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Abstract

This paper presents a numerical scheme based on shifted Vieta-Lucas polynomials to solve stochastic fractional integro-
differential equations (SFIDEs). The proposed method approximates Brownian motion using Gauss-Legendre quadrature, sim-
plifying computational processes. Additionally, it employs strategically chosen collocation points to transform the target stochas-
tic equation into a system of algebraic equations, which are solved via Newtons method. Convergence and error analyses of
the method are rigorously established. The study further examines the existence and uniqueness of solutions for the consid-
ered equations. Numerical examples demonstrate the effectiveness, compatibility, and accuracy of the proposed technique,
highlighting its advantages in reducing computational effort while maintaining minimal error margins.
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1. Introduction

Integral equations are prevalent in a wide array of physical applications and appear across various
scientific disciplines and numerous practical scenarios, such as heat and mass transfer, oscillation theory,
fluid dynamics, electrostatics, electrodynamics, biomechanics, control theory, electrical engineering, eco-
nomics, and medicine. These equations can be categorized into several types, including Volterra integral
equations (IEs), Fredholm IEs, and Volterra-Fredholm IEs.

A distinguishing feature of Fredholm integral equations is that their integral limits are constant,
whereas in Volterra integral equations, the limits are variable. Both types can appear in the form of
first- and second-kind equations. The evolution of integral equation theory has led to the formulation
of numerous models addressing problems in engineering and mathematical physics, such as scattering
in quantum mechanics, diffraction phenomena, conformal mapping, and water wave dynamics. Many
initial and boundary value problems in physics and engineering can also be addressed by transforming
them into integral equations, encompassing population growth models, heat transformation processes,
electromagnetic and electrostatic problems, and more [24].
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Integro-differential equations involve both integrals and derivatives of an unknown function and arise
in diverse scientific and engineering contexts. Similar to integral equations, integro-differential equations
manifest in various forms.

Fractional differential equation, fractional integral and integro-differential equations have gained sig-
nificant attention due to their broad applicability in real-world problems [18, 19]. In natural dynamical
processes, the future states of a system often depend on all its past states. Fractional-order operators
preserve the inherited properties of given functions, providing researchers with a more comprehen-
sive understanding of real-world phenomena. Numerous theoretical and numerical methods for solv-
ing fractional-order equations have been introduced in the literature, including the variational iteration
method (Sayevand [17], 2015), Wilson wavelets approximation method (Mousavi et al. [13], 2017), least
squares method (Ezzati et al. [5], 2019), Legendre spectral collocation method (Yousefi et al. [25], 2019),
perturbation iteration algorithm (Senol et al. [20], 2017), Sixth-kind Chebyshev collocation method (Babaei
et al. [2], 2020), and Hosoya collocation method (Jafari et al. [6], 2024).

Stochastic differential equations (SDEs) extend ordinary differential equations by incorporating a
stochastic term alongside the deterministic component. The deterministic term describes the behavior
of the phenomenon, while the stochastic term accounts for random perturbations or "noise" affecting the
system. SDEs play a crucial role in basic science and technology, particularly when accounting for ran-
dom environmental fluctuations. They are widely applied in fields such as physics, finance, medicine,
and biology to accurately model phenomena influenced by random perturbations.

Since most stochastic fractional integro-differential equations (SFIDEs) lack exact analytical solutions,
researchers have developed various numerical techniques to approximate their solutions. Over the past
decade, several methods have been proposed to solve SFIDEs. For instance, Mirzaee et al. [11] (2017)
utilized operational matrices based on orthonormal Bernstein polynomials to solve fractional stochastic
integro-differential equations. Mirzaee et al. [10] (2019) employed a numerical method combining block-
pulse and parabolic functions to approximate solutions for systems of nonlinear stochastic It6-Volterra
integral equations of fractional order. Sayevand et al. [16] (2020) presented a numerical technique using
Bernstein operational matrices and the trapezoidal rule to address a family of stochastic fractional integro-
differential equations. Masti et al. [8] (2024) applied On collocation-Galerkin method to for a class of
SFIDEs. Azimi et al. [1] (2022) introduced a Tau method based on shifted Legendre polynomials for
solving a class of fractional stochastic integro-differential equations. More recently, Saha Ray et al. [3]
(2023) proposed an operational matrix method using shifted VietaFibonacci polynomials to numerically
solve fractional-order stochastic integro-differential equations. Additionally, Saha Ray et al. [21] (2023)
developed the Lerch operational matrix method to solve stochastic fractional differential equations. Other
approaches have also been explored to address SFIDEs effectively.

