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Abstract

This study proposed a two-dimensional local fractional Lighthill-Whitham-Richards (LWR) model of fractal vehicular traffic
flow. The non-differentiable traffic parameters that arise in traffic flow are addressed by this model. The local fractional Laplace
variational iteration method (LFLVIM) is employed to analyse the proposed model and making it serves well for examining the
dynamic shifts in non-differentiable traffic density function. The existence and uniqueness of the solution of 2D local fractional
LWR model have also proven. Several examples are also covered to further illustrate the effectiveness of applying LFLVIM to the
proposed model. Additionally, the numerical simulations for every instance have been demonstrated. This study indicates that
the presented 2D fractal model well captures the phenomena of traffic flow, and the iterative approach that has been employed
to analyse the model is successful and can be applied to obtain the non-differentiable solution to 2D local fractional LWR model.
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1. Introduction

The purpose of traffic models is to serve mechanisms for traffic control, with the aim of optimising
transportation and achieving financial and environmental advantages, such as decreased traffic conges-
tion and pollution. Depending on the observational scale, traffic models fall into three basic categories:
microscopic, macroscopic and kinetic models. Microscopic models measure each vehicle’s dynamics.
They simulate single vehicle-driver units and explain the intricacies of traffic flow and the interactions
that occur within it. The position and velocity of individual vehicles are represented by the dynamic
variables of the models, which are microscopic attributes. Using an analogy with the flow of continuous
media, such as fluids, macroscopic models simulate traffic flow using a first or higher order continuum
and take aggregated characteristics like vehicle density into account. Kinetic models fall between the
preceding two classifications because they can be generated from microscopic models and macroscopic
models can be obtained from kinetic descriptions.

First-order models depending on scalar hyperbolic equations and second-order models composed up of
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systems of hyperbolic equations are the two common categories used to categorise the (inviscid) macro-
scopic models. The model developed by Lighthill and Whitham [31] and Richards [35] (LWR) is the
pioneering study of the first case. While the Aw and Rascle [3] and Zhang [43] model (ARZ) provides a
particular illustration of the second scenario. In order to evaluate various models against data, different
levels of granularity in the underlying process description have been used. It has been suggested in re-
cent research that the macroscopic models offer a framework that is appropriate for incorporating online
traffic data, especially data from fundamental diagrams [11, 14]. Although continuum models have been
mathematically investigated and are now commonly utilised in traffic engineering, very little effort has
been made to validate them using traffic data [2, 8]. There are several well-established and validated
continuum traffic flow models for lane based ordered traffic. The first macroscopic traffic flow model, the
LWR model, primarily consists of three components: a hydrodynamic relation, a conservation equation,
and an equilibrium speed-density relationship as described below:

0 0Q

3w 0, (1.1)
with Q = &v and v = v (&), where & represents traffic density in time T and space w, Q denotes traffic
flow and v is traffic speed, a function of density.
Some researchers addressed the process of lane switching in macroscopic frameworks. Among all the
studies in this direction, the first was done by Gazis et al. [15]. It was later enhanced by the work of
Munjal and Pipes [34], they made the assumption that lane changes would take place in order to achieve
uniform density along the road segment. Daganzo [13] developed a multi-lane traffic behavioural theory.
The lane-changing rate was measured by Laval and Daganzo [27], who then used the data in hybrid
models, which treated lane shifters as movable obstructions to traffic with limited acceleration. Taking into
consideration the lateral spacing of vehicles, Gupta and Dhiman [16] used the car-following model with
full velocity variation to construct a non lane based higher order vehicular traffic model. Aw and Rascle’s
[3] second-order AR model on a three-dimensional flow concentrating surface for multiclass traffic was
extended by Mohan and Ramadurai [33]. The literature is well aware of the drawbacks of first order
models, such as the infeasibility of solutions with unbounded acceleration and the incapability to replicate
intricate traffic phenomena like stop-and-go waves. To address the shortcomings of the LWR model and
be able to explain intricate traffic phenomena, first order models have been extended to multiclass [33],
multi lane [13, 34, 15], or multi-dimensional [20] models. Several initial proposals have been made to
create two-dimensional continuum frameworks. Herty et al. [20] suggested a unique macroscopic model
of first-order in two dimensions based on empirical traffic data. Both lateral and longitudinal traffic
variables are continuous in this model. Balzotti and Goettlich [7] extended upon the single class model
to create a multiclass model in two-dimensions. Higher order traffic models in two dimensions that
describe disorder and chaos in traffic were proposed by Vikram et al. [36]. The literature review leads
to the conclusion that study of the first and second order vehicular macroscopic traffic frameworks in
two-dimensions is still in its infancy. However, none of the aforementioned studies produced a complete
two-dimensional model that took into account the effects of lateral density gradients and road boundaries.
First-order (LWR) models are unable to explain traffic instabilities. However, they are among the most
effective at explaining traffic disruption and traffic chaos behind obstacles like signals, lane dips, on-
ramps and accidents. Additionally, compared to second-order models, first-order models are simpler to
calibrate, contain less number of parameters, and are analytically tractable. Agrawal et al. [1] extend the
standard equation of continuity to two dimensions and incorporate boundary repulsion and diffusion-
driven lateral dynamics to present a comprehensive first-order 2D directed lane-free macroscopic traffic
model, expressed as

