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Abstract: In this paper, the concept of a weak (g, ¥ )-contractive mapping has been introduced within
the context of C*-algebra valued partial metric space, and existence of fixed point is established by utilizing
the C-class function. Further, several non-trivial examples are provided to show the validity of our results
and as application of proved result an integral equation is solved.
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1 Introduction

In 1922, Banach presented Banach contraction principal, which is now known as the FP theorem.
Bakhtin extended the concept to b-metric spaces, providing an analogue of the Banach contraction prin-
cipal in this broader context. G. J. Murphy [L1] introduced C*-algebra and operator theory. It is evident
that when equipped with the norm topology, the collection L(H) composing all bounded linear operators
on a Hilbert space H forms a C*-algebra.

In 2014, Ma et al. [[7] introduced to C*-AVMS. This groundbreaking research paved the way for further ex-
ploration, as evidenced in subsequent works [{}, 2, 4, 8§, 6, &, 9, 10, 14, 16], where additional FP results were
achieved within the realm of C*-algebra-valued metrics, including the more general domain of C*-AVbMS.
Moreover, inspired by the groundbreaking work of Samet et al., we explored contractive mappings in MS.
Additionally, We have proposed a variant of (/3,1) contractive mapping within the framework of a unital
C*-AVPMS. Chandok[B] further expanded this concept by inventing the class of C*-AVPMSs, which led
to the exploration of additional FP theorems.

In this paper, we introduce a contraction map in C*-AVPMSs. In our investigation, we focused on the
existence and uniqueness of FPs for self-operators defined in PMS belonging to the class of (8p-¢g) con-
traction mappings. We discovered that this class encompasses a wide range of contraction-type operators
and their FPs.

The paper’s structure is as follows: The first section provides an introduction, the second section covers
basic definitions in the preliminaries, the third section presents the mains results. In the fourth section,
we demonstrate applications and illustrative examples.

1Corresponding author: Department of Mathematics, Maharishi Markandeshwar, Mullana, Haryana, India,
vishal.gmn@gmail.com

2Department of Mathematics, Maharishi Markandeshwar, Mullana, Haryana, India, anju.kaliraman02@gmail.com

3Department of Mathematics, Ahir Collage, Rewari, Haryana, India, jainmanish26128301@gmail.com


https://mcs.qut.ac.ir/article_716339.html
http://mcs.qut.ac.ir/

50 Mathematics and Computational Sciences, Vol 5(3) 2024

2 Preliminary

Consider a C*-algebra denoted by B’, which represents an algebra over the complex numbers field C.
In this context, we assume that B is a unital algebra, having a unit element denoted by e. The conju-
gate map B which is denoted by * : B — B, that satisfies certain properties. Specifically, for all elements
g and h in B, we have gx = g and (gh)* = h*g*. Thus, the pair (B, *) is commonly referred to as a *-algebra.

The submultiplicative norm denoted by ||.||. This norm satisfies the condition ||g|| = ||g||* for all
elements g in B. The concept of C*-algebra which is a Banach algebra that satisfies an extra property:
llgll = llg”g||. When considering a unital C*-algebra B, for any element u in B, we have v < 1 if and only
if |lu|l < 1.

Definition 2.1. [9] Consider a mapping P : E — E and 8 : E X E — [0,00). If P as an S-admissible
mapping when it satisfies the following condition:

B(R, Q) > 1 implies that S(PR, PQ) > 1 for all, \,Q € E.

Definition 2.2. (] Let us consider a mapping P : E — E is said to be weak triangular B-admissible
where B : E x E — RT, if it satisfies two conditions, it is a B-admissible mapping, and the condition:

B(R, PQ) > 1 implies B(R, P2(R)) > 1.

Definition 2.3. [10] A map P : E — E is said to be weak triangular B-admissible, if there exist Qo € E
such that

B(Qo, PQo) > 1.
If Q, = P"Qo, then 8(Qm,Qn) > 1, where m < n, for all m,n € N.

Definition 2.4. [§/Consider E # ¢ and let p : E x E — R satisfy the condition:
1. p(RX,R) = p(0,9) = pR,Q) if and only if N=49Q;
2. p(R,Q) = p(Q,N);
3 p(R,R) < p(R,Q);
4. p(N, Q) < p(R, 1) + p(1v, Q) — p(tv,w) for all X, 0,10 € E.
Then the pair (E, ) are called PMS and g is called a partial metric on E.