In this paper, we consider the following stochastic fractional integral-differential equation (SFIDE):

X X
D*Y(x) = g(x) + L Kilx, &)Y (&)dE + GJO Ka(x, E)Y(E)dB(E), x €[0,1], (1.1)
with initial condition

Y0)=Yy, O0<a<l, (1.2)

where D%(.) denotes the Caputo fractional order derivate of order o and

Y(x), 9(x), Ki(x,&),1 = 1,2 are stochastic process defined on the same probability space (Q),F,P), Y(x) is
unknown and fg)( Kal(x, &)Y (&)dB(&) is It6 integral. Here, o is constant number. A real-valued stochastic
process B(x), x € [0, T] is called the Brownian motion with the following properties [12]:

i) For x > 0, B(x) is a continuous function of .

ii) For 0 < xo < x < T, B(x) — B(x0), is independent of the past. As a results, B(0) = 0 (with the probability
1)

iii) For 0 < x0 < X < T, B(x) — B(xo) has normal distribution with mean zero and variance x —¥g. Such
that, B(x) — B(xo) ~ v/X —Xo N(0,1), where N(0,1) denotes a normally distributed random variable with
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zero mean and unit variance.

Vieta-Lucas polynomials offer several advantages in computational mathematics. First, their unique
properties-including orthogonality and recursive structure-make them highly effective as basis functions
for achieving precise numerical solutions. Despite these advantages, Vieta-Lucas polynomials have re-
ceived limited attention in research compared to other polynomial families. A key contribution of this
work lies in employing a modified set of shifted Vieta-Lucas polynomials as basis functions. By retaining
only a few dominant modes, this approach enables highly accurate approximations while significantly re-
ducing computational complexity. Furthermore, the associated truncation errors are negligible, ensuring
robustness in practical applications.

The remainder of this paper is organized as follows. Section 2 introduces fundamental definitions and
background in fractional and stochastic calculus necessary for the subsequent analysis. This section also
details Vieta-Lucas polynomials, a class of orthogonal polynomials, and their role in function approxi-
mation. Section 3 provides a theoretical proof of the error analysis and convergence properties of the
proposed scheme. Section 4 presents the integral operational matrix, derivative operational matrix, and
operational matrix of product. Section 5 details the implementation of the method for solving stochastic
fractional integral-differential equations. In Section 6, we establish the existence and uniqueness of so-
lutions for these equations. Section 7 illustrates the efficacy of the scheme through numerical examples.
Finally, concluding remarks are provided in Section 8.

2. Definitions and Basic concepts

In this section, we present some necessary definitions and properties of fractional operators, Vieta-
Lucas polynomials.

2.1. Fractional and Stochastic calculus

Fractional calculus extends traditional integration and differentiation to non-integer orders through
diverse definitions. The Riemann-Liouville formulation is primarily utilized for fractional integration,
while the Caputo definition is favored for differentiation. Beyond these, alternative approaches are also
developed within stochastic calculus frameworks.

Definition 2.1. The fractional Riemann-Liouville integral of order « > 0 is exhibited as [14]

1 JX Y (&)
Me) Jo (x—&)1=

Definition 2.2. The Caputo fractional derivative of order « > 0 is defined as [14]

I*Y(x) =

dé. 2.1)

D*Y(x) =

X (n)
1 J ) d, n—1<a<n, neN. (2.2)

Fn—a) Jo (x—grremn
Some of most significant properties of fractional operators are as follows

I) D*C =0, (C is a constant),

0, yeEN, v< [«

M) D% = -
1P {r(rl(f;—lix)xy“, YEN, v=laf, or yEN, v > |af,

1) D¥I*Y (x) = Y(x),
n—1 k

IV) I*D*Y(x) = Y(x) — Z h(k)(0+)x—, n—-l<a<n
= k!
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Definition 2.3. (It6 isometry): Let B(x) be the real valued winer process and X be a stochastic process
then[7]

X
E J X(£)dB(£)

2 X
- | "exepas 23)
0

0

where E is the mathematical expection.