0t 3Quw . 9Qq

ot ow op

where & (w, 4, T) denotes traffic density and Q, and Q,, represent vehicle flux in longitudinal (w) direc-
tion and lateral (u) direction.

=0, Vt>0 —co<w<oo, -bgugh, (1.2)
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The LWR model is still widely used to simulate traffic flow because of its efficiency and power in explain-
ing the qualitative behaviour of road traffic. However, the traditional conservation law is invalidated and
the classic standard LWR traffic model is rendered ineffective when physical characteristics like traffic
density or speed in the classical traffic model are a non-differentiable function of space and time viewed
on Cantorian sets, a fractal set. The dynamical LWR model was therefore modified fractally by Wang et
al. [37] to deal with this circumstance in the context of local fractional calculus [40, 38, 44] and indulging
local fractional derivatives (LFDs) inside the local fractional conservation laws. This fractal version of
LWR model is expressed below as

£ £

ng + gw(g =0,0<e<], (1.3)
where ¢ is non-differentiable density function, Q is vehicle flux, function of density, & and & denotes local
fractional derivatives” order. Researchers have recently used a number of approaches to address the local
fractional LWR model implementing the local fractal conservation law. The fractal structure of nature
has been the subject of several investigations in a variety of scientific and technical fields, starting with
Mandelbrot [9]. Yang [41, 39] refined and extended upon the local fractional derivative, which had been
thoroughly examined in the works of Babakhani and Gejji [4]. Local fractional calculus has been used
to tackle fractal problems in physics, fluid dynamics, applied mathematics, signal processing, quantum
mechanics, and other fields [32, 6, 22, 23]. It is among the best and most efficient measures available
for handling fractal and continuous functions which are non-differentiable. For example, Hao et al. [17]
described local fractional diffusion and Helmholtz equations, Yang et al. [40] suggested local fractional
Navier-Stokes equations, Zhao et al. [44] presented the fractal Maxwell’s equations, and Yang et al. [38]
investigated local fractional nonhomogeneous heat equations.

Likewise, to deal with the problem that arises when physical attributes such as density or speed in the
vehicle traffic flow model are taken as non-differentiable functions in space and time, we extend Agrawal
et al.’s two-dimensional LWR model to a fractal version with LFDs under the local fractional conservation
laws and the fractal two-dimensional LWR model is given by

&€ £ £

0 0
ﬁQw—l-aTLEQu:O,VT>O,—oo<w<oo,—b<u<b,0<e<1, (1.4)

