
Math. & Comput. Sci., 6(2) 2025, 43–63

Online: ISSN 2717-2708

Journal Homepage: http://mcs.qut.ac.ir/mcs

On the solution of two-dimensional local fractional LWR
model of fractal vehicular traffic flow

Pranay Goswami
 

 

a, Bhawna Pokhriyal
 

 

a,∗, Kranti Kumar
 

 

a

aSchool of Liberal Studies, Ambedkar University Delhi, India.

Abstract

This study proposed a two-dimensional local fractional Lighthill-Whitham-Richards (LWR) model of fractal vehicular traffic
flow. The non-differentiable traffic parameters that arise in traffic flow are addressed by this model. The local fractional Laplace
variational iteration method (LFLVIM) is employed to analyse the proposed model and making it serves well for examining the
dynamic shifts in non-differentiable traffic density function. The existence and uniqueness of the solution of 2D local fractional
LWR model have also proven. Several examples are also covered to further illustrate the effectiveness of applying LFLVIM to the
proposed model. Additionally, the numerical simulations for every instance have been demonstrated. This study indicates that
the presented 2D fractal model well captures the phenomena of traffic flow, and the iterative approach that has been employed
to analyse the model is successful and can be applied to obtain the non-differentiable solution to 2D local fractional LWR model.

Keywords: Local fractional calculus, local fractional Laplace variational iteration method, two-dimensional LWR model, fractal
Laplace transform, traffic flow model

2020 MSC: 34A08, 35R11

©2025 All rights reserved.

1. Introduction

The purpose of traffic models is to serve mechanisms for traffic control, with the aim of optimising
transportation and achieving financial and environmental advantages, such as decreased traffic conges-
tion and pollution. Depending on the observational scale, traffic models fall into three basic categories:
microscopic, macroscopic and kinetic models. Microscopic models measure each vehicle’s dynamics.
They simulate single vehicle-driver units and explain the intricacies of traffic flow and the interactions
that occur within it. The position and velocity of individual vehicles are represented by the dynamic
variables of the models, which are microscopic attributes. Using an analogy with the flow of continuous
media, such as fluids, macroscopic models simulate traffic flow using a first or higher order continuum
and take aggregated characteristics like vehicle density into account. Kinetic models fall between the
preceding two classifications because they can be generated from microscopic models and macroscopic
models can be obtained from kinetic descriptions.
First-order models depending on scalar hyperbolic equations and second-order models composed up of
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systems of hyperbolic equations are the two common categories used to categorise the (inviscid) macro-
scopic models. The model developed by Lighthill and Whitham [31] and Richards [35] (LWR) is the
pioneering study of the first case. While the Aw and Rascle [3] and Zhang [43] model (ARZ) provides a
particular illustration of the second scenario. In order to evaluate various models against data, different
levels of granularity in the underlying process description have been used. It has been suggested in re-
cent research that the macroscopic models offer a framework that is appropriate for incorporating online
traffic data, especially data from fundamental diagrams [11, 14]. Although continuum models have been
mathematically investigated and are now commonly utilised in traffic engineering, very little effort has
been made to validate them using traffic data [2, 8]. There are several well-established and validated
continuum traffic flow models for lane based ordered traffic. The first macroscopic traffic flow model, the
LWR model, primarily consists of three components: a hydrodynamic relation, a conservation equation,
and an equilibrium speed-density relationship as described below:

∂ξ

∂τ
+

∂Q

∂ω
= 0, (1.1)

with Q = ξυ and υ = υ (ξ), where ξ represents traffic density in time τ and space ω, Q denotes traffic
flow and υ is traffic speed, a function of density.
Some researchers addressed the process of lane switching in macroscopic frameworks. Among all the
studies in this direction, the first was done by Gazis et al. [15]. It was later enhanced by the work of
Munjal and Pipes [34], they made the assumption that lane changes would take place in order to achieve
uniform density along the road segment. Daganzo [13] developed a multi-lane traffic behavioural theory.
The lane-changing rate was measured by Laval and Daganzo [27], who then used the data in hybrid
models, which treated lane shifters as movable obstructions to traffic with limited acceleration. Taking into
consideration the lateral spacing of vehicles, Gupta and Dhiman [16] used the car-following model with
full velocity variation to construct a non lane based higher order vehicular traffic model. Aw and Rascle’s
[3] second-order AR model on a three-dimensional flow concentrating surface for multiclass traffic was
extended by Mohan and Ramadurai [33]. The literature is well aware of the drawbacks of first order
models, such as the infeasibility of solutions with unbounded acceleration and the incapability to replicate
intricate traffic phenomena like stop-and-go waves. To address the shortcomings of the LWR model and
be able to explain intricate traffic phenomena, first order models have been extended to multiclass [33],
multi lane [13, 34, 15], or multi-dimensional [20] models. Several initial proposals have been made to
create two-dimensional continuum frameworks. Herty et al. [20] suggested a unique macroscopic model
of first-order in two dimensions based on empirical traffic data. Both lateral and longitudinal traffic
variables are continuous in this model. Balzotti and Goettlich [7] extended upon the single class model
to create a multiclass model in two-dimensions. Higher order traffic models in two dimensions that
describe disorder and chaos in traffic were proposed by Vikram et al. [36]. The literature review leads
to the conclusion that study of the first and second order vehicular macroscopic traffic frameworks in
two-dimensions is still in its infancy. However, none of the aforementioned studies produced a complete
two-dimensional model that took into account the effects of lateral density gradients and road boundaries.
First-order (LWR) models are unable to explain traffic instabilities. However, they are among the most
effective at explaining traffic disruption and traffic chaos behind obstacles like signals, lane dips, on-
ramps and accidents. Additionally, compared to second-order models, first-order models are simpler to
calibrate, contain less number of parameters, and are analytically tractable. Agrawal et al. [1] extend the
standard equation of continuity to two dimensions and incorporate boundary repulsion and diffusion-
driven lateral dynamics to present a comprehensive first-order 2D directed lane-free macroscopic traffic
model, expressed as

∂ξ

∂τ
+

∂Qω

∂ω
+

∂Qµ

∂µ
= 0, ∀τ > 0, −∞ < ω < ∞, −b ⩽ µ ⩽ b, (1.2)

where ξ (ω,µ, τ) denotes traffic density and Qω and Qµ represent vehicle flux in longitudinal (ω) direc-
tion and lateral (µ) direction.
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The LWR model is still widely used to simulate traffic flow because of its efficiency and power in explain-
ing the qualitative behaviour of road traffic. However, the traditional conservation law is invalidated and
the classic standard LWR traffic model is rendered ineffective when physical characteristics like traffic
density or speed in the classical traffic model are a non-differentiable function of space and time viewed
on Cantorian sets, a fractal set. The dynamical LWR model was therefore modified fractally by Wang et
al. [37] to deal with this circumstance in the context of local fractional calculus [40, 38, 44] and indulging
local fractional derivatives (LFDs) inside the local fractional conservation laws. This fractal version of
LWR model is expressed below as