Definition 2.4. (Jensen’s inequality): Let h € [2(0,1) then we have[7]

2 X
E( ) <E <x L |hma))|2de> . (2.4)

2.2. Shifted Vieta-Lucas polynomials

This section outlines the definitions and properties of shifted Vieta-Lucas polynomials (VLPs), empha-
sizing their classification as orthogonal polynomials. We highlight their recurrence relations and analytical
formulations, which underpin the construction of the orthogonal polynomial family termed Vieta-Lucas
polynomials.
Vieta-Lucas polynomials are defined in the interval [-2,2]. The Vieta-Lucas polynomials of degree
n € Ny = N U{0} is given by[4]:

X
J ROY(£))d(E)

0

VL. (x) =2cos(nv), v = arccos (%(), v € (0,7,

The explicit forms of VL, (x) are obtained as follows:

VLn(x)zz(—l)k<“_k) ek

— X
= k /n—k
2 nlhn—%k)
— -1 k n—2k 21
2 g X

where [ 7] is the celling function.

Using VLo(x) = 2 and VL;(x) = X, we can also generate the Vieta-Lucas polynomials by the following
recurrence relation:
VLn(x) =xVLn-1(x) = VLn2(x), n =2,

Furthermore, The orthogonality condition of these polynomials is given with the weight function w(yx) =

L__ in the following form:
4—x2

> 4T, m=n=20,
(VLn(x), VL (x)) = J W(X)VLn(x)VLm(x)dx = { 27, m=n#0,
—2 0, m#n.

Vieta-Lucas polynomials are directly linked to Chebyshev polynomials of the first kind through shared

orthogonality, recurrence relations, and structural properties, differing primarily by scaling factors due to
distinct normalization conventions [15].

VLa() =2Ta(3),  neNo,

where T,, is the nth Chebyshev polynomial. To use the Vieta-Lucas polynomials on the interval [0, 1], we
introduce the shifted Vieta-Lucas polynomials, VL, (x) as VL; (x) = VLn(4x —2). So, the explicit forms
of VL} (x) are obtained as follows:

4nkr(2n —k) .
K+1Dr2n—2k+1) X

n
VL (x) Zn;)( 1) M , =2,
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Moreover, the following recurrence relation can be utilized for generating these polynomials:

VL (x) = (4x —2)VL;, 4 (x) —VLL »(x), n=>2,

with
VLi(x) =2, VLi(x) =4x -2 (2.5)
Also, another representation of the relation (2.5) could be expressed as
n
v ARen)T(n+k)
* — o n—k k > . .
VL0 = (D" g iy X 2L (26)

k=0
The orthogonality condition of the shifted Vieta-Lucas polynomials is as follows:

1 47, m=n=20,
Q = (VL (x), VL. (x)) :J w*(x)VLy (x) VLY, (x)dx = { 27, m=n#0, (2.7)
0 0, m#£n,

where w*(x) = \/ﬁ is weight function.

Thus, a function Y (x) € L2[0, 1] may be expressed via the shifted Vieta-Lucas polynomials as follows:
Y(x) =) VLX),
i=0

where

1
Co = zlﬂj w* (x)Y(x)dx,

0
1! _
i =5 | WITOOVLIGOR,  iEN, @9
Tt Jo
So, by truncating the infinite series in (2.2), we obtain the following approximation:
n
Y(x) ~Ynlx) =) ciVLi(x) = CT(x), (2.9)
i=0
where
C=I[co,...,cnl’, (2.10)
and
$(x) = VL5 (x), VL (%), ..., VLR ()T, (2.11)

In the same, a function Y(x, &) defined over L2([0,1] x [0, 1]), can be expanded as:
Y &)=Y D &, VLI(X)VLi (&) =T (x)Ch(&),
i=0 j=0

where C = [¢i;] is an (m + 1) x (n + 1) matrix with

1 rl r1

oo = 2 wr (X)W (€)Y (x, &)dxdé,
7 Jo Jo
1 rl rl
Coj = 75 wrx)W* ()T (x, E)VL;(£)dxdE, 1<j<n,
4m= Jo Jo
1 rl pl
Cio = 7 w X)W (E)Y(x, E)VLI (x)dxdE, 1<i<m,
4m= Jo Jo
1 1 pl
Cio =4 5 wr(x)W*(E)Y(x, E)VLI (x)VL; (§)dxdE, 1<i<m, 1<j<n
Jo Jo
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Remark 2.5. The Brownian motion B(x) can be expanded as