d
E£+aw

ot
where & (w, i, T) is non-differentiable traffic density function, and ¢ denotes local fractional derivatives’
order. A generalisation taken on fractal sets for differentiation and integration of functions is known as
local fractional calculus, or fractal calculus [26, 25, 42]. The phenomena that engage non-differentiability
of functions is not well described by the classical derivatives. Moreover, fractal domains like the cantor
set lack differentiability. Local fractional derivatives enter the picture to solve the problem that arises
with non-differentiable functions. There are various approaches to define fractal derivatives such as frac-
tal derivative by means of fractal geometry [29, 18, 5, 12, 24], fractal derivative via Hausdorff measure
[10, 30]. The fractal derivatives are defined by using fractal geometry in this study.
The literature employs a number of numerical techniques to solve the traffic flow models. Lebacque [28]
showed that a Godunov-type method may be used to solve the LWR model for any feasible Riemann issue.
McCormack’s approach has been effectively applied by Helbing and Treiber [19] to solve non-equilibrium
models.
This research presented a study to analyse a local fractional two-dimensional LWR model of traffic
flow and approximate the analytical solution. The study employed a local fractional Laplace varia-
tional iteration method (LFLVIM) to derive the approximate solution of the proposed local fractional
two-dimensional LWR traffic model with local fractional derivatives.

2. Preliminaries

This section deals with the concepts related to local fractional calculus and local fractional Laplace
transform.
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Definition 2.1. [39] A function ¢ (v), v € (e, f) is called local fractional continuous (LFC) at v = v, if for
B,6>0,[v—vel <0 implies
lo(v)—0o(vo)l < BE,0<e<1. (2.1)

Furthermore, if this is true Vv € (e, f) then o (v) is LFC on (e, f) and represented by o (v) € C¢ (e, f).

Definition 2.2. [39] Let o (v) € C; (e, f), then local fractional derivative of o (v) at v = v, is defined by

Do (vo) = o) (vo) = TE el = i SLECR), 22)
where
Af(o(v)=o(vo)) =T (1+¢) (o (v)—a(vo)), (2.3)
and ¢, (0 < ¢ < 1) is fractional order.
Definition 2.3. [39] Let partition of the closed interval [r, s] is (fn, fn41), h=0,1,- —1 with fp = m,

Afp = fry1 — fr and Af = max{Afy, Afy,...}. Then for the function o (v), local fractlonal integral in [, s]
is defined as

£ _ 1 ( €
r]sc(v)_ch(ﬂ(df) 1+£ Algozcy ) (AfR)E. (2.4)

Definition 2.4. [21] Suppose that the norm || - || is defined on a generalized Banach space B = C,. If a
map ¥ : B — B satisfies [Jv® —v¢[|. =0, v € B then v°® is called a fixed point of 9. Further, for n® € B, if
9 follows

[Bve —Ille <k [ —n®le, 0 <k® <1, (2.5)

then the mapping ¥ is referred as a contraction.

Theorem 2.5. [21] Suppose (B, ||.ll¢) is a complete generalized Banach space and & : B — B be a mapping. If
3B > 1 such that o is a contraction, then it guarantees the existence and uniqueness of a fix point for the map o.

Definition 2.6. [39] The Mittage Leffler function in fractal space is defined as

<1 2.
Zr Arne 0<¢ 2.6)
h=0

Definition 2.7. [39] Local fractional derivative of the following functions is defined in a fractal space as

I'(1+Ke) _
D¢ Ke _ (K—=1)e )
WO TAL(K—1)e) ’ @7)
D{E: (Kv®) = KE, (Kv®), (2.8)

Definition 2.8. [41, 38] (Local Fractional Laplace Transform) Local fractional Laplace transform (LFLT) of
a continuously non-differentiable function o : & — C is defined as

M-{o(v)} = 01;/['8 (s) = F(ll—i—e) J o (V)Ee (—vEs®) (dv)5, 0 < e <1, (2.9)
0

where M- represents local fractional Laplace operator.
Moreover, local fractional inverse Laplace transform (LFILT) is given by

n+ioco
M oMe(s)} =0 (v) = J oM (8)Ee (vs%) (ds)F, 0 < e < 1, (2.10)

nN—1ioco
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where M. ! denotes the fractal inverse Laplace operator with E. ((271)°1®) =1, and Re (s) =1 > 0.
Additionally, the convergence sufficient condition is given as

1T .