∂εξ

∂τε
+

∂εQ

∂ωε
= 0, 0 < ε ⩽ 1, (1.3)

where ξ is non-differentiable density function, Q is vehicle flux, function of density, ξ and ε denotes local
fractional derivatives’ order. Researchers have recently used a number of approaches to address the local
fractional LWR model implementing the local fractal conservation law. The fractal structure of nature
has been the subject of several investigations in a variety of scientific and technical fields, starting with
Mandelbrot [9]. Yang [41, 39] refined and extended upon the local fractional derivative, which had been
thoroughly examined in the works of Babakhani and Gejji [4]. Local fractional calculus has been used
to tackle fractal problems in physics, fluid dynamics, applied mathematics, signal processing, quantum
mechanics, and other fields [32, 6, 22, 23]. It is among the best and most efficient measures available
for handling fractal and continuous functions which are non-differentiable. For example, Hao et al. [17]
described local fractional diffusion and Helmholtz equations, Yang et al. [40] suggested local fractional
Navier-Stokes equations, Zhao et al. [44] presented the fractal Maxwell’s equations, and Yang et al. [38]
investigated local fractional nonhomogeneous heat equations.
Likewise, to deal with the problem that arises when physical attributes such as density or speed in the
vehicle traffic flow model are taken as non-differentiable functions in space and time, we extend Agrawal
et al.’s two-dimensional LWR model to a fractal version with LFDs under the local fractional conservation
laws and the fractal two-dimensional LWR model is given by

∂
ε

∂τ
ε ξ+

∂
ε

∂ω
ε Qω +

∂
ε

∂µ
ε Qµ = 0, ∀τ > 0, −∞ < ω < ∞, −b ⩽ µ ⩽ b, 0 < ε ⩽ 1, (1.4)

where ξ (ω,µ, τ) is non-differentiable traffic density function, and ε denotes local fractional derivatives’
order. A generalisation taken on fractal sets for differentiation and integration of functions is known as
local fractional calculus, or fractal calculus [26, 25, 42]. The phenomena that engage non-differentiability
of functions is not well described by the classical derivatives. Moreover, fractal domains like the cantor
set lack differentiability. Local fractional derivatives enter the picture to solve the problem that arises
with non-differentiable functions. There are various approaches to define fractal derivatives such as frac-
tal derivative by means of fractal geometry [29, 18, 5, 12, 24], fractal derivative via Hausdorff measure
[10, 30]. The fractal derivatives are defined by using fractal geometry in this study.
The literature employs a number of numerical techniques to solve the traffic flow models. Lebacque [28]
showed that a Godunov-type method may be used to solve the LWR model for any feasible Riemann issue.
McCormack’s approach has been effectively applied by Helbing and Treiber [19] to solve non-equilibrium
models.
This research presented a study to analyse a local fractional two-dimensional LWR model of traffic
flow and approximate the analytical solution. The study employed a local fractional Laplace varia-
tional iteration method (LFLVIM) to derive the approximate solution of the proposed local fractional
two-dimensional LWR traffic model with local fractional derivatives.

2. Preliminaries

This section deals with the concepts related to local fractional calculus and local fractional Laplace
transform.
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Definition 2.1. [39] A function σ (ν) , ν ∈ (e, f) is called local fractional continuous (LFC) at ν = νo if for
β, δ > 0, |ν− νo| < δ implies

|σ (ν) − σ (νo)| < βε , 0 < ε ⩽ 1. (2.1)

Furthermore, if this is true ∀ν ∈ (e, f) then σ (ν) is LFC on (e, f) and represented by σ (ν) ∈ Cε (e, f).

Definition 2.2. [39] Let σ (ν) ∈ Cε (e, f), then local fractional derivative of σ (ν) at ν = νo is defined by

Dε
νσ (νo) = σ(ε) (ν0) =

dεσ (νo)

dνε
= lim

ν→νo

∆ε (σ (ν) − σ (νo))

(ν− νo)
ε , (2.2)

where
∆ε (σ (ν) − σ (νo)) ∼= Γ (1 + ε) (σ (ν) − σ (νo)) , (2.3)

and ε, (0 < ε < 1) is fractional order.

Definition 2.3. [39] Let partition of the closed interval [r, s] is (fh, fh+1) , h = 0, 1, · · · ,P− 1 with fP = m,
∆fh = fh+1 − fh and ∆f = max {∆f0, ∆f1, ...}. Then for the function σ (ν), local fractional integral in [r, s]
is defined as

rJ
ε
sσ (ν) =

1
Γ (1 + ε)

s∫
r

σ (f)(df)ε =
1

Γ (1 + ε)
lim

∆f→0

P−1∑
h=0

σ (fh)(∆fh)
ε. (2.4)

Definition 2.4. [21] Suppose that the norm || · ||ε is defined on a generalized Banach space B = Cε. If a
map ϑ : B → B satisfies ||ϑυε − υε||ε = 0, υε ∈ B then υε is called a fixed point of ϑ. Further, for ηε ∈ B, if
ϑ follows

||ϑυε − ϑηε||ε ⩽ kε||υε − ηε||ε, 0 < kε ⩽ 1, (2.5)

then the mapping ϑ is referred as a contraction.

Theorem 2.5. [21] Suppose (B, ||.||ε) is a complete generalized Banach space and ϑ : B → B be a mapping. If
∃β ⩾ 1 such that σβ is a contraction, then it guarantees the existence and uniqueness of a fix point for the map σ.

Definition 2.6. [39] The Mittage Leffler function in fractal space is defined as

Eε (ν
ε) =

∞∑
h=0

νhε

Γ (1 + hε)
, 0 < ε ⩽ 1. (2.6)

Definition 2.7. [39] Local fractional derivative of the following functions is defined in a fractal space as

Dε
νν

Kε =
Γ (1 +Kε)

Γ (1 + (K− 1) ε)
ν(K−1)ε, (2.7)

Dε
νEε (Kν

ε) = KEε (Kν
ε) , (2.8)

Definition 2.8. [41, 38] (Local Fractional Laplace Transform) Local fractional Laplace transform (LFLT) of
a continuously non-differentiable function σ : ℜ → C is defined as

M" {σ (ν)} = σM,ε
s (s) =

1
Γ (1 + ε)

∞∫
0

σ (ν)Eε (−νεsε) (dν)ε, 0 < ε ⩽ 1, (2.9)

where M" represents local fractional Laplace operator.
Moreover, local fractional inverse Laplace transform (LFILT) is given by

M"
−1 {σM,ε

s (s)
}
= σ (ν) =

1
(2π)ε

η+i∞∫
η−i∞

σM,ε
s (s)Eε (ν

εsε) (ds)ε, 0 < ε ⩽ 1, (2.10)
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where M"
−1 denotes the fractal inverse Laplace operator with Eε ((2π)

ε
iε) = 1, and Re (s) = η > 0.