B(x) ~ B (x), (2.12)

where the undetermind coefficients 3i,i = 0,1,--- ,n can be computed by using Eq. (2.8) and Gauss-
Legendre quadrature reule [23]

1 1 * *
Bi= 3 | W OOBOOVL (X)dx
1 — 1 1.1 1 1 1
:ﬂijw*(Enj+§)B(§m+§)vv{(§nj+§), i=0,1,2,...,n, (2.13)
j=1

where {n]} are zeros of Legendre polynomial P,,, and {w]} are the corresponding weights as

2
w; = - , ji=1,2,---,m.
T (=) (P ()2

3. Error and convergence analysis

3.1. Error bound

Theorem 3.1. Suppose that function Y(x) € C™10,1] and Yy (x) = Y i ociVLi(x) be best approximation
function to Y (x) on the interval [0, 1]. Then, the coefficients ci, for i =0, 1, ..., are bounded as follows

4*2OMi+ KTk + 3)

. Kk
als lef Z F2k+ DMA—k+ Dk +1) (3.1)
where
. — 4’ O
Yi= 2 i>1
and My is the maximum value of Y (X) on the interval [0, 1].
Proof. Using Egs. (2.6) and (2.8) for i =0,1,...,n, we have
1 1! : . 4(20)T (1 + k)
L= Y(x)VLi (x)w* = Y —1)tk “w*
i = | ThoVE 0w boax = | Y00 S e i X
1 & L 4Qiri+k) . .
v 2D M2k +1r(i—k+1) JO Thw ) dx: (3.2)

Since Y'(x) is a continuous function on the interval [0, 1], so it is bounded and there is a constant M~y such
that
Y(x)I <My, ¥xelo1]. (3.3)

By replacing Eq. (3.3) in Eq. (3.2), we have

My g e ARQUTE+k) L 1
el < g -1 F(2k+1)F(i—k+1)J 2 X
Z L ARRDPA+KIN(k+ D)
ylf Fk+1)ri—k+1M(k+1)"
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Theorem 3.2. Suppose that function Y(x) € C™1[0,1] and Yy, (x) be its best approximation using VLPs defined
by Eq. (2.9). Then,

M
- <
Y00 =Yl < (g Ve
where
M = max YD (x).
x€[0,1]
Proof. It is easily proved by using of [22] and considering the weight function w*(x) = —-- O

Vx—x*

Theorem 3.3. Suppose K(x, &) be a sufficiently function on Q = [0,1] x [0, 1], {VL; (x)}i_o C L2[0,1],
{VL{(&)}Zy C L*[0,1], X = Span[VL§(x), VL{(x),..., VL (X)], ¥ = Span[VLj (&), VLI (&), ..., VL}, ()] and
Kn(x, &) be the best approximation of K(x, &) in space X x Y. also, suppose

MK (x, &)
aX“’H
oMK (x, &)
a£n+1
072K (x, E)
aXn—l—l aan—o—l

max

< 7
(E)EQ S

max

< 7
(xE)EQ S 2

ma < U3,
(x,£)eQ

Then, the error bound is as

H1 H2 H3
1K (x, &) — Knl(x, &) < ((n+1)!22n+1 + (e + ((n+1)!)224n+2> m

Proof. 1t is easily proved by using of [22] and considering the weight function
wrx)w (&) = —= —.
Vi Ve

3.2. Convergence Analysis

Theorem 3.4. Let Y(x) be the exact solution of Eq. (1.1) and Y (x) be its approximate solution. According to
theorems 3.2 and 3.3, if Kn(x, &) and gn(x) are approximations of K(x, &) and g(x) respectively. Furthermore
suppose that if

(MDYl <p, ¥xelo1],

(2) [Ki(x, E)l < ki, 1=1,2, ¥(x, &) €10,1] x[0,1],

(3)4V [(2k3 +4B%(n)) + 02 (2k3 +4B3(n))] < 1

Then

len (0l < 4||Resn, (x)]12 +4V2y2(n) + 16Vp2(p2(n) + 02p2(n))
n\XJIl & 1—-4V [(2K%—|—4B%(n)) + 02 (2K%+4B§(n))] ,

and also Yy, (x) convergence to Y(x) as n — oo in L2 and ||Y||* = E[Y[%.
For notational simplicity, V denotes a positive constant dependent on o throughout this work.
Proof. Consider the SFIDE as follows:
X X
DY) = 900 + | Ko EV(E)aE+0 | Kol EIT(EIBLE), x € 0,1, 3.4
0 0
and let Y, (x) be the approximate solution of Eq. (3.4), that is