Proposition 2.9. [41, 38] Suppose pe is a order of fractal derivative of the function o (v), where 0 < ¢ < 1 and p
is any positive integer, then

M: {67 (v)} = sP*Mu{o (v)} — sPHeg (0) — s(P2egle) (0) — ... — ol P7De) () (2.12)
Properties of LFLT
Me {ik (v) +j1(v)} = iM¢ {k (V)} + M {L(v)}, 1,j € C, (2.13)
forreC,
VT‘E 1
Me {r(1+re)} = se(rD)” (2.14)
Vhs . B 1
Ms {IWE£ (T Y% )} = (S_T)W, (215)
¢ TVvE B 2
Me {EE USRS I 1} RS 2.16)

3. Model Specification

We have given a local fractional two-dimensional LWR model with local fractional derivatives, as
follow

£ £ £

0

0 0
~& + Qw—i-anQu:O,VT>0,—oo<w<oo,—b<ugb,0<£<1, (3.1)

ot ow*
where & (w, y, T) is non-differentiable traffic density function, Q. and Q. represent vehicle flux density
in longitudinal direction (w) and in lateral (p) direction, respectively, and ¢ local fractional derivatives’
order. In contrary to pedestrian traffic, traffic flow in two dimensions exhibits substantial anisotropy,
with longitudinal dynamics that differ significantly from lateral dynamics. Therefore, the hydrodynamic
relationship based flux density function is expressed separately for the longitudinal and lateral flow-
density, as follows
Quw = &vw, (3.2)

£

0
Qli = ((_,UH—DaquE,, (33)

where v, and v, are the velocities in longitudinal and lateral direction, respectively, and D is the diffusion
coefficient. Substitute (3.2) and (3.3) in (3.1), we have

e o¢ o¢ aZs
e T (avw)+a—w(avu)—D@a:0, VI>0, —co<w<o0o, -b<pu<b0<e<] (3.4

A relationship between speed and density must be initially determined in longitudinal (x) direction.
In regards to the speed-density relationship, several functional relationships have been put forth. The
longitudinal movement in this study is modelled using Greenshields” approach. The patterns in actual
traffic flows can be understood by using Greenshields” model. Speed, a function of density, is a decreasing
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function as speed is free flow (desired) when density is zero and zero when density is maximum, that is,
at jam density. The relationship for longitudinal speed and density is expressed as

Vo = Vg (1— & >, (3.5)

Evl’l’lEIX

where vy is free flow speed in longitudinal direction and &max is jam density.
In contrast, the road width physically constraints the lateral dimension. We introduced a lateral speed
given as

by = Vo (1) (1— & ) , (3.6)

E11'1'161X

where v, indicates the lateral desired speed directly near one of the boundaries, b is the road’s half
width, p is the lateral distance from centre of the road and ¢ () is a function of lateral distance. The term
(1 — ﬁ) is used to signify consistency in the model. Vehicles move under the initial condition assuming
a constant maximum density if this term is absent from the equation. Later, the boundary repulsion forces
push the density beyond its maximum within the road. Because there is no room to move away from the
boundary if the maximum density is achieved [1].

Thus, (3.4) together with (3.5) and (3.6) represents a local fractional two-dimensional LWR model of traffic
flow.

4. Existence and Uniqueness of Solution of 2D local fractional LWR model

The presented 2D local fractional LWR model (3.4) with longitudinal and lateral speed (3.5) and (3.6),
respectively, can be written as

Le& (w1, 1) =A(E(w, 1, 1)), (4.1)
where L, = aa—; and
3 o¢ 2¢e
A (& (w, 1, T)) z—ﬁ(évw)—a—w(aquD@&- (4.2)

2¢e
e

Theorem 4.1. Let the function A (& (w,pw,T)) = —aa—u; (Evw) — aa—;s (&v.) +D 0= _¢ is LFC and satisfies the

ouZe
condition for Lipschitz continuity, that is
|/\'(Evl (wl I"LIT)) _A(EvZ (w/ }‘L/T)N < A® |Evl (wl }‘L/T) - E»Z (("UI HIT)‘/ 0<A< 1/ 0<e< 11 (43)

then the system

Le& (w1, 1) = A (& (w,1,T)), (w,p) €le,fl x[efl, T>0, (4.4)
along with the initial condition
E(w, 1, 0) =h(w,p (4.5)
has a unique solution in C, ([e, f] x [e, f]).
Proof. Defining a map ¥: C¢ — C; as
) f
V(& (w, 1, 1) = &o (W, 1) + it e J/\(ci(w, 1, 0))(do)". (4.6)
€