Additionally, the convergence sufficient condition is given as

1
Γ (1 + ε)

∞∫
0

|σ (ν)|(dν)ε < k < ∞. (2.11)

Proposition 2.9. [41, 38] Suppose pε is a order of fractal derivative of the function σ (ν), where 0 < ε ⩽ 1 and p

is any positive integer, then

M" {σ
pε (ν)} = spεM" {σ (ν)}− s(p−1)εσ (0) − s(p−2)εσ(ε) (0) − · · ·− σ((p−1)ε) (0) . (2.12)

Properties of LFLT
Mε {ik (ν) + jl (ν)} = iMε {k (ν)}+ jMε {l (ν)} , i, j ∈ C, (2.13)

for r ∈ C,

Mε

{
νrε

Γ (1 + rε)

}
=

1
sε(r+1) , (2.14)

Mε

{
νhε

Γ (1 + hε)
Eε (r

ενε)

}
=

1

(s− r)ε(h+1) , (2.15)

Mε

{
Eε (−rνε) +

rνε

Γ (1 + ε)
− 1

}
=

r2

(sε + r) s2ε , (2.16)

3. Model Specification

We have given a local fractional two-dimensional LWR model with local fractional derivatives, as
follow

∂
ε

∂τ
ε ξ+

∂
ε

∂ω
ε Qω +

∂
ε

∂µ
ε Qµ = 0, ∀τ > 0, −∞ < ω < ∞, −b ⩽ µ ⩽ b, 0 < ε ⩽ 1, (3.1)

where ξ (ω,µ, τ) is non-differentiable traffic density function, Qω and Qµ represent vehicle flux density
in longitudinal direction (ω) and in lateral (µ) direction, respectively, and ε local fractional derivatives’
order. In contrary to pedestrian traffic, traffic flow in two dimensions exhibits substantial anisotropy,
with longitudinal dynamics that differ significantly from lateral dynamics. Therefore, the hydrodynamic
relationship based flux density function is expressed separately for the longitudinal and lateral flow-
density, as follows

Qω = ξυω, (3.2)

Qµ = ξυµ −D
∂

ε

∂µ
ε ξ, (3.3)

where υω and υµ are the velocities in longitudinal and lateral direction, respectively, and D is the diffusion
coefficient. Substitute (3.2) and (3.3) in (3.1), we have

∂ε

∂τε
ξ+

∂ε

∂ωε
(ξυω) +

∂ε

∂µε
(ξυµ) −D

∂2ε

∂µ2εξ = 0, ∀τ > 0, −∞ < ω < ∞, −b ⩽ µ ⩽ b, 0 < ε ⩽ 1, (3.4)

A relationship between speed and density must be initially determined in longitudinal (x) direction.
In regards to the speed-density relationship, several functional relationships have been put forth. The
longitudinal movement in this study is modelled using Greenshields’ approach. The patterns in actual
traffic flows can be understood by using Greenshields’ model. Speed, a function of density, is a decreasing
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function as speed is free flow (desired) when density is zero and zero when density is maximum, that is,
at jam density. The relationship for longitudinal speed and density is expressed as

υω = υf

(
1 −

ξ

ξmax

)
, (3.5)

where υf is free flow speed in longitudinal direction and ξmax is jam density.
In contrast, the road width physically constraints the lateral dimension. We introduced a lateral speed
given as

υµ = υµbφ (µ)

(
1 −

ξ

ξmax

)
, (3.6)

where υµb indicates the lateral desired speed directly near one of the boundaries, b is the road’s half
width, µ is the lateral distance from centre of the road and φ (µ) is a function of lateral distance. The term(

1 − ξ
ξmax

)
is used to signify consistency in the model. Vehicles move under the initial condition assuming

a constant maximum density if this term is absent from the equation. Later, the boundary repulsion forces
push the density beyond its maximum within the road. Because there is no room to move away from the
boundary if the maximum density is achieved [1].
Thus, (3.4) together with (3.5) and (3.6) represents a local fractional two-dimensional LWR model of traffic
flow.

4. Existence and Uniqueness of Solution of 2D local fractional LWR model

The presented 2D local fractional LWR model (3.4) with longitudinal and lateral speed (3.5) and (3.6),
respectively, can be written as

Lεξ (ω,µ, τ) = Λ (ξ (ω,µ, τ)) , (4.1)

where Lε = ∂ε

∂τε and

Λ (ξ (ω,µ, τ)) = −
∂ε

∂ωε
(ξυω) −

∂ε

∂µε
(ξυµ) +D

∂2ε

∂µ2εξ. (4.2)

Theorem 4.1. Let the function Λ (ξ (ω,µ, τ)) = − ∂ε

∂ωε (ξυω) − ∂ε

∂µε (ξυµ) +D ∂2ε

∂µ2εξ is LFC and satisfies the
condition for Lipschitz continuity, that is

|Λ (ξ1 (ω,µ, τ)) −Λ (ξ2 (ω,µ, τ))| ⩽ λε |ξ1 (ω,µ, τ) − ξ2 (ω,µ, τ)| , 0 < λ < 1, 0 < ε ⩽ 1, (4.3)

then the system
Lεξ (ω,µ, τ) = Λ (ξ (ω,µ, τ)) , (ω,µ) ∈ [e, f]× [e, f] , τ > 0, (4.4)

along with the initial condition
ξ (ω,µ, 0) = h (ω,µ) (4.5)

has a unique solution in Cε ([e, f]× [e, f]).