X X
DY (x) = gn(x) + JO XK, (x, €)Tn(E)dE + GJO Ko, (x, E)Vn(E)dB(E). (3.5)
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Substracting Eq. (3.5) of Eq. (3.4) and defining the error function [Y(x) — Yn (x)|, we have

X
D™ (Y(x) = Y (X)) = (g0x) — gn () +JO (%10, E)Y(E) — Ko, (x &)V (£)) dE
X
+ “L (Kl E)Y(E) — Ka, (x, )V (E)) dB(E).

Applying the Riemann-Liouville operator I* to both sides of Eq. (3.6) yields.

X
I*(D*(r(x) = Tn(x)) =I*(g(x) — gn(x)) + 1% (JO (K1 (x, E)V(E) — K, (X%, E) T (E)) d&)

+ oI% <J: (Kalx, E)Y(E) — Ko, (x, E)Vn(E)) dB(a)) '

By using the properties of 1%, Eq. (3.7) can be written as

X
Y(x) = Y (x) = Resn (x) + 1J (x— £)% 1 (g(£) — gn(£)) dE

o)
1 (x
FL . (J (¥a(c, &)Y (E)—xln(c,am(a))da> dc
i | -0 (J (Ka(0, )Y (a)—mn(c,a)vn(a))dls(a)) ac,

Using the relation () " v’ <n (31 v?), the following inequality has been obtained.

X
len (X)[1? = [[7(x) — Y (x)|* < 4|[Resn (x)]* +4||—1 J (x—&)*1(g(&) —gn(&)) dg|
M) Jo

* 4Hr(1a)fox (x—q* (LC (K1(8, E)Y(E) — K1, (§, €)Y (E)) d&) ch2

+4Hr("cqjox(x—c)“1 (LC (28, )V (E) = K, (&, E) Y (E)) dB(E)> chz'

Using Cauchy-Schwartz inequality and the theorem 3.2, we have
2

I R R A e REACIEH Iy NS CORENCIES

X 2
<l | -0 -0 (900 - gnle ]

0

< g (|, - 81 ae) (j x— £ |gl&) — g (£)|*d)
<V2g&) — gn (&) < V¥¥(n

where y(n) = mand M = max, (o] g™ ().

_M
(m+1)!

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)



M. Zaboli, H. Tajadodi, Math. & Comput. Sci., 6(2) 2025, 1-31

In the continuation of the proof, we let

Ja= Hr(la)r(x— Ol (LC (K1(C, E)Y(E) — K1, (T, E) T (E)) d&) ch2

0
2

1 X C
= E J (x—Q* 1 (J (XK1 (G, E)V(E) — K, (¢, E)Yn(E))d£> d¢

0 0

2

1 ¢ a—1
= gt =07 (| - 0 (R Y0 — 51, (€ £ lE) d)

0 0

2

Using the Cauchy - Schwarz inequality, the theorem 3.3 and (-, v’ <n (X yv?). we have

1 X 1 X
< g | 0 d&E(L |

X, (¢
<VE<x , (c 0(x—&)°‘1\%(@&)?(&)—Kln(c,am(a)\zda)dc>

¢ —1
J (x—&)“z(le(c,ama)—9<1n(c,am(a))da(2dc>

0

ré

(x = 0% K1 (6, £) V(&) = T (8)) + (%1 (G, &) = K1, (&, £)) (T (2)

JO

—v(E) 7)) ae) ac)

X , (¢ 2
<VE<XL (¢] =0 (2xa(C )0 = (&) +4[(%1 (6, 8) ~ %4, (G, 8))