We will show that form=1,2,---

ATEf — g™

19 (£ {aw, 1, 7)) = 9™ (&2 (W, Dlle < T

||E,] ((U, “'IT)_E:Z (wl M/T)Hs' (47)
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Form =1,
.
19 (& (@, 1,) =9 (&2 (@, 1, T, = r(11+ E)J(A(al (@, 1,7)) — A (&2 (@, 1,7))) (d0)¢
|
< e | X (w00 = £ (w10 0)00)° 49
S MII& (w, 1, 7) —& (w, 1,1,
which implies
19 (&1 (w, 1, 7)) =3 (&2 (w, 1, 7)) < mn&l (w, 1, T)— & (W, 1, 1), (4.9)
Now assuming the inequality holds for m = k
o (e (0,1 — 8% (2 (], < oo = ey (w0 ) - 2 (0D (0
(1+¢)
Consider for m =k +1
[95H (&1 (@, 1, 1)) — 0% (&2 (w, 1, 7)),
.
- r(11+ 5 J(A (9% (&1 (w, 1,0))) — A (9% (&1 (w, 1, 0)))) (d0)¢
1 ef (4.11)
SIFas e) J)‘E 9% (&1 (w, 1,0)) — 9" (&2 (w, 1, 0))(d6)°

)\(k+l)£|f_e|(k+l)£

rk+1) (14 ¢)

”‘21 ((’U/ K, T) - 62 (CU, W, T)Ha/

X

which implies

)\(k+1)e|f_e|(k+1)£
rit1) (1 4 ¢)

H8k+1 (Evl (w,].l,T))—ﬁkJrl (CEZ (w,u’,-r))Hg < H(t.,l (U.),LL,T)_E,Z (w/ll/’f)”e- (412)

Therefore, the claim (4.7) is proven and hence the map ¥ is a contraction. This proves the system (4.4) has
a unique solution. O

5. Local fractional laplace variational iteration scheme

Consider a local fractional two-dimensional LWR model (3.4) of traffic flow with v, and v, defined
by (3.5) and (3.6), respectively, subject to the initial condition & (w, 1, 0) = h (w, w).
Then the local fractional correctional functional [39] that is associated with (3.4) is obtained by applying
the local fractional variational iteration method (LFVIM) and is given by

0%&n ag(anvnw) ae(anvnu) azszn
00¢ owe oue op2e ]}' ®-1)

Envt (w1, 1) =& (W, 1, 1) + o) % {7\‘“‘ (w, u,0) [ + + -D
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}, 52)

where A® (w, p, 0) defines fractal Langrange multiplier and £n, Onow and Unu represent restricted fractal
variations, that is, 0&, = 0, 6°0no = 0 and 8*0n, = 0. The LFLT is applying to (5.2), and hence we
obtained

which implies

¢ vml

0% 0D
L+ &y +on ? +&ng et
Ele-'—l (wl H/T) — E/Tl (wl H/T) +0]f€r {}\E (wl ”'/e) [ 00 a&én awaZEan @ aw

Unp e -D 2

Me {Ent1} = Me {En} + M AT M { aaein; en aal‘)*’;i Fone Bt +En T } : (5.3)
Unp gt D uZE
Taking fractal variation of (5.3), we have
8*Me {Ent1) = 6°Me {En} +Me {A°}6° M, { a af;“ aal‘)%i : U Gt +En S } (5.4)
Unp e — Dozt
The optimal condition of &, 1 is given as
5"Me {En+1} =0. (5.5)
Thus, with reference to (5.5), we get
OMe {&n} (1 + s M {A°}) =0. (5.6)
Therefore, the LFLT of fractal Lagrange multiplier is provided as
M, {A®} = —Sls. (5.7)

Hence, the formula for successive iteration is given as

1 0¢ 0¢ 0¢ 0%¢
M, {‘in+1} =M {En}— ;Me @Em + ﬁ (EnVnw) + TI.,L& (‘invnu) - Dﬁ&n ’ (58)

along with the initial approximation
ME {EO}:MS {E(wl FL/O)}: ‘EO (wl W, S) . (59)
Therefore, the fractal series solution of (3.4) is

