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1 Introduction

From last one decade, several researchers have focused on different contractive conditions in metric spaces
endowed with a partial order and obtained many fixed point results in such spaces. Ran and Reurings [20] gave the
first result on fixed point with partial order as a generalization of Banach contraction principle. Nieto and Lopez [18]
remove the continuity condition on mappings and extended their (Ran and Reurings) result by utilizing the notion of
non-decreasing mappings. Suzuki [25] proved a generalization of Banach contraction principle by using a contraction
condition depending on a non-increasing function. Recently, Han and Hieu [12] introduced the notion of generalized
cyclic contractive mapping in b -mefric spaces. Gupta et al. [[1] proved a new fixed point theorem satisfying
generalized Geraghty type contraction for pair of self mappings in partially ordered metric spaces. For more details
on fixed point results with different kind of contractions, we refer the readers to see [10, 23, 26, 22, 17, 24, |9] and
the references there in.

In 1993, Czerwik [7] introduced the concept of b -metric space. A b-metric is a metric if we take s = 1. Every
metric is a b-metric, but in general a b -metric need not to be a metric. Following example (due to Aghajani [I])
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justify the statement.

Example 1.1. [i] Let (X, d) be a metric space, and p(z,y) = (d(z,y))?, where p > 1 is a real number. Then p is
a b-metric with s = 2P~*. However, (X, p) is not necessarily a metric space. For example, if X = R is the set of
real numbers and d(x,y) = |x — y| is the usual Euclidean metric, then p(z,y) = (z — y)? is a b-metric on R with
s = 2, but it is not a metric on R.

In 2009, Boriceanu [4] gave the following definitions and propositions on b—metric space and proved some
fixed point theorems.
Definition 1.2. [d] Let (X, d) be a b—metric space. Then a sequence {x,} in X is called:

1. b—convergent if and only if there exists x € X such that d(xy,z) — 0, as n — oo. In this case, we wrife

lim z, = x.
n— o0

2. b—Cauchy if and only if d(xyn, zm) — 0, as n,m — oco.
Proposition 1.3. [é] In a b—metric space (X, d), the following assertions hold:
1. A b—convergent sequence has a unique limit.

2. Each b—convergent sequence is b-Cauchy.
Definition 1.4. [¢] A b-metric space (X, d) is called b -complete if every b-Cauchy sequence in X is b-convergent.

Remark 1.5. The first important difference between a metric and a b -metric is that the b -metric need not be a
continuous function in its two variables.

Aghajani et al. [l] proved the following lemma about the convergence in b -metric spaces.

Lemma 1.6. [i] Let (X, d) be a b-metric space with s > 1, and suppose that {z»} and {yn} are b-convergent fo
z,y, respectively. Then we have

1 .. .
S—Qd(x,y) < liminfd(zn, yn) < limsup d(zn, yn) < s2d(z, ).

n—00 n—oo

In particular, if © = y, then we have limy,_, o d(2n,yn) = 0. Moreover, for each z € X, we have,

%d(m, z) < liminfd(z,, z) < limsupd(zn, 2) < sd(z, z).

n—o0o n—oo

Han and Hieu [12] gave the following lemma, which is the equivalent condition for the Cauchy property of {z,}
in b -metric spaces.

Lemma 1.7. [i2] Let (X,d,s) be a b-metric space, and {x,} be a sequence in (X,d,s). Then the following
statements are equivalent.
1. {zn} is a Cauchy Sequence in (X,d, s),
2. {x2n} is a Cauchy Sequence in (X,d, s) and lim d(zn,zn+1) = 0.
n—oo
Definition 1.8. [13] A function 1) : [0, 00) — [0, 00) is called an altering distance function if the following properties
are satisfied:

(¢) 9 is non-decreasing and continuous,
(4) ¢ (t) = 0 if and only ift = 0.

Remark 1.9. We let U denote the class of the altering distance functions.
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Definition 1.10. A function 1 : R — R is called an infinite altering distance function, if the following properties are
satisfied:

(¢) 4 is non-decreasing and continuous,

(i) ¥ (t) = 0 ifand only ift = 0.