JO

< (78 = V(EN[ + 4501 (0,8) %, (& @) Ov(EN] ) az) d&)
X C

<V<x2j (| =0t (2@ ol elorte - valen| +4elae 8 - %, (& EN P
0 0

xE\m(a)—Y(a))|2+4E\(ﬂcl(c,a)—:Kln(c,a))\zma)\z)da)dc>

<[ (] (- 0% (23 Een(E)]| + 4BFIE[en €] + 48367 ) ) L

0
By changing the integration order and substituting (x — &)* < 1, we derive

X
g

2 < v( 2+ 4pin) [ Elente)(|| ix— 0 ac)ae

+4p3(n)p? J: (Jx (x— C)“‘ldc) d&)

&
X

X
<o( o+ 483) [ elnte c—£1%05- 7007 |

(X — E)“dE,)

(3.11)
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where $i(n) = ((nJrlP)L!]zan + (n+1L)L!222n+1 + ((n+1;L!3)224“+2> mi=1,2.

Again, using the Cauchy-Schwarz inequality, we get

Js = H%) JX(X— i r (32T, V(&) = Kz, (G, E) T (E)) dB(a)ch2

02 X B 2
= rZ(“)E L (J (K2(C, E)V(E) — Ko, (C, E)Yn(i))d3(5)> dc
2
o? X at
= Fz(oc)E L J X—0 7 (Ka(g )Y (5)—iKzn(C,ri)Yn(E))dB(E))dC
o? X .
< FZ(M(L (x—0~'d¢)

2
x ( [l [ x- 0 (ate arvie) -3, (€ 672 a8L2)| dc).

Now, by using the It6 isometry property and the relation (> - vi)¥ <n (X1 v?). we have

X , (G
Ja < o*V (xj (] 6= 0" E[Xa(C, E)T(E) = K2, (¢, &) Vn(E)] d&)d&)

0o “Jo
X , G

< GzV(XL (], 6c= 0 TE[I0al& 0P () — Y (£)) + (902(6, ) — Ko, (6 ED (T (8)

2
—Y(£)+Y(E) da)dc)

) X , rC . » 2 5
<V (x| (| o0 (2%l ) PEIT(E) = Y€+ 4E](Ka(G, £) =2, ()
< E|(Tn (8) = Y(£))[* +4E[ (%2 (6, £) — Ko, (€, )|V (& \)d&)d&)

<62V<J:<J§(X—C) H(2Efen(e \+4rs%(n)E|en(a)\2+4fs%(n)p2)da)dc>.

By using the theorem 3.3 and by changing the order of integration. Since (x — &)* < 1, we have
2 2 x 2 X oa—1
2002 [ [* 1
agine? | ([ ix- 0 ac)ae
0 &

2 2 X 2 o 2 2 [© x
< 02\7((2K2+4(52(n))J0 Elen (&) (x — &)*dE +4p3(n)p JO (x — &) d£>

V( (263 +4B3(n) [len(8)]* +4B3(n)p?). (3.12)
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Now, by substituting Egs. (3.10), (3.11), (3.12) into Eq. (3.9)

len ()12 < 4[|Resn (x)|12 + 4V () + 4V [(23 + 42 (1)) [len (£) ] + 402p2 ()]
+40%V [(263 +4B3(M)) [len (&) |* +4p*B3(M)] -

Then,
len b0l < 1| AIReSn (X +4V2y2(n) + 162 (B3(n) + 0B3(n)
T 14V [(2«] +4B7(n)) + 0% (25 +4B5(n)) ]
It implies that, if n — oco then |len (x)|| — 0 and therefore Yy, (x) convergence to Y(x) in L2 =

4. Operational matrices based on shifted Vieta-Lucas polynomials (SVLP)
This section derives integral and fractional derivative operational matrices, along with a product ma-
trix, for Vieta-Lucas polynomials.

Remark 4.1. The vector {(x) defined in (2.11) can be approximated based on the vector of the monomial
basis function

P(x) = GTn(x). (4.1)

Here, T, (x) is defined as

Tolx) =01 x - x"" (4.2)

7

and G = [g; ;] in (4.1) is an (n + 1) order lower triangular matrix with

2, 1 :j = 1,

—1)t-igi—1 i— i+j— . . .

915 = { T, 2<i<ntl, 1K<,
0, otherwise.

Remark 4.2. The inverse of matrix G is matrix G~ ! = [§i,;], which is defined as follows

1
E/ i:j:]v

1Ti—1
1ri=3) 2<i<n+1, j=1,

PN —3) 2<i<n+1, 2<j<i
’ S , N R
S+ —Di—j+1) J

0, otherwise.