M (& (@, 1, 7)) = lim M, {En (@, 1, 7)), (510)

and thus, we have
E(w,1,1) = lim MMM {&n (w, 1, 7)) (5.11)

6. Non-differentiable solution of local fractional 2D LWR model

This section provides various instances illustrating LFLVIM to obtain non-differentiable solutions for
the 2D local fractional LWR traffic flow model. Table 1 provides the values for traffic parameters that has
used in this study to derive non-differentiable solutions [1].
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Table 1: Parametric Values taken in the study

Parameter Value
Longitudinal free flow speed, v 15.28ms !
Maximum velocity of repulsion at the boundary, v, | 0.5ms™!
Width of road, b 10m
Diffusion Coefficient, D 1m2s—1

Example 6.1. Let us consider a 2D local fractional LWR traffic flow model

0°,  0°&  0°¢ 0%¢¢
dte | dwe | OuE :DaHZs’ V>0, —co<w<oo, -bsu<h 0<ex], 6.1)

along with the initial condition
£ (w,1,0) = Ee (w?) (6.2)

In view of (5.8), the successive iteration formula corresponding to (6.1) is

ME {Eanrl (wl K, T)} - ME {an (wl K, T)}_
1 Mg {agan ((U, IJ'/T) + asan ((U, IJ'/T) + agan ((U, H/T)

g€

D aZsEn ((U, W, T) (63)
0Tt owe ous op2e

with the initial approximation

Me {&} = M {Ee (0°)} = : (6.4)

First approximation to & (w, u, T) is

Me {Evl ((U, W, T)} = Me {‘EO ((U, K, T)}_

lM {5850 (w K, )+a€50 (WIHIT) +a££0 (w/H;T) _DaZE&O (w;H;T)}
oTe dwe ous op2e
=& (w, s N (6.5)
8&0 Wk — &0 (W, 1,0) + 52+ & (w, 1, 8) + 2 F =& (w, 1, 8)

25 EO w “‘I )

E Ee (w®)
325
This implies
E: (w® Ee (w*
61w m) =M { Fl) - B
e (6.6)
=E¢ (wF) Fd+e) e (

Second approximation to & (w, p, T) is
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M£ {52 ((U, W, T)} = Ms {El (wl K, T)}_
1 Mg {asal ((l), FL/T) + agal (wl }’L/T) + asal (wl “’IT)

g€

_Dazsal ((l), H/T)
ote dwe ous ou2e
- E»l (wl LL,S)—
1 [ s%&1 (W, 8) — &1 (W, 1,0) + 32581 (W, 1, 8) + L& (W, )
2e
D (w1, s)
1 c 1 0° [E:(w®) E¢(w®) 1 0° [E.(w®) E¢(w®)
= CE () -
s¢ s dwse sé out
1 0% <E£ (w€) Ee (w£)>
—D
s€ Qw2
. Ee (w®)  Ee(wf) _|_E£ (w?)

(6.7)

g€ SZE

g€ 526

S€ 525 s3£

This implies

(6.8)

Proceeding in the same manner, we have

Ee (W)  Ee(w®)  Ee(w®)

Me {&n (0, pT)= —————5—+ —5— +...+ (="
S S S

(6.9)

This implies

N 11 1 1
En (w0, 1,7) =M, {Ee (w?) <Ss— EE T (—”“S(nms)}

. T€ TZ& n e
=E, (w )<1_F(1+£)+F(1—i—2£)_"'+(_1) )

(6.10)

Thus, the solution is given as

E(wr H‘IT) = lim ‘ZwTL (wl PL/T)
n—o 6.11)
=E (w®) Ee (—T°),

and the corresponding graphical representation of the solution surface of (6.1) is displayed by Figure 1
with parameter ¢ = In2/In3. Visualisation that is displayed make it evident that the performed iterations
are convergent at the solution’s surface.