Remark 1.11. We let W;,¢ denote the class of the infinite altering distance functions.

Definition 1.12. [2] We say ¢ : [0, +00) — [0, +00) ultra distance function if it is continuous and ¢(0) > 0, and
¢(t) > 0,t > 0.

Remark 1.13. We let ®,, denote the class of the ultra altering distance functions.

Han and Hieu [I2] introduced the notions of generalized cyclic contractive mapping and proved a unique fixed
point theorem.

Definition 1.14. [I2] Let (X, d, s) be a b-mefric space, A and B be non-empty subsets of X, Y = AU B and
T:Y — Y be a mapping. Then T is called a generalized cyclic contractive mapping if:

(i) Y = AU B is a cyclic representation of Y with respect to T, that is, T(A) C B and T(B) C A.

(it) There existy € W, p € ®,, and a constant L > 0, such that

U(s'd(Tz, Ty)) < $(p(M(z,y))) + LN (z,y)

for all (z,y) € A x B or (z,y) € B x A, where

s

M(.T y) — max d(CE, y)7 d(:r7 T:L‘)v d(y7 Ty)7 il ,Ty);—d(y,T ) ) ATz, )-;Z(T Tw) )
’ (T, Ta),d(T*2, y), d(Tz, Ty)

and
N(z,y) = min{d(z, Tz),d(y, Tz),d(T*z, T?y)}.

Theorem 1.15. [i2] Let (X, d, s) be a b-metric space, A and B be non-empty closed subsets of X, Y = AU B and
T:Y —'Y be a generalized cyclic contractive mapping. Then T has a unique fixed point in AN B.

In 2014-15, Ansari [2, B] introduced the notion of C -class function as a major generalization of Banach contraction
principle. Author introduced the following definitions and examples to justify the importance of his result.

Definition 1.16. [2] A family of mappings F : [0, 00)? — R is called C-class function if it is continuous and satisfies
following axioms:

L F(r,t)<r;

2. F(r,t) = r implies that either r = 0 or t = 0; for all v, t € [0, o).

For brevity, we denote C'-class functions as C.
Remark 1.17. Clearly, for some F we have F(0,0) = 0.

Example 1.18. [2] The following functions F : [0,00)> — R are elements of C, for all r,t € [0, c0):
L Firpt)=r—t F(r,t)=r=1t=0;

. F(r,t mr, 0<m<1, F(r,t)=r=r=0;

ﬁ;he (0,00), F(r,t)=r=r=0o0rt=0;

4. F(r,t

2. F(r,t) =
3 F(r,t) =
. F(rt) =

log(t+a")/(1+t),a>1 F(r,t)=r=r=0o0rt=0;
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5 F(rit)=In(1+4+a")/2,a>e F(r,t)=r=r=0;

6. F(rit) = (r+ D)D" _ 11> 1,pe (0,00), F(ryt) =7 =t=0;
7. F(r,t) =rlog, ,a,a>1 F(rit)=r=r=0o0rt=0;
8

9

nt):r—(ﬁ)(ﬁt),F(r,t):r:tZO;

r,t) =rp(r), B:]0,00) = [0,1), F(r,t) =r=1r=0;

10. F(r,t)=r— 55, F(r,t) =r=1t=0;

I F(r,t) =1 —¢(r),F(r,t) =r =1 =0, where ¢ : [0,00) — [0,00) is a continvous function such that
pt)=0t=0;

12. F(r,t) =rh(r,t),F(r,t) =r = r =0, where h : [0,00) x [0,00) — [0,00) is a continuous function such
that h(r,t) < 1 forallt,s > 0;

13 F(r,t) =7 — (3t F(r,t) =r =t =0.

4. F(r,t) = ¥/In(1+r"), F(r,t) =r=1r=0.

15. F(r,t) = ¢(r), F(r,t) =1 =r =0, where ¢ : [0,00) — [0, 00) is a upper semi-continuous function such
that $(0) = 0, and ¢(t) < t fort > 0,

16. F(r,t) = 1555 € (0,00), F(r,t) = r implies r = 0.

Lemma 1.19. [3] LeH{z} be a sequence in a b -metric type space (X, d) such that
d(Tn, Tn+1) < Ad(Tn, Trn-1)
for some X\,0 <A < % andforn=1,2,---. Then {x,} is a b—Cauchy sequence in (X, d).