Proof. Defining a map ϑ : Cε → Cε as

ϑ (ξ (ω,µ, τ)) = ξ0 (ω,µ) +
1

Γ (1 + ε)

f∫
e

Λ (ξ (ω,µ, θ))(dθ)ε. (4.6)

We will show that for m = 1, 2, · · ·

∥ϑm (ξ1 (ω,µ, τ)) − ϑm (ξ2 (ω,µ, τ))∥ε ⩽ λmε|f− e|
mε

Γm (1 + ε)
∥ξ1 (ω,µ, τ) − ξ2 (ω,µ, τ)∥ε. (4.7)
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For m = 1,

∥ϑ (ξ1 (ω,µ, τ)) − ϑ (ξ2 (ω,µ, τ))∥ε =

∣∣∣∣∣∣ 1
Γ (1 + ε)

f∫
e

(Λ (ξ1 (ω,µ, τ)) −Λ (ξ2 (ω,µ, τ)))(dθ)ε

∣∣∣∣∣∣
⩽

∣∣∣∣∣∣ 1
Γ (1 + ε)

f∫
e

λε |ξ1 (ω,µ, θ) − ξ2 (ω,µ, θ)|(dθ)ε

∣∣∣∣∣∣
⩽ λε|f− e|

ε

Γ (1 + ε)
∥ξ1 (ω,µ, τ) − ξ2 (ω,µ, τ)∥ε,

(4.8)

which implies

∥ϑ (ξ1 (ω,µ, τ)) − ϑ (ξ2 (ω,µ, τ))∥ε ⩽ λε|f− e|
ε

Γ (1 + ε)
∥ξ1 (ω,µ, τ) − ξ2 (ω,µ, τ)∥ε. (4.9)

Now assuming the inequality holds for m = k

∥∥ϑk (ξ1 (ω,µ, τ)) − ϑk (ξ2 (ω,µ, τ))
∥∥
ε
⩽ λkε|f− e|

kε

Γk (1 + ε)
∥ξ1 (ω,µ, τ) − ξ2 (ω,µ, τ)∥ε. (4.10)

Consider for m = k+ 1∥∥ϑk+1 (ξ1 (ω,µ, τ)) − ϑk+1 (ξ2 (ω,µ, τ))
∥∥
ε

=

∣∣∣∣∣∣ 1
Γ (1 + ε)

f∫
e

(
Λ
(
ϑk (ξ1 (ω,µ, θ))

)
−Λ

(
ϑk (ξ1 (ω,µ, θ))

))
(dθ)ε

∣∣∣∣∣∣
⩽

∣∣∣∣∣∣ 1
Γ (1 + ε)

f∫
e

λε
∣∣ϑk (ξ1 (ω,µ, θ)) − ϑk (ξ2 (ω,µ, θ))

∣∣(dθ)ε
∣∣∣∣∣∣

⩽ λ(k+1)ε|f− e|
(k+1)ε

Γ (k+1) (1 + ε)
∥ξ1 (ω,µ, τ) − ξ2 (ω,µ, τ)∥ε,

(4.11)

which implies

∥∥ϑk+1 (ξ1 (ω,µ, τ)) − ϑk+1 (ξ2 (ω,µ, τ))
∥∥
ε
⩽ λ(k+1)ε|f− e|

(k+1)ε

Γ (k+1) (1 + ε)
∥ξ1 (ω,µ, τ) − ξ2 (ω,µ, τ)∥ε. (4.12)

Therefore, the claim (4.7) is proven and hence the map ϑ is a contraction. This proves the system (4.4) has
a unique solution.

5. Local fractional laplace variational iteration scheme

Consider a local fractional two-dimensional LWR model (3.4) of traffic flow with υω and υµ defined
by (3.5) and (3.6), respectively, subject to the initial condition ξ (ω,µ, 0) = h (ω,µ).
Then the local fractional correctional functional [39] that is associated with (3.4) is obtained by applying
the local fractional variational iteration method (LFVIM) and is given by

ξn+1 (ω,µ, τ) = ξn (ω,µ, τ) + 0J
ε
τ

{
λε (ω,µ, θ)

[
∂εξn

∂θε
+

∂ε ˜(ξnυnω)

∂ωε
+

∂ε ˜(ξnυnµ)

∂µε
−D

∂2εξ̃n

∂µ2ε

]}
, (5.1)
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which implies

ξn+1 (ω,µ, τ) = ξn (ω,µ, τ) + 0J
ε
τ

{
λε (ω,µ, θ)

[
∂εξn

∂θε + ξn
∂ευ̃nω

∂ωε + υnω
∂εξ̃n

∂ωε + ξn
∂ευ̃nµ

∂µε +

υnµ
∂εξ̃n

∂µε −D∂2εξ̃n

∂µ2ε

]}
, (5.2)

where λε (ω,µ, θ) defines fractal Langrange multiplier and ξ̃n, υ̃nω and υ̃nµ represent restricted fractal
variations, that is, δεξn = 0, δευ̃nω = 0 and δευ̃nµ = 0. The LFLT is applying to (5.2), and hence we
obtained

Mε {ξn+1} = Mε {ξn}+ Mε {λ
ε}Mε

{
∂εξn

∂θε + ξn
∂ευ̃nω

∂ωε + υnω
∂εξ̃n

∂ωε + ξn
∂ευ̃nµ

∂µε +

υnµ
∂εξ̃n

∂µε −D∂2εξ̃n

∂µ2ε

}
. (5.3)

Taking fractal variation of (5.3), we have

δεMε {ξn+1} = δεMε {ξn}+ Mε {λ
ε} δεMε

{
∂εξn

∂θε + ξn
∂ευ̃nω

∂ωε + υnω
∂εξ̃n

∂ωε + ξn
∂ευ̃nµ

∂µε +

υnµ
∂εξ̃n

∂µε −D∂2εξ̃n

∂µ2ε

}
. (5.4)

The optimal condition of ξn+1 is given as

δεMε {ξn+1} = 0. (5.5)

Thus, with reference to (5.5), we get

δεMε {ξn} (1 + sεMε {λ
ε}) = 0. (5.6)

Therefore, the LFLT of fractal Lagrange multiplier is provided as

Mε {λ
ε} = −

1
sε

. (5.7)

Hence, the formula for successive iteration is given as

Mε {ξn+1} = Mε {ξn}−
1
sε

Mε

{
∂ε

∂θε
ξn +

∂ε

∂ωε
(ξnυnω) +

∂ε

∂µε
(ξnυnµ) −D

∂2ε

∂µ2εξn

}
, (5.8)

along with the initial approximation

Mε {ξ0} = Mε {ξ (ω,µ, 0)} = ξ0 (ω,µ, s) . (5.9)

Therefore, the fractal series solution of (3.4) is

Mε {ξ (ω,µ, τ)} = lim
n→∞ Mε {ξn (ω,µ, τ)} , (5.10)

and thus, we have
ξ (ω,µ, τ) = lim

n→∞ M−1
ε {Mε {ξn (ω,µ, τ)}} . (5.11)