Example 6.2. Let us consider a 2D local fractional LWR model

0¢ 0¢ 0¢ aZs
3ot T gapr (V@) T3 (B0 =Dgrf =0, ¥r >0, —0 <w <00, b <u<b 0<e<l, (612
with

Vo = Vs (1 __t > , (6.13)

‘Emax
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0
w 0 1 T
Figure 1: Solution surface of the given system (6.1) with parameter ¢ = In2/In3
&
Vp=Vup (1-— , (6.14)
(t-.max
subject to the initial condition
E(w,w,0) = wsput. (6.15)

In view of (5.8), the successive iteration formula corresponding to (6.12) is

1 a_iﬁ n 7 M +a_££ n 7 M nw
M {En 1 (w,u,r)}zMs{an(w,u,r)}—s—ng{ rpn (0T e L 10 ) D) } (616)

€ 2e
+ aap_e (Evn (wl W, T) vnu) - D#Em (CU, K, T)
with the initial approximation
weps
S 13

Me {&o (w, 1, 1)} = M {w®u®} = (6.17)

First approximation to & (w, u, T) is given as
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1 280 (w, 1, T) + 5o (£ (W, 1, T) Unw)
Me {&1 (w, 1, T)} = M {&o (w, 1, T)} — =M, { 975 w ol
e b ()} =Mefbo (w11} = E{ +aqe (&0 (W, 1,0 Uny) =D 2o (w, 1, T)
EO (wl PL/S) -
¢ M {3 (w,p,7)
1| %0 (w, i s) — &0 (w, 1, 0) + g% <£o(w, Ws)— W)
75 € M6 E,z( U, ) 2¢
) +vl»lbaaiue <E’0 (wl H’IS) - { OE‘H:)XHT }) -D aaPLZs EvO ((,U, ]J,S) (618)
(U£|J.£ _ﬁ o¢ (,USH.E w25u25 _Uub o¢ (UE]VLS B w2£u2£ B
s€ s€ dwe S€ S€E max s€ Oué s€ $€E& max
625 waua
au2£ S€
_wpt fuppt vpw F(1+s)—r(1+2£) wepus
s¢ 525 52E I (1 + 5) amax ’
which gives

4 [ wEpus ViU VppwS M(1+2¢) wops
‘El(w/u/T):Msl{ gu _< f2P£L - u};s )<r(1+£)_r1 u>}
S S S (1+¢) Emax
M(142¢) weps 619
_ €, £ E+ [ 1—
WS — (VT F VW TE) ( r2(1+¢) gmax)

Second approximation to & (w, u, T) is given as
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1 67: 4 7 —"_6765 7 7 nw
M {82 (w, 1,7} = Me &1 (w,u,T)}—S&Me{ et T (g [y 1) ) }

3 2¢
+og (&1 (W, 1, D vny) =D& (w, 1, 7)
1 v OF Me {&3 (w, 1, 1)}
= = w, /O - w,W,s)—
s€ E'l( a ) s€ aw€ <El( H ) Emax
Vyp 0° M, {&] (w, 1, 1)} 02%¢
— w,W,s)— —D w, W, s
s€ all£ (al( " ) Emax auzeal( " )
[ T(1+e) & +ul (1) ol — — vl (1+e) & ]
T2 (142¢) weps I(14+2¢) wep?e
TUUb T2 (T1e) 5% 8pm  T(Fe) S Emm
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+20 0y AT et (6:20)
2 I2(142¢) wep’e
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Taking the local fractional inverse Laplace transform, we have

r 2e 2¢ 2
€€ perTt I(14+¢€) 2¢
TV e T Vub T2 T
+v F(142¢) wepst®  T(142¢) wepete
MO T2(T4e)  Ema MZ(1+e)  Emax
2 T3(142¢) weple 202 I(142¢) p3¢
f r5(1+€) Ev12nax f T'(1+¢) E.maé
2 T(+26) ¢ o 2 T(143e) w*us
PV T @ T Y 0t B
2¢ 2 3e,,2¢
_ e e T 2 T?(142¢)T(14+4¢e) w3y
&2 (W, 1, T) = WU —vr | =g | VY T30 L

(142 £ ,2¢
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Proceeding in a similar way, we obtain the fractal series solution of (6.12) as
E(lw,,t) = lim &, (w,u, 7). (6.22)
n—oo

Figure 2 shows the graphs for the aforementioned approximations with parameter ¢ = In2/In3. These
graphical depictions of the approximations of solution show that, for a given 2D fractal LWR model, the
non-differentiable traffic density function & (w, i, T) evolves dynamically under the influence of lateral
dynamics constrained by the road width (u = 10m), and reflecting drivers’ preference to stay on the road
surface in fractal vehicular traffic flow. Moreover, visualisations that are displayed make it evident that
these iterations are converging near the solution’s surface.