In 2018, Saleem et al. [21] introduced the concept of the inverse C-class function and established several fixed
point theorems. Subsequently, other researchers applied this concept to prove analogous versions of well-known
fixed point theorems [4, 9, b, 14, 15, 16]. Recently, Ansari, Gupta and Mani [8] gave a sufficient condition for the

P

existence and uniqueness of common fixed points pair of self-maps satisfying a generalized [ -weakly contractive
@

condition involving C' -class functions in complete metric spaces.

In this paper, we first introduce a C' -class generalized cyclic contractive mappings and then prove a fixed point
result in the set up of b -metric spaces with the help of monotone friplet (¢, ¢, F'). In next section, as an applications,
we have deduce some new and interesting corollaries.

2 Main Results

The following theorem is the main result of this paper.
Definition 2.1. A fripled (v, o, F), where) € ¥, o € &, and F € C, is say to be monotone, if for any x,y € [0, 00)
<y = F¥(x),¢) < Fy),e)).

Example 2.2. Let F(s,t) = s —t,¢(z) = /x
rz if0<zx<1,
Y@ = {f =

22, ifz>1

I

then (¢, ¢, F') is monotone.
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Example 2.3. Lef F(s,t) = s — t,¢(x) = x2

’

_)Vr if0<z <1,
1/’(33){9627 ifz>1

then triplet (1, ¢, F') is not monotone.

Definition 2.4. Let (X, d, s) be a b-metric space, A and B be non-empty subsets of X, Y = AUB andT : Y —» Y
be a mapping. Then T is called a C' -class sum generalized cyclic contractive mapping if:

(1) Y = AU B is a cyclic representation of Y with respect to T, that is, T(A) C B and T(B) C A.

(it) There exist F € C, ¢ € Wing, @ € @y such that (¢, ¢, F) is monotone and a constant L > 0, > 0 such
that

U(s T d(Ta, Ty)) < F (Y(M(z,y)), p(M(z,y))) + LN (z,y) 21
for all (z,y) € A x B or(z,y) € B x A, where

ad(z,y) + bd(z, Tx) + cd(y, Ty)
+ed(m, Ty) + d(y, Tx)

1
a+bt+c+2e+2f+r+s+h +f

M(z,y) = (T2, %) + d(T%, Ty) 22)

S
+rd(T?z, Tx)
+sd(T?x,y) + hd(T?z, Ty)

a,b,c,e, f,r,s,h >0, witha+b+c+e+ f+r+s+h>0and
N(z,y) = min{d(z, Tx), d(y, Tz), d(T*z, T*y)}. (2.3)

Theorem 2.5. Let (X,d,s) be a b-metric space, A and B be non-empty closed subsets of X, Y = AU B and
T:Y =Y be a C-class sum generalized cyclic contractive mapping. Then T' has a unique fixed point in AN B.

Proof. Let g € A. We construct the sequence {z,} in X by zp4+1 = Tzp, for all n > 0. Since g € A, 21 =
Txo € T(A) C B. So, zz = T'zy € T(B) C A. Continuing this process for all n > 0, we have

ZTon € A and Tont1 € B (2.4)

If there exists k > 0 such that zx4+1 = x, then Tz, = xx, that is, xy, is a fixed point of T. Suppose that z,, # Tn41
for all n > 0. From (@), we have (z2n—1,%2,) € B X A. Since T is a C-class generalized cyclic contractive
mapping, we have

(s (d(w2n, T2n41))) = (s' T d(Tw2n—1, T20))
< F(Y(M(z2n-1,22n)), (M (T2n—1, T2n)))
+ LN(z2n—1,2n)
< Y(M(z2n—1,22n)) + LN (T2n—1,Z2n), (2.5)
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where,
M(x2n—1,T2n)

ad(2n-1,T2n) + bd(x2n—1, TT2n—-1)
+cd(z2n, Txon)

d(z2n—1,Tr2n)+d(z2n,TT2n—1)