6. Non-differentiable solution of local fractional 2D LWR model

This section provides various instances illustrating LFLVIM to obtain non-differentiable solutions for
the 2D local fractional LWR traffic flow model. Table 1 provides the values for traffic parameters that has
used in this study to derive non-differentiable solutions [1].
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Table 1: Parametric Values taken in the study
Parameter Value

Longitudinal free flow speed, υf 15.28ms−1

Maximum velocity of repulsion at the boundary, υµb 0.5ms−1

Width of road, b 10m
Diffusion Coefficient, D 1m2s−1

Example 6.1. Let us consider a 2D local fractional LWR traffic flow model

∂εξ

∂τε
+

∂εξ

∂ωε
+

∂εξ

∂µε
= D

∂2εξ

∂µ2ε , ∀τ > 0, −∞ < ω < ∞, −b ⩽ µ ⩽ b, 0 < ε ⩽ 1, (6.1)

along with the initial condition
ξ (ω,µ, 0) = Eε (ω

ε) (6.2)

In view of (5.8), the successive iteration formula corresponding to (6.1) is

Mε {ξn+1 (ω,µ, τ)} = Mε {ξn (ω,µ, τ)}−

1
sε

Mε

{
∂εξn (ω,µ, τ)

∂τε
+

∂εξn (ω,µ, τ)
∂ωε

+
∂εξn (ω,µ, τ)

∂µε
−D

∂2εξn (ω,µ, τ)
∂µ2ε

} (6.3)

with the initial approximation

Mε {ξ0} = Mε {Eε (ω
ε)} =

Eε (ω
ε)

sε
. (6.4)

First approximation to ξ (ω,µ, τ) is

Mε {ξ1 (ω,µ, τ)} = Mε {ξ0 (ω,µ, τ)}−

1
sε

Mε

{
∂εξ0 (ω,µ, τ)

∂τε
+

∂εξ0 (ω,µ, τ)
∂ωε

+
∂εξ0 (ω,µ, τ)

∂µε
−D

∂2εξ0 (ω,µ, τ)
∂µ2ε

}
= ξ0 (ω,µ, s)−

1
sε

{
sεξ0 (ω,µ, s) − ξ0 (ω,µ, 0) + ∂ε

∂ωεξ0 (ω,µ, s) + ∂ε

∂µεξ0 (ω,µ, s)
−D ∂2ε

∂µ2εξ0 (ω,µ, s)

}

=
Eε (ω

ε)

sε
−

Eε (ω
ε)

s2ε .

(6.5)

This implies

ξ1 (ω,µ, τ) = M−1
ε

{
Eε (ω

ε)

sε
−

Eε (ω
ε)

s2ε

}
= Eε (ω

ε) −
τε

Γ (1 + ε)
Eε (ω

ε) .
(6.6)

Second approximation to ξ (ω,µ, τ) is



P. Goswami, B. Pokhriyal, K. Kumar, Math. & Comput. Sci., 6(2) 2025, 43–63 52

Mε {ξ2 (ω,µ, τ)} = Mε {ξ1 (ω,µ, τ)}−

1
sε

Mε

{
∂εξ1 (ω,µ, τ)

∂τε
+

∂εξ1 (ω,µ, τ)
∂ωε

+
∂εξ1 (ω,µ, τ)

∂µε
−D

∂2εξ1 (ω,µ, τ)
∂µ2ε

}
= ξ1 (ω,µ, s)−

1
sε

{
sεξ1 (ω,µ, s) − ξ1 (ω,µ, 0) + ∂ε

∂ωεξ1 (ω,µ, s) + ∂ε

∂µεξ1 (ω,µ, s)
−D ∂2ε

∂µ2εξ1 (ω,µ, s)

}

=
1
sε

Eε (ω
ε) −

1
sε

∂ε

∂ωε

(
Eε (ω

ε)

sε
−

Eε (ω
ε)

s2ε

)
−

1
sε

∂ε

∂µε

(
Eε (ω

ε)

sε
−

Eε (ω
ε)

s2ε

)
+

1
sε

D
∂2ε

∂ω2ε

(
Eε (ω

ε)

sε
−

Eε (ω
ε)

s2ε

)
=

Eε (ω
ε)

sε
−

Eε (ω
ε)

s2ε +
Eε (ω

ε)

s3ε .

(6.7)

This implies

ξ2 (ω,µ, τ) = M−1
ε

{
Eε (ω

ε)

sε
−

Eε (ω
ε)

s2ε +
Eε (ω

ε)

s3ε

}
= Eε (ω

ε) −
τε

Γ (1 + ε)
Eε (ω

ε) +
τ2ε

Γ (1 + 2ε)
Eε (ω

ε) .
(6.8)

Proceeding in the same manner, we have

Mε {ξn (ω,µ, τ)} =
Eε (ω

ε)

sε
−

Eε (ω
ε)

s2ε +
Eε (ω

ε)

s3ε + ... + (−1)n
Eε (ω

ε)

s(n+1)ε

= Eε (ω
ε)

(
1
sε

−
1
s2ε +

1
s3ε − ... + (−1)n

1
s(n+1)ε

)
.

(6.9)

This implies

ξn (ω,µ, τ) = M−1
ε

{
Eε (ω

ε)

(
1
sε

−
1
s2ε +

1
s3ε − ... + (−1)n

1
s(n+1)ε

)}
= Eε (ω

ε)

(
1 −

τε

Γ (1 + ε)
+

τ2ε

Γ (1 + 2ε)
− ... + (−1)n

τnε

Γ (1 +nε)

)
.

(6.10)

Thus, the solution is given as

ξ (ω,µ, τ) = lim
n→∞ ξn (ω,µ, τ)

= Eε (ω
ε)Eε (−τε) ,

(6.11)

and the corresponding graphical representation of the solution surface of (6.1) is displayed by Figure 1
with parameter ε = ln2/ln3. Visualisation that is displayed make it evident that the performed iterations
are convergent at the solution’s surface.