Example 6.3. Consider a 2D local fractional LWR model

e o¢ € 2¢

0
&+ (avw)+a—u£(£vu) :D@

e T E ¥T>0,—co<w<o0o,~b<u<b0<e<l  (6.23)

with longitudinal v, and lateral v, speed

Vo = Vs (1 __t > , (6.24)

Emax

Vp = Vb Ee (1F) (1 __& > , (6.25)

‘Emax
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©

Figure 2: (A), (B) and (C) represents initial, first and second approximations of (6.12) with road width u = 10m and parameter
¢ =1n2/In3
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subject to the initial condition
E(w,w,0) =wsus. (6.26)

With reference to (5.8), the successive approximation corresponding to (6.23) is

Mo et (00, 1,7)) = Me (e (0, 1,7} — M { jjai“(;‘: o fzjfu(ff I(Dwaaf;ﬁ’;,“ o } (627)
with initial approximation

M (£ (@, 1, 7)) = Me {0f ) = = (6.28)
First approximation to & (w, u, T) is given by
Seebo (W, 1,7) + g% (&0 (W, 1, T) Vi) }
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Second approximation to & (w, p, T) is given by

(6.30)
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Figure 3: (A) and (B) represent initial and first approximations of (6.23) with road width u = 10m and parameter ¢ = In2/In3

Proceeding in the same way, we get the fractal series solution of (6.23) by
M; {‘E (w/ W, T)} = T}Eglo M {Evn (wl W, T)}/ (632)

and thus, we have
E(w,1,1) = lim MMM {&n (w, 1, 7)) (6.33)

With parameter ¢ = In2/In3, the graphical results for the above performed iterations are displayed in
Figure 3 and depict the behaviour by which non-differentiable traffic density function & (w, p, T) evolves
dynamically with an influence of road width (iu = 10m). Furthermore, the evolution of density function
w.r.t road width for road length 1000m, 3000m and 5000m, respectively, is shown by Figure 4.

7. Conclusion

This study proposed a 2D local fractional LWR model of fractal vehicular traffic flow, and non-
differentiable solutions are derived by using LFVIM. Numerous research studies have been carried out
in the literature to investigate the one-dimensional LWR model. Nonetheless, this study highlighted on
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Figure 4: (a), (b) and (c) represent the evolution of density w.r.t road width for road length 1000m, 3000m and 5000m respectively
for model eqn (6.23) with parameter ¢ = In2/In3
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the two-dimensional local fractional LWR model to address the non-differentiable traffic parameters and
include lateral dynamics stimulated by boundary repulsion and diffusion. This resulted in a novel and
comprehensive fractal order 2D-directed lane-free fractal vehicular traffic model. Firstly, the discussion
has focused on the existence and uniqueness of the solution of proposed model. Illustrative instances
are provided to demonstrate the usefulness of implementing LFLVIM in the presented 2D fractal model.
Further, numerical simulations for each case have also been shown. It has been demonstrated through the
graphic representations of the successive approximations of solutions that the non-differentiable traffic
density function & (w, u, ) for the 2D fractal LWR model dynamically evolves with the effect of lateral
dynamic restricted by the road width, which reflects drivers” desire to remain on the road surface in frac-
tal vehicular traffic flow. Furthermore, it is observed that these approximations are seen to be converging
close to the solution surface. The results of the study illustrate the effectiveness and efficiency of the
model in describing the fractal flow of traffic. Also, it is found that the local fractional iterative technique
is useful to derive the non-differentiable solution for the 2D local fractional LWR model. As part of the
future scope of study, the proposed 2D local fractional LWR model can be extended to n-dimensions and
examined using numerous iterative methodologies for discovering new knowledge and advancements.
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