a ]l + lle2[ll[#2[1€) + (lexlle2|[[[@s]] + [[¥4]|£)
llc|l(log £)° n Hd\(logﬁ)g_”}

Ile+1) Lle—p+1)
Bry = ([lex[l[[ s + [[Zall©)[llell + lId]l]-

(log 92)9+Q2

Ap, = v YrllL Y TSR
;= [lea 1] + [lez |12 | T(os+o+1)

+ (lexllez H1s]] + [1¥4]|£)

Ay = (lesllll@s]] + sl

Using the above parameters in Ar,, Br,, Ay and By, we get

( (log L)®

A A.) 1+ Br, + Br.) = 8.0427
P(9+1)+ 7 +Any ) + (1 + Br, + Bry)

In order to demonstrate Theorem 3.6, we opt for

1 1
FILT,0(T), S(T)) = —— sin(27T) + ~T + € + 2+ 1/ €227 (s)ds + é/ Y (s)ds
0 0

127 30 8
1 1

g, T, P(T)) = — [ > 2Y(s)ds
16 J,

n (1.1) and then

F(1,0001), S(T1)) = F(1,X2,0(Y2), S(X2))] = o |sin(@rL1) = sin(@x )] + 55 |Xs — Tl

=+ 0.054|T1 - T2| =+ 0.125|T1 - T2|
= 0.212|T1 - T2|

lg(t, Yo, P(T1)) — g(t, T2, P(T2))| = 0.027|T1 — Yo

Hence the condition (A2) and (A4) holds with U; = 0.212,U> = 0.027, where Uy = Fi + Folmax +
]:3hmax, U2 = el + €2kmax-
To calculate t; from given data is

U1(10g£)9
tr = ————— =0.1595
"= Tlo+1)
If not, in the case of every t € J and Y in R, we obtain
S T,000, ST = [hsinarT) + 7+ € 424 L [ rgas s L [eriopas
.7, ) = |15, sin(@m e 806 88806 s)ds

=34 0.087|Y| + 0.125|Y|

lg(t, Y, P(T))| = 0.027|Y].

Hence the condition (A1) and (A3) holds with F = 3, 7 = 0.087, F = 0.125, € = 0, € = 0.027.
Using Theorem 3.6,
H={YecZ:3¢ec[0,1]s. t. (TT =T}
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comprises set of solutions; subsequently,

I} = 11¢(T2 () + T2 () + T5 ()]

< (FEE + Any+ An)(F+ ZITI7 + FXIP)
+ (14 Br, + Bry) (€ + €[|T|")
Thus,
(% + Ar, +AT3)}—+ (1+ Br, + Bry)€
]| < : o )7 - - - = 53.6861
_ (m + Ar, +AT3)(}'+]—') — (1 + B, + Br,)€

13

According to Theorem 3.6, there exists at least one solution )T in C(J,R X R X R, R) for the system

(1.1) with values taken from (4.1).

log L)¢
Also, (& + Ar, + AT3) Ui+ (14 Br, + By )Uz = 0.8184 < 1. Therefore, according to Theorem 3.7,

I(o+1)
the system (1.1) with values from (4.1) possesses a solitary solution.

4.2 Application
The FIDE with B.V.C’s is:

GDC(a) = 37 5in(270) + 55+ a7+ 2+ § [y € (s)ds, g€ [0,1]
,S)T

€(0) +3(5D3¢(0) = f Sr-c(s)ds,

o

G +2(GD3¢(1) =5 J Ui c(s)ds,

where g(¢) = % 01 e**7%((s)ds. Here v = 3,y =13,a,c=1,b=3,d = 2,¢c1 = 5,11 = 1,

3 1 3
Uy = 17<1:17C2227L:63nd

(log Ca)"*"2

_ (logcu)"
(v +v+1)’

T(ri+v+1)
|c[(log L)” _ |d|(log L)”_”}
rv+1) Tw—vy+1)1

Cr, = lerllxal + lez][xz] + (lerlle2llxal + [xal L)

Cry = (Jerl sl + Ixal |
By the above parameters in Cr, and Cr,, we get

(log L)” _
(F(V Tt On Cr,) = 33428

To Prove Thm 3.6, we take

_l e Lo 2o L1 a2y
F(0.C.9(0) = g3z sn@2n0) + g5¢+a* 42— 5 [ (s)as

n (1.1) and then

1£(0:G1,9(61)) ~ £(a G, 9(G)| = 1| in(27Gr) — sin(2nGa) | + 55161 — G+ 0.0541¢: ~ G|

T 12w
=0.087|¢1 — Cal.
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Hence the condition (Al) holds with P = 0.087, where P = a + Bkmax + Xhmax. To calculate g5 from
given data is

_ P(logL)"
U = T gy = 00T
Let g€ J,( € Z,
1 . 1 2 J I P
|f(q7C79(C))|:|ESIU(QWC)+%C+Q +2—§ ) e T ¢(s)ds]

1
= = .054|¢|.
55161+ 3+ 0.054[¢]

Hence the condition (A2) holds with Wi = 3, W, = 55, Ws = 0.054, W, = 0.
By Theorem 3.6,
H={(e¥:3INe0,1]s. t. \T(={(}

is solution set,

<1 = IIAT(E) + T2(€) + T ()]

log L)
< (LS + Ot 0n) W+ WAICIP + Wl + WAIKCIP)
Thus,
log L)”
(% +Cr, + CT3)A1
16l € — gy — 13.6109
1- (7F(7/ 1) +Cr, + CT3)(A2 + Az + Ay)

(log L)” _
T(v+1) +0m, +CT3}P -

0.2827 < 1. By Theorem 3.7 the system (1.1) with values from (4.1) has a unique solution.

by Theorem 3.6 the system (1.1) with values from (4.2) has a solution. Hence, [

5 Conclusion

In summary, your work seems to explore the theoretical framework for solving neutral FIDEs with spe-
cific boundary conditions and employs topological methods to establish key properties of the solutions.
This kind of research is crucial for advancing the understanding of complex differential equations and
their applications.For analytical solutions, we shall verify theorem conditions which can save time and
prevent efforts on intractable problems. Using simplification techniques such as separation of variables,
integration factors, and transformations, and exploring symbolic computation to find exact solutions when
possible. Also, investigating the special cases or constraints might make an analytical solution feasible.For
approximate solutions, we shall use numerical methods like Euler’s, perform error analysis, and leverage
computational simulation tools. Adaptive techniques and comparative studies can help choose the best
approach. Thus, Analytical solutions offer exact expressions and insights into system behavior, serving as
benchmarks for verification, whereas numerical solutions play a crucial role in solving complex problems,
provide flexible approximations, and enable dynamic exploration through simulations.

Conflict of interest: The authors have no conflict of interest to declare in carrying out this research
work.
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