Example 6.2. Let us consider a 2D local fractional LWR model

∂ε

∂τε
ξ+

∂ε

∂ωε
(ξυω) +

∂ε

∂µε
(ξυµ) −D

∂2ε

∂µ2εξ = 0, ∀τ > 0, −∞ < ω < ∞, −b ⩽ µ ⩽ b, 0 < ε ⩽ 1, (6.12)

with

υω = υf

(
1 −

ξ

ξmax

)
, (6.13)
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Figure 1: Solution surface of the given system (6.1) with parameter ε = ln2/ln3

υµ = υµb

(
1 −

ξ

ξmax

)
, (6.14)

subject to the initial condition
ξ (ω,µ, 0) = ωεµε. (6.15)

In view of (5.8), the successive iteration formula corresponding to (6.12) is

Mε {ξn+1 (ω,µ, τ)} = Mε {ξn (ω,µ, τ)}−
1
sε

Mε

{
∂ε

∂τεξn (ω,µ, τ) + ∂ε

∂ωε (ξn (ω,µ, τ)υnω)

+ ∂ε

∂µε (ξn (ω,µ, τ)υnµ) −D ∂2ε

∂µ2εξn (ω,µ, τ)

}
, (6.16)

with the initial approximation

Mε {ξ0 (ω,µ, τ)} = Mε {ω
εµε} =

ωεµε

sε
. (6.17)

First approximation to ξ (ω,µ, τ) is given as
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Mε {ξ1 (ω,µ, τ)} = Mε {ξ0 (ω,µ, τ)}−
1
sε

Mε

{
∂ε

∂τεξ0 (ω,µ, τ) + ∂ε

∂ωε (ξ0 (ω,µ, τ)υnω)

+ ∂ε

∂µε (ξ0 (ω,µ, τ)υnµ) −D ∂2ε

∂µ2εξ0 (ω,µ, τ)

}
= ξ0 (ω,µ, s)−

1
sε


sεξ0 (ω,µ, s) − ξ0 (ω,µ, 0) + υf

∂ε

∂ωε

(
ξ0 (ω,µ, s) −

Mε{ξ2
0(ω,µ,τ)}
ξmax

)
+υµb

∂ε

∂µε

(
ξ0 (ω,µ, s) −

Mε{ξ2
0(ω,µ,τ)}
ξmax

)
−D ∂2ε

∂µ2εξ0 (ω,µ, s)


=

ωεµε

sε
−

υf

sε
∂ε

∂ωε

(
ωεµε

sε
−

ω2εµ2ε

sεξmax

)
−

υµb

sε
∂ε

∂µε

(
ωεµε

sε
−

ω2εµ2ε

sεξmax

)
−

D
∂2ε

∂µ2ε
ωεµε

sε

=
ωεµε

sε
−

(
υfµ

ε

s2ε −
υµbω

ε

s2ε

)(
Γ (1 + ε) −

Γ (1 + 2ε)
Γ (1 + ε)

ωεµε

ξmax

)
,

(6.18)

which gives

ξ1 (ω,µ, τ) = M−1
ε

{
ωεµε

sε
−

(
υfµ

ε

s2ε −
υµbω

ε

s2ε

)(
Γ (1 + ε) −

Γ (1 + 2ε)
Γ (1 + ε)

ωεµε

ξmax

)}
= ωεµε −

(
υfµ

ετε + υµbω
ετε
)(

1 −
Γ (1 + 2ε)
Γ 2 (1 + ε)

ωεµε

ξmax

)
.

(6.19)

Second approximation to ξ (ω,µ, τ) is given as
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Mε {ξ2 (ω,µ, τ)} = Mε {ξ1 (ω,µ, τ)}−
1
sε

Mε

{
∂ε

∂τεξ1 (ω,µ, τ) + ∂ε

∂ωε (ξ1 (ω,µ, τ)υnω)

+ ∂ε

∂µε (ξ1 (ω,µ, τ)υnµ) −D ∂2ε

∂µ2εξ1 (ω,µ, τ)

}

=
1
sε

ξ1 (ω,µ, 0) −
υf

sε
∂ε

∂ωε

(
ξ1 (ω,µ, s) −

Mε

{
ξ2

1 (ω,µ, τ)
}

ξmax

)

−
υµb

sε
∂ε

∂µε

(
ξ1 (ω,µ, s) −

Mε

{
ξ2

1 (ω,µ, τ)
}

ξmax

)
−D

∂2ε

∂µ2εξ1 (ω,µ, s)

=
ωεµε

sε
−

υf

sε



Γ (1 + ε) µε

sε
+ υfΓ (1 + ε) µ2ε

s2εξmax
− υµbΓ

2 (1 + ε) 1
s2ε

+υµb
Γ 2(1+2ε)
Γ 2(1+ε)

ωεµε

s2εξmax
− Γ(1+2ε)

Γ(1+ε)
ωεµ2ε

sεξmax
−

Γ(1+2ε)
s3εξmax



υ2
f
Γ 3(1+2ε)
Γ 5(1+ε)

ωεµ4ε

ξ2
max

− 2υ2
f
Γ(1+2ε)
Γ(1+ε)

µ3ε

ξmax

+υ2
yb

Γ(1+2ε)
Γ(1+ε) ω

ε − 2υ2
yb

Γ(1+3ε)
Γ 2(1+ε)

ω2εµε

ξmax

+υ2
yb

Γ 2(1+2ε)Γ(1+4ε)
Γ 4(1+ε)Γ(1+3ε)

ω3εµ2ε

ξ2
max

+2υfυµbΓ (1 + ε)µε − 4υfυµb
Γ 2(1+2ε)
Γ 3(1+ε)

ωεµ2ε

ξmax

+2υfυµb
Γ(1+2ε)Γ(1+3ε)

Γ 4(1+ε)
ω2εµ3ε

ξ2
max


+ 2Γ(1+2ε)

s2εξmax

(
υfΓ (1 + ε)µ2ε − υf

Γ 2(1+2ε)
Γ 3(1+ε)

ωεµ3ε

ξmax

+υµb
Γ(1+2ε)
Γ(1+ε) ω

εµε − υµb
Γ(1+3ε)
Γ 2(1+ε)

ω2εµ2ε

)



−
υµb

sε



Γ(1+ε)
sε

ωε − υf
Γ 2(1+ε)

s2ε + υf
Γ 2(1+2ε)
Γ 2(1+ε)

ωεµε

s2εξmax
+

υµbΓ (1 + 2ε) ω2ε

s2εξmax
− Γ(1+2ε)

Γ(1+ε)
ω2εµε

sεξmax
− Γ(1+2ε)

s3εξmax
Γ(1+2ε)
Γ(1+ε) υ

2
fµ

ε + υ2
f
Γ 2(1+2ε)Γ(1+4ε)
Γ 4(1+ε)Γ(1+3ε)

ω2εµ3ε

ξ2
max

−

−2υ2
f
Γ(1+3ε)
Γ 2(1+ε)

ωεµ2ε

ξmax
+ υ2

yb
Γ 3(1+2ε)
Γ 5(1+ε)

ω4εµε

ξ2
max

− 2υ2
yb

Γ(1+2ε)
Γ(1+ε)

ω3ε

ξ2
max

+2υfυµbΓ (1 + ε)ωε + 2υfυµb
Γ(1+2ε)
Γ 4(1+ε)

ω3εµ2ε

ξ2
max

−

4υfυµb
Γ 2(1+2ε)
Γ 3(1+ε)

ω2εµε

ξmax


+ 2Γ(1+2ε)

s2εξmax

 υf
Γ(1+2ε)
Γ(1+ε) ω

εµε − υf
Γ(1+3ε)
Γ 2(1+ε)

ω2εµ2ε

ξmax

+υµbΓ (1 + 2ε)ω2ε − υµb
Γ 2(1+2ε)
Γ 3(1+ε)

ω3εµε




−Dυf

Γ 2 (1 + 2ε)
Γ (1 + ε)

ωε

s2εξmax
.