4.1. Operational matrix of integral
The integral of the vector \(x) defined in (2.11) is expressed by the VLPs as follows

X
J B(s)ds = T P(x), (4.4)

where I represents the (n+ 1) x (n+ 1) operational matrix of the integral. First, we calculate the integral
of the vector T (x) defined in (4.2). Therefore, we have

J: Tn(8)dE ~ T Ty(x), (4.5)
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where J = [py;] and

I

Pij = ]
0, otherwise.

By using Egs. (4.1) and (4.5), we conclude
X X R R
[Fvioas =6 [ Taioas = €1 Tai0 = €36 wix),

0

where I = GIG .

4.2. Operational matrix of derivative
The differentiation of the vector \(x) can be expressed by the VLPs as follows

< pix) =DMpiy), (+6)
X

where DY) is operational matrix of derivative. According to section 4.1, we calculate the differentiation
of the vector Ty, (x) defined in (4.2). Then, we obtain

DY =GDG Y, 4.7)

where D = [d; ;] is an (n + 1) order square matrix, in which

0, i=1 1<j<n+1,
dij=4i-1, 2<i<n+1, 1<j<i-1, i—j=1,
0, otherwise.

4.3. Operational matrix of fractional derivative
The fractional derivative of the vector \(x) can be expressed by the VLPs as follows

D% (x) = D*(x), (4.8)

where D represents the (n+ 1) x (n+ 1) operational matrix of fractional derivative of order 0 < « < 1.
By applying the Caputo derivative of order « to the vector defined in (4.2), we have

D*Tn(X) = | TE_a) X = ATn(x), (4.9)

n!
I Tm+1—«) X

in which A'is an (n + 1) order square diagonal matrix as follows

1! 2! n!

A = diag |0, ———, ,
Y9 T2 ) TB—w) Mn+1—«)
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and T (t) = [0 x1 % 2% ... x™%|T Now, we approximate x°~ % in terms of the vector defined in (4.2)

n
XUioc = Z ecr,ka = [60‘,0 ec,l 66,2 T eo,n] Tn(X)/ c=12,---,n.
k=0

QT () (410)

Let O be a matrix with the zero vector in the first column and the vector 0,k in the oth column. By
substituting (4.10) into (4.9), we have

D*Tn(x) = AQT Tr(x). (4.11)
By using Egs. (4.1) and (4.11), we obtain
D*P(x) = G D*Tn(x) = GAQT Ta(x) = GAQ'G™ P(x).
where D* = GAQTG ! is the operational matrix of fractional derivative of order .

4.4. Operational matrix of product
Let C is an arbitrary (n+ 1) x 1 matrix, then the operational matrix of product for the Vieta-Lucas
polynomials is given as

CTH)Wx) " =w(x)'C, (4.12)

where C is the (n+ 1) x (n+ 1) operational matrix of product.
To calculate the product of \(x) and P(x)" in an arbitrary vector cT, by using Eq. (4.1) have that:

CTHX)"T = CTOH)(T(x )GT)

mn
= [Z ci VLI (x ZCLXVL* ZCanVL*( )
i=0

i=0

G'.

Taking ey ; = [eg,i, ei’i, eeey eTkl,i]T and approximating X*VLI(x) ~ el,itl)(x), i,k=0,1,...,n, we obtain

1
i = Q L KEVLE G () dx

-
1 1 1
= Q|| XVLIOVES hod | VLEGOVL x| XFVLEGOVLS (x)dx] :
we have
Z ClkaL* Z (Z e VL* ) Z VL* (Z Clek l>
i=0 i=0
n n T
T [Z cied ;, Z Cillis---, Z cieE,i]
i=0 i=0 =0
=1(x)'EC
=b(x)'F

where E is an (n+1) x (n+ 1) and the vectors ey fork=0,1,2,...,n are the columns of E.

CTOOOV) " = | D aVLi(x), Y eixVLi(x),..., ) cx"VLi(x)| GT

i=0 i=0 i=0
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5. Description of the proposed method

This section approximates the solution of Eq. (1.1) via a shifted Vieta-Lucas collocation approach,
expanding Y(x), 9(x), K1(x, &), Ka(x, &) and B(x) using SVLP for computational resolution.
Let

Y(x) ~ Tnlx) =CTh(x) =¥ (x)C