Definition 2.5. [§] In PMS the following definitions are satisfying:
1. A sequence {X,} converges to R if and only if

PN, N) = lim p(X, N,).

n—00

2. A sequence {X,} is referred to as a Cauchy sequence if lim p(R,,Ny,) exists and is finite.
n,m—oo

3. A PMS (E, ) is considered complete if every Cauchy sequence is convergent i.e,

P(N,N) = lim (N, Nyp,).

n,m— oo

4. Let us consider a mapping P : E — E is said to be continuous at Qo € E if for any given € > 0,
there exists a § > 0 such that P(By(Qo,)) C By(PQo, €) where By, is n open ball.
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Theorem 2.6. [§] Let (E, p) be a complete PMS. Consider a map P : E — E is said to be weak triangular
B-admissible, w.r.t the altering distance function v and a continuous function ¢ : RT — RY for all
N, Q € E, the inequality

B, Q)(p(PR, PR)) < ¢(M'(R,9))
holds, where
M/(Na Q) - mam{p(N, Q)v p(N, PN)7 p(}:L PQ)}
And (t) > ¢(t) for all t > 0, if there exists Qo € E such that

B(Qo, PQo) > 1,
then the mapping P possesses a FP.

Definition 2.7. [9] Let (E, p) be a PMS and 8 is a admissible mapping. Then E possess property (C)
w.r.t B if for every sequence {N,} C E with B(Ryn, Ryq1) > 1, there exists no € N such that

B(Rm, Ry) > 1 for all n > m > no, where n € N.

Definition 2.8. [9] Let (E, p) is a PMS. Let P : E — E be a mapping then P is a weak (8,1) contraction
map if there exist two function B and ¥ such that

BR, Q)p(PR, PR) < p(max p(R, ), (%, PR), (2, PA))
and
BN, Q)p(PX, PQ) < 1(p(%, Q)

for allX,Q € E, where §: E X E — [0,00) and © € U then P is an (B, )-contraction mapping.
Definition 2.9. [9] Let (E, p) is a PMS. Let P : E — E is a mapping then P is a weak (8,1) contraction
mapping if it satisfying the following conditions:

1. The mapping P is a B-admissible;

2. There exists Qo € E such that B(Qo, PQo) > 1;

3. The set E have property (C);

4. P is a continuous map on (E, p°), where p° = 2p(X, Q) — p(N,R) — (2, Q).
Then the mapping P has a FP, or we can say that there exists Q" € E such that PQ* = Q™.
Definition 2.10. /9] Let E # ¢ and p : EX E — B is called a C*-AVPMS on E if the following properties
are satisfying:
N=909if and only if p(RX,N) = p(Q,N) =R, Q) and 0 < (X, Q) for all X,Q € E;
(R, R) < p(R,Q);
P(Q,R) = p(R, Q) for all X, Q € E;

4. p(N, Q) < pR,w) + p(w, Q) — p(w, w) for all X,Q and w € E.
Then the pair (E, B, p) is called C*-AVPMS and p is called a partial metric on E.

o =

Definition 2.11. [1§] Let 15 represent the set of positive functions 1 : BT — B that satisfy the following
conditions:

1. ¥p(a) is a continuous and non decreasing function;
2. Yp(a) =0 if and only if a = 0;
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3. For each a > 0, the series Y oo ¥i(a) converges to a finite value, and limy,_,oc 5 (a) = 0, where
Y5 (a) denotes the nth iterate of ¥p;

4. The series > oo "B (a) < oo, for a = 0 and is increasing and continuous at 0, where B denote
the set of elements X € B such that X = 0p.

Definition 2.12. [7] Consider E # ¢. Let 5 : E x E — (B')" be a function, and the operator P is Bp—
admissible if for all (R,Q) € E x E with

Be(N, Q) = Ip implies Bp(PX,PQ) = Ip.
Where Ip is the unit of B.

Definition 2.13. [10] Let (E, B, diz) be a C*-AVbMS and P : E — E be a operator then P is a B — B
contractive mapping if there exist two functions Bg : E x E — B’ and Bs € v¥p such that
Be(R, Q)dp (PR, PQ) < ¢¥(dp(R,Q))
for allX, Q € E.