(6.20)
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Taking the local fractional inverse Laplace transform, we have

ξ2 (ω,µ, τ) = ωεµε − υf



µετε + υf
µ2ετ2ε

ξmax
− υµb

Γ 2(1+ε)
Γ(1+2ε)τ

2ε

+υµb
Γ(1+2ε)
Γ 2(1+ε)

ωεµετ2ε

ξmax
− Γ(1+2ε)

Γ 2(1+ε)
ωεµ2ετε

ξmax

− τ2ε

ξmax



υ2
f
Γ 3(1+2ε)
Γ 5(1+ε)

ωεµ4ε

ξ2
max

− 2υ2
f
Γ(1+2ε)
Γ(1+ε)

µ3ε

ξmax

+υ2
yb

Γ(1+2ε)
Γ(1+ε) ω

ε − 2υ2
yb

Γ(1+3ε)
Γ 2(1+ε)

ω2εµε

ξmax

+υ2
yb

Γ 2(1+2ε)Γ(1+4ε)
Γ 4(1+ε)Γ(1+3ε)

ω3εµ2ε

ξ2
max

+2υfυµbΓ (1 + ε)µε − 4υfυµb
Γ 2(1+2ε)
Γ 3(1+ε)

ωεµ2ε

ξmax

+2υfυµb
Γ(1+2ε)Γ(1+3ε)

Γ 4(1+ε)
ω2εµ3ε

ξ2
max


+ τ2ε

ξmax

(
υfΓ (1 + ε)µ2ε − υf

Γ 2(1+2ε)
Γ 3(1+ε)

ωεµ3ε

ξmax

+υµb
Γ(1+2ε)
Γ(1+ε) ω

εµε − υµb
Γ(1+3ε)
Γ 2(1+ε)

ω2εµ2ε

)



− υµb



ωετε − υf
Γ 2(1+ε)
Γ(1+2ε)τ

2ε + υf
Γ(1+2ε)
Γ 2(1+ε)

ωεµετ2ε

ξmax
+

υµb
ω2ετ2ε

ξmax
− Γ(1+2ε)

Γ 2(1+ε)
ω2εµετ2ε

ξmax
− τ2ε

ξmax
Γ(1+2ε)
Γ(1+ε) υ

2
fµ

ε + υ2
f
Γ 2(1+2ε)Γ(1+4ε)
Γ 4(1+ε)Γ(1+3ε)

ω2εµ3ε

ξ2
max

−

−2υ2
f
Γ(1+3ε)
Γ 2(1+ε)

ωεµ2ε

ξmax
+ υ2

yb
Γ 3(1+2ε)
Γ 5(1+ε)

ω4εµε

ξ2
max

− 2υ2
yb

Γ(1+2ε)
Γ(1+ε)

ω3ε

ξ2
max

+2υfυµbΓ (1 + ε)ωε + 2υfυµb
Γ(1+2ε)
Γ 4(1+ε)

ω3εµ2ε

ξ2
max

−

4υfυµb
Γ 2(1+2ε)
Γ 3(1+ε)

ω2εµε

ξmax


+ 2τε

ξmax

 υf
Γ(1+2ε)
Γ(1+ε) ω

εµε − υf
Γ(1+3ε)
Γ 2(1+ε)

ω2εµ2ε

ξmax

+υµbΓ (1 + 2ε)ω2ε − υµb
Γ 2(1+2ε)
Γ 3(1+ε)

ω3εµε




−Dυf

Γ 2 (1 + 2ε)
Γ 2 (1 + ε)

ωετε

ξmax
.

(6.21)

Proceeding in a similar way, we obtain the fractal series solution of (6.12) as

ξ (ω,µ, τ) = lim
n→∞ ξn (ω,µ, τ) . (6.22)

Figure 2 shows the graphs for the aforementioned approximations with parameter ε = ln2/ln3. These
graphical depictions of the approximations of solution show that, for a given 2D fractal LWR model, the
non-differentiable traffic density function ξ (ω,µ, τ) evolves dynamically under the influence of lateral
dynamics constrained by the road width (µ = 10m), and reflecting drivers’ preference to stay on the road
surface in fractal vehicular traffic flow. Moreover, visualisations that are displayed make it evident that
these iterations are converging near the solution’s surface.

Example 6.3. Consider a 2D local fractional LWR model

∂ε

∂τε
ξ+

∂ε

∂ωε
(ξυω) +

∂ε

∂µε
(ξυµ) = D

∂2ε

∂µ2εξ, ∀τ > 0, −∞ < ω < ∞, −b ⩽ µ ⩽ b, 0 < ε ⩽ 1, (6.23)

with longitudinal υω and lateral υµ speed

υω = υf

(
1 −

ξ

ξmax

)
, (6.24)

υµ = υµbEε (µ
ε)

(
1 −

ξ

ξmax

)
, (6.25)
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Figure 2: (A), (B) and (C) represents initial, first and second approximations of (6.12) with road width µ = 10m and parameter
ε = ln2/ln3
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subject to the initial condition
ξ (ω,µ, 0) = ωεµε. (6.26)

With reference to (5.8), the successive approximation corresponding to (6.23) is

Mε {ξn+1 (ω,µ, τ)} = Mε {ξn (ω,µ, τ)}−
1
sε

Mε

{
∂ε

∂τεξn (ω,µ, τ) + ∂ε

∂ωε (ξn (ω,µ, τ)υnω)

+ ∂ε

∂µε (ξn (ω,µ, τ)υnµ) −D ∂2ε

∂µ2εξn (ω,µ, τ)

}
, (6.27)

with initial approximation

Mε {ξ0 (ω,µ, τ)} = Mε {ω
εµε} =

ωεµε

sε
. (6.28)

First approximation to ξ (ω,µ, τ) is given by

Mε {ξ1 (ω,µ, τ)} = Mε {ξ0 (ω,µ, τ)}−
1
sε

Mε

{
∂ε

∂τεξ0 (ω,µ, τ) + ∂ε

∂ωε (ξ0 (ω,µ, τ)υnω)