1 +e E
a+b+c+2e+2f+r+s+h +f AT zon 1,22, 1) +d(T 32201, T22,)
+7“d(T221’2n—17 Tron—1)+
sd(T?xan—1,T2n) + hd(T?z2n—1, Tx2,)
ad(T2n—1, T2n) + bd(T2n—1, T2n)

+ecd(xon, Tany1)
1 +e d(z2n—1,%2n4+1)+d(T2n,%2n)

a+b+c+2e+2f+r+s+h +f d<z2n+17z2n—1)jd(12n+lvz2n+l)
+rd(xan+1, Tan) + sd(T2nt1, Tan)

+hd(Zon+1, Tan+1)

ad(Z2n—1, T2n) + bd(T2n—1, T2n)

+cd(xon, Tany1)
1 +es d(z2n_1,%2n)+d(T2n,T2n 1)

atbtct2e+2f+r+sth + fs Hranir wan) Td@an,ron 1)
+rd(xont1, T2n) + sd(Tan+1, Tan)
+hd(xon+1, Tan+1)
< 1 (a+b+e+ fld(ran—1,on)+
“a+btc+2e+2f+r+s+h | (cte+ f+r+s)d(zon, Tant1)

and

N(@2n-1,T2n) = min {d(zan—1, TT2n—1), d(x2n, TT2n—1),d(T*T2n—1, T T2n)}

=min {d(z2n—1, T2n), AT2n, T2n), d(T2n+1, T2n+2)} = 0.

From (B)
c (a+b+ e+ fld(zen—1,T2n)+
YT (dlean, 2ania)) < ¥ { ST T { (c+e+f+r+ s);(mzln, a:22n+1) } }

+ L(0),

Using the properties of 1, we get

s (d(22n, T2n11)) <

1 (a+b+e+ fd(zan—1,z2n)+
Ta+btct+2e+2f+r+s+h | (

cte+ f+r+s)d(wan, ani1)

Consequently, we get
1

81+s

d(z2n, Tont1) < d(x2n—1,T2n) (2.6)

Similarly, we get

d(Ton+1, Tant2) < d(Z2n, Tan+1) (2.7)

Sl+s

Therefore, from (E) and (m) for all n, we have

d(Tn+1,Tn) d(Tn, Tn—1)

S glte
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By induction, we get

1

d(l’n+lvxn) < (F)d($n7$n—1)
1
< (slﬁ)m(%—hxn—?)
<.
1 \n
< ()" d(@, o). (2.8)
Letting n — oo in (E), we get
lim d(zn,ZTnt1) = 0. (2.9)
n— o0

Step Il. By Lemma [19], {,,} is a b -Cauchy sequence, completeness of X yields that {z,,} converges to a point
u € X. We shall prove that u € AN B. Since {z2n} C A, {z2n+1} C B and A, B are closed subsets of X, we
have u € A and u € B. Therefore, u € AN B.

Step lll. We shall now prove that u is a fixed point of T

Since (z2n,u) € A X B and T is a C -class generalized cyclic contractive mapping,

(s T d(Txan, Tu))
F(¢(M(302n7 u))7 @(M(x%“ U))) + LN(x2n7 u)
(M (2z2n,u)) + LN (z2n, u) (2.10)

d(s' " d(w2n i1, Tu))

IA N

where,

ad(z2n,u) + bd(zan, TTon)

+cd(u, Tu)
d(xan, Tu)+d(u,Tray,)

1 +e S
atbtet2eteftrtsth) 4fUllomenn) d@ ey, Ty
+Td(T2m2n7 Tm2n)
+5d(T?xon, u) + hd(T?zan, Tu)
ad(z2n,u) + bd(x2n, Tont1)

+ed(u, Tu)+
1 6d(IanTu)‘i’d(u»ZQ'rH»l)