Theorem 2.14. [1(] Suppose (E, B, dz) be a C*-AVOMS and P : E — E be an Bg — 5 contraction
mapping satisfy the following conditions:

1. P is a continuous.
2. There exist Rg € E such that Bs(No, PRo) = Ip.
3. P is a fp-admissible.

Then P has a FP in E.
Theorem 2.15. [1(] Suppose (E, B, dp) be a C*-AVbMS and P : E — E, be a mapping satisfy
Br(R,Q)dp (PR, PQ) < ¢5(dp(PR,R) + d(PQ,Q))

for allX,Q € E, where Bg : E x E — (B)Y and ¢5 € Vg, and the following condition satisfied:
1. P is a Bp-admissible;
2. There exist Rg € E such that Bs(No, PXo) = Ip;
3. P is a continuous.

Then P has a FP in E.

3 Main results

Definition 3.1. Let (E, B, pg) is called C*-AVPMS and P : E — E be a operator. We say that P is a

weak (Bg,V5) contractive mapping if there exist two function Bg : E x E — Bt and v5 € Y such that
B(N,Q)pB(PN, PQ) < 1/J(max pB(Naﬂ)v pB(N7 PN)v @3(97 PQ)) (31)

and

ﬂ(Nvg)ﬁoB(Pvaﬂ) < w(pB(N?D))’
for all X, Q € E, then P is an (Bp,¥B) contraction mapping.
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Theorem 3.2. Suppose (E,B,pp) be a C*-AVPMS and P : E — E be an weak Bp — ¥p contraction
mapping satisfied the following conditions:

1. P is a continuous;

2. There exist Rg € E such that B (No, PXo) = Ip;
3. E has the property (C) w.r.t 3;

4. P is a weak Bp-admissible.

Then P has a FP in E.

Proof. Let Xg € E such that Sp(No, PRo) > Ig. Define the sequence {R,} in E by

Nor1 = PR, for all neN.

Let us consider, N,,11 = N, for some n € N, then X,, is a FP for P. On the other hands assume that
N,+1 # N, for all n € N. Since P is weak 8 admissible, we get,

BB (Ro, 1) = BB(Ro, PRo) = I,

implies that,
Ba(PRo, PX1) = B(N1,Ng) = Ip.

By induction S85(Rn, Rpt1) 3= Ip for all n € N. Put R = R,, and Q = 9Q,, and using above, we obtain

PB(PRy_1,Ry) < BB(Rn—1,R0) o5 (PRy—1,Rp)
< Y(max{ps(Rn—1,8n), pBNRn—1, PRy—1), o5 (Rn, PRy)})
= zp(max{pB(Nn,l, Nn)7 BOB(NTL7 Nn«kl})A

B (Nn, Rpy1)

If,
maX{@B(anl? Nn)v ©B (Nnv Nn+1)} = ©B (Nm Nopt1).

From Equation (@)7 we get

98 Nn, Rit1) S PPN, Nit1)) < (N, Npp1).
We obtain a contraction, therefore

max{ppRn—1,Rn), PBRn, Rny1)} = ppRn-1,Rn),

and hence
PR, Rpt1) K YeRn-1,Ry) for all neN. (3.2)

By induction pp(Rn, Rnt1) < " 9B (Rn—1,Ry) for all n € N.
Since E has the property (C) w.r.t g if for each sequence {R,} C F such that a(N,,R,11) > 1 for all
n € N, there exists no € N such that 3(R,n,N,) > 1 for all n > m > ng. Above Equation (8.9) hold for
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n = m. proved for m > 1,p > 1, it follows

+ oBRmt1, Rmtp) + 95 Nmt1, Nmy1)

+ (PR, Pripip_1)

+ B8R, Nt p—1) 0B (PRm, PRimyp-1)

+ P (max{ps(Nm, Rm1p-1), 98 (Rm, Rm11), 0B (Rm4p—1, Rm+p) })

"o(Ro, V1) + " T o(Ro, Ry) 4+ .+ TP 0(Re, ) + TP o (Re, Ry)
1

8 Rm, Rintp) < 08 Nm, Rm11

J

N

@B(Nm, Nm+1

N

B(Nmy Nm+1

—_ — — —

BN, g1

AN
< T D

i

P OB (Ro, Re) 4+ 9" TP o (R, Ry)

Il
(]

08 Ry Rinp) < Y 0" op(Ro, Ry) + 9" 7 op(Ro, Ry).
k=1

SR
= =

Thus, {X,} is a Cauchy sequences in E. Since (E, B, pp) is complete, there exist r € E such that
rn, — T as n — 0o, from continuity of P, it follows that r,4+1 = Pr, as n — oo.
We consider the one condition (H4) : For all z,y € E, there exists z € E such that

Be(x,2) = I and Bp(y, 2) = Is.