+ ∂ε

∂µε (ξ0 (ω,µ, τ)υnµ) −D ∂2ε

∂µ2εξ0 (ω,µ, τ)

}
= ξ0 (ω,µ, s)−

1
sε


sεξ0 (ω,µ, s) − ξ0 (ω,µ, 0) + υf

∂ε

∂ωε

(
ξ0 (ω,µ, s) −

Mε{ξ2
0(ω,µ,τ)}
ξmax

)
+υµb

∂ε

∂µεEε (µ
ε)

(
ξ0 (ω,µ, s) −

Mε{ξ2
0(ω,µ,τ)}
ξmax

)
−

D ∂2ε

∂µ2εξ0 (ω,µ, s)


=

ωεµε

sε
−

υf

sε

(
Γ (1 + ε)

µε

sε
−

Γ (1 + 2ε)
Γ (1 + ε)

ωεµ2ε

sεξmax

)
−

υµb

sε

{
Eε (µ

ε)

(
Γ (1 + ε)

ωε

sε
−

Γ (1 + 2ε)
Γ (1 + ε)

ω2εµε

sεξmax

)
+ Eε (µ

ε)

(
ωεµε

sε
−

ω2εµ2ε

sεξmax

)}
=

ωεµε

sε
−

υfµ
ε

s2ε

(
Γ (1 + ε) −

Γ (1 + 2ε)
Γ (1 + ε)

ωεµε

ξmax

)
−

υµb

s2ε Eε (µ
ε)ωε

(
Γ (1 + ε) −

Γ (1 + 2ε)
Γ (1 + ε)

ωεµε

ξmax
+ µε −

ωεµ2ε

ξmax

)
.

(6.29)

This implies

ξ1 (ω,µ, τ) = M−1
ε

{
ωεµε

sε

}
− M−1

ε

{
υfµ

ε

s2ε

(
Γ (1 + ε) −

Γ (1 + 2ε)
Γ (1 + ε)

ωεµε

ξmax

)}
−

M−1
ε

{
υµb

s2ε Eε (µ
ε)ωε

(
Γ (1 + ε) −

Γ (1 + 2ε)
Γ (1 + ε)

ωεµε

ξmax
+ µε −

ωεµ2ε

ξmax

)}
= ωεµε −

υfµ
ετε

Γ (1 + ε)

(
Γ (1 + ε) −

Γ (1 + 2ε)
Γ (1 + ε)

ωεµε

ξmax

)
−

υµb

Γ (1 + ε)
Eε (µ

ε)ωετε
(
Γ (1 + ε) −

Γ (1 + 2ε)
Γ (1 + ε)

ωεµε

ξmax
+ µε −

ωεµ2ε

ξmax

)
.

(6.30)

Second approximation to ξ (ω,µ, τ) is given by

Mε {ξ2 (ω,µ, τ)} = Mε {ξ1 (ω,µ, τ)}−
1
sε

Mε

{
∂ε

∂τεξ1 (ω,µ, τ) + ∂ε

∂ωε (ξ1 (ω,µ, τ)υnω)

+ ∂ε

∂µε (ξ1 (ω,µ, τ)υnµ) −D ∂2ε

∂µ2εξ1 (ω,µ, τ)

}
= ξ1 (ω,µ, s)−

1
sε


sεξ1 (ω,µ, s) − ξ1 (ω,µ, 0) + υf

∂ε

∂ωε

(
ξ1 (ω,µ, s) −

Mε{ξ2
1(ω,µ,τ)}
ξmax

)
+υµb

∂ε

∂µεEε (µ
ε)

(
ξ1 (ω,µ, s) −

Mε{ξ2
1(ω,µ,τ)}
ξmax

)
−

D ∂2ε

∂µ2εξ1 (ω,µ, s)


(6.31)



P. Goswami, B. Pokhriyal, K. Kumar, Math. & Comput. Sci., 6(2) 2025, 43–63 59

Figure 3: (A) and (B) represent initial and first approximations of (6.23) with road width µ = 10m and parameter ε = ln2/ln3

Proceeding in the same way, we get the fractal series solution of (6.23) by

Mε {ξ (ω,µ, τ)} = lim
n→∞ Mε {ξn (ω,µ, τ)} , (6.32)

and thus, we have
ξ (ω,µ, τ) = lim

n→∞ M−1
ε {Mε {ξn (ω,µ, τ)}} . (6.33)

With parameter ε = ln2/ln3, the graphical results for the above performed iterations are displayed in
Figure 3 and depict the behaviour by which non-differentiable traffic density function ξ (ω,µ, τ) evolves
dynamically with an influence of road width (µ = 10m). Furthermore, the evolution of density function
w.r.t road width for road length 1000m, 3000m and 5000m, respectively, is shown by Figure 4.

7. Conclusion

This study proposed a 2D local fractional LWR model of fractal vehicular traffic flow, and non-
differentiable solutions are derived by using LFVIM. Numerous research studies have been carried out
in the literature to investigate the one-dimensional LWR model. Nonetheless, this study highlighted on
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Figure 4: (a), (b) and (c) represent the evolution of density w.r.t road width for road length 1000m, 3000m and 5000m respectively
for model eqn (6.23) with parameter ε = ln2/ln3
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the two-dimensional local fractional LWR model to address the non-differentiable traffic parameters and
include lateral dynamics stimulated by boundary repulsion and diffusion. This resulted in a novel and
comprehensive fractal order 2D-directed lane-free fractal vehicular traffic model. Firstly, the discussion
has focused on the existence and uniqueness of the solution of proposed model. Illustrative instances
are provided to demonstrate the usefulness of implementing LFLVIM in the presented 2D fractal model.
Further, numerical simulations for each case have also been shown. It has been demonstrated through the
graphic representations of the successive approximations of solutions that the non-differentiable traffic
density function ξ (ω,µ, τ) for the 2D fractal LWR model dynamically evolves with the effect of lateral
dynamic restricted by the road width, which reflects drivers’ desire to remain on the road surface in frac-
tal vehicular traffic flow. Furthermore, it is observed that these approximations are seen to be converging
close to the solution surface. The results of the study illustrate the effectiveness and efficiency of the
model in describing the fractal flow of traffic. Also, it is found that the local fractional iterative technique
is useful to derive the non-differentiable solution for the 2D local fractional LWR model. As part of the
future scope of study, the proposed 2D local fractional LWR model can be extended to n-dimensions and
examined using numerous iterative methodologies for discovering new knowledge and advancements.
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