M(IEQn, u) =

T a+btct+22e+2f+r+s+h + f Uzzntovon ) bd(@ants T)

+rd(xantz, Tant1) + sd(T2ni2,u)
—|—hd(l’2n+2, Tu)

ad(zan, u) + bd(z2n, T2n+1)
+ed(u, Tu)
e sd(z2n,u)+sd(u,Tu)+d(u,z2n41)

1 +
< B
“a+bt+c+2e+2f+r+s+h +f d(T2n+t2,%2n)+sd(Tan42,u)+sd(u,Tu)

+rd(x2nt2, 332n+1j + sd(z2nt2,u)
+hd(l‘2n+2, TU)

(2.1m)

and

N (22n,w) = min {d(zon, Tzan), d(u, Txon),d(T*zon, T?u)} (2.12)

=min {d(z2n, u), d(u, T2n+1), d(T2n+2, T2u)} =0.
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Taking the upper limit as n — oo in @.11) and [@.19), we have

. _ ctet+f+h
nl;rr;qupM(mzn,u) = aibicretr2irist hd(u,Tu) (2.13)
lim sup N(z2,,u) = 0.
n— o0
Consider,
Y(d(u, Tu) — sd(u, van+1)) < P(sd(z2nt1, Tu))
< Y(s' T d(zans1, Tw)). (2.14)
On taking the upper limit as n — oo in [214) and @.10), and using [2.13), we obtain
cte+f+h
<
vt 70) <0 (e e AT

< Y(d(u, Tu)),

which yields that d(u, Tu) =0, i.e u = Tu.
Step IV. Next we prove that u is a unique fixed point of T. Suppose that v is also a fixed point of T, that is, Tv = v.
Then, v € AN B. Therefore, (u,v) € Ax B. Since Tis a C-class generalized cyclic contractive mapping, we have

P(s T d(u,v)) = (s T d(Tu, Tv))
< F(Y(M(u,v)), o(M(u,v))) + LN (u,v), (2.15)

where,

B at+24+Ll4s54h
T atbtct2et+2f+r+sth

M (u,v) d(u,v), and N(u,v) =0.
Then (.15) becomes
G(d(u,v)) < (s d(u,v))
at2¢+Lystn
17[} (a+b+c+s2e+52f+7‘+s+h d(u” ’U)> ’
<F

- at2¢+Lys+n d(u,v)
¥ a+b+ct2e+2f+r+s+h u, v

2 4 f h
co(mpitenr )

a+b+c+2e+2f+r+s+h
< ¢(d(u,v)),

which yields that d(u,v) = 0, i.e. u =v. So, u is a unique fixed point of T". This proves the result. O

3 Applications

Next we give several interesting corollaries, as a application of our main result, in the underlying spaces. Some of
them are novel in literature.
If we take F(r,t) = rB3(r) in Theorem .3, we get a new result.
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Corollary 3.1. Let (X,d,s) be a b-metric space, A and B be non-empty closed subsets of X, Y = AU B and
T:Y — Y be a mapping. Suppose that following assertions hold:

(1) Y = AU B is a cyclic representation of Y with respect to T, that is, T(A) C B and T(B) C A.

(44) There exist ) € Wit and a constant L > 0,& > 0 such that

U(s' T d(T, Ty)) < (M (x,y))B(¥(M(2,y))) + LN (z,y)

for all () € Ax B or (z,y) € B x A, where M(x,y) and N (z,y) are given in 2.3) and £2.3) and 8 : [0, >0) —
[0,1) be function. ThenT' has a unique fixed point in AN B.

If we take F(r,t) = r — v(r) in Theorem 2.3, we find following result.

Corollary 3.2. Lef (X,d,s) be a b-metric space, A and B be non-empty closed subsets of X, Y = AU B and
T:Y — Y be a mapping. Suppose that following assertions hold:

(1) Y = AU B is a cyclic representation of Y with respect to T, that is, T(A) C B and T(B) C A.