To proved the uniqueness of the limit. Suppose that x and y are two FP of P. From (H4), there exist
z € F then
Be(x,z) = Ip and Br(y,2) = IB.

Since P is fg-admissible, we get

Be(x, P"2) = Ip and Be(y, P"2) = I for all n € N.

Now,
pB($7Pnz) = pB(P$7P(Pn_1Z))
< Bp(z, P" 2)p5(Px, P(P"2))
< ¢¥p(ps(z,2)) forallneN
— 0 as n — +o00.
Thus P"z = x. Similarly P"z =y as n — co. So, x = y. O

4 Application

We derive an outcome of existence for a specific integral equation of the following form:

a(m:[ES(N,e,a(e))d9+w(N), N0 € E, (4.1)

where E be a measurable set, S : E2 x R — R.
Let G = L*(E), L(G) = A. Define dp : B x B — A by

dB(w, k) = T(|w—k|P+1I)> where B = LOO(E),

for all w,k, I € B, p>1, and |jw|| =k < 1.
Let 7, : G — G are the operator defined by:

7Tv(¢) =v-¢.
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Let us consider that there exists a continuous function 8 : E? = R and 0 < k < 1 such that

IS(R, 6, a(6)) — S(R,6,b(0))| < k|B(XR,0)| (|a(6) —b(6)| + T — k1), (4.2)
for all X,0 € E and a,b € B and
sup [ 15(0,0)|d0 < 1.

ReEJE
Then, the integral Equation (@) has a unique solution.

To find the solution, define P : B — B by
P,(X) = / S(XN,0,a(0))dd + h(R), forall N,0€ E.
E

Let w = kI, then w € A. For any v € G and p > 1, we have

HdB(Pme)H = HSlulp (W‘pa,pb‘er].’U,’U)
v||=1

sup/
lvl=1/E L

/ S(R,0,a(0)) — S(X,0,b(0)) db

P} v(R)v(R) dR + sup /v(N)v(ﬁ) dNI
llvll=1

< sup / /S(N,&a(@))—S(N,G,b(@))d@H [o(R)[>dX + sup / [v(R) [ dRT
lol=1/E lloll=1
< Sup/ /Wm 0)(a(0) —b(0) + I — k1) d@} [o(R)[* dR 4 T
lol=1/&
<o sw [ [ 15080) |d9] [o(R)[2 dNla — b7,
[lvll=1
< kK sup / / [B(R,0)|dO sup / lu(R)[* dX||a — b||%,
[lvll=1 [lvl|=1JE
< klla — ||,

= [lwlllds(a,b)|-

Therefore the Fredholm integral Equation (@) possesses a singular solution, satisfying that P has a
unique FP.

Now, to illustrate the above result, we are giving the following example:
Example 4.1. Let E = [0,1], B = L*°(E), and G = L*(E). Define dp : B x B — L(G) b
dp(w, k) = T e —k|2415
where T, : G — G are the operator defined by:
m(6) = v- 0.

Consequently, the triple (B, A, dg) forms a complete C*-AVPMS. Let’s ezamine a function 3 : E* — R
given by B(R,0) =1 for all X,0 € E. This leads to the following result:

sup [ 15(,0)|d0 < 1.

ReEJE
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Now, we defined S : E*> x R — R by S(R,0,a(0)) = (R — 0)a(0). Let P be a operator on B by:

P,(N) = /ES(N,Q,a(@))dG, for all X,0 € E.

Note that ||dp(Pa, Py)|| < ||lwl|||d5(a,b)|| holds true for all a,b € B, where w = kI for any k € [0, 1].

Consequently, all the conditions are satisfied, leading to the existence of a unique solution a(X) satisfying
P, = a for Equation (B)
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