(i2) There exist 1 € Wit and a constant L > 0,& > 0 such that

U(s' T d(Te, Ty)) < Y(M(2,y)) — v(¥(M(z,y))) + LN (z,y)

for all (z,y) € Ax B or (z,y) € B x A, where M (z,y) and N (x,v) are given in 2.2) and £.3) and ~ : [0, 00) —
[0, 00) is a continuous function such that ~(t) = 0 if and only ift = 0. Then T has a unique fixed point in AN B.

If we take F(r,t) = Ar, 0 < A < 1 in Theorem .3, then we have following noval result.

Corollary 3.3. Let (X,d, s) be a b-metric space, A and B be non-empty closed subsets of X, Y = AU B and
T:Y — Y be a mapping. Suppose that following assertions hold:

(i) Y = AU B is a cyclic representation of Y with respect to T, that is, T(A) C B and T(B) C A.

(43) There exist1 € Wiyt and a constant L > 0,& > 0 such that

P(s' T d(T, Ty)) < Mp(M(2,y)) + LN (z,y)

for all (z,3) € A x B or (z,y) € B x A, where M(z,y) and N(z,y) are given in 2.2) and £.3). Then T has a
unique fixed point in AN B.

If we take F(m,t) =(a+b+c+2e+2f+r+s+hym,0<a+b+c+2e+2f+r+s+h <1, wih
¥ (t) = t in Theorem R.5, then we have following noval result.

Corollary 3.4. Let (X,d,s) be a b-metric space, A and B be non-empty closed subsets of X, Y = AU B and
T:Y — Y be a mapping. Suppose that following assertions hold:

(1) Y = AU B is a cyclic representation of Y with respect to T, that is, T(A) C B and T'(B) C A.

(%) There exist constants L > 0, > 0 such that

ad(z,y) + bd(z, Tz) + cd(y, T'y)
+e d(z,Ty)+d(y,Tz)
s d(Tz, Ty) < | AT 1)
+rd(T?z, Tx) + sd(T%z, y)
+hd(T?z, Ty) + LN (z,v)

for all (z:,y) € Ax B or (z,y) € Bx A, where N (z,y) is given in 2.3). Then T has a unique fixed point in AN B.

If we assume that F(r, t) = a(r) in Theorem .3, then we obtain a new result.
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Corollary 3.5. Let (X,d,s) be a b-metric space, A and B be non-empty closed subsets of X, Y = AU B and
T:Y — Y be a mapping. Suppose that following assertions hold:

(1) Y = AU B is a cyclic representation of Y with respect to T, that is, T(A) C B and T'(B) C A.

(4@) There exist1 € Wiy and a constant L > 0, > 0 such that

U(s' T d(Tz, Ty)) < a((M(,y))) + LN(2,y)

for all (z,y) € Ax B or (z,y) € B x A, where M (z,y) and N(x,y) are given in 2.3) and 2.3) and o : [0, c0) —
[0, 00) is a upper semi-continuous function such that «(0) = 0, and a(t) < t for allt > 0. Then T' has a unique
fixed point in AN B.

If we take F(r,t) = r — t in Theorem .3, then we obtain the following generalized result.

Corollary 3.6. Let (X,d,s) be a b-metric space, A and B be non-empty closed subsets of X,Y = AU B and
T:Y — Y be a mapping. Suppose that following assertions hold:

(1) Y = AU B is a cyclic representation of Y with respect to T, that is, T(A) C B and T'(B) C A.

(#t) There exists 1 € Wins, ¢ € @, and a constant L > 0,e > 0 such that

U(s 7 d(Te, Ty)) < w(M(2,y)) — o(M(z,y)) + LN(z,y)

for all (z,y) € A x B or (z,y) € B x A, where M (z,y) and N(z,v) are given in £2.3) and £.3). Then T has a
unique fixed point in AN B.

4 Conclusion

In this finding, we have defined a new definition and then derived a result Theorem R.3. We have also placed some
innovative and interesting corollaries as an simple application of our main result. Some of the results given here are
easily derived with help of our auxiliary function, but in nature these results are proved with additional assumption
or condition on mappings or on set. Thus we conclude that our main result is more generalized than other existing
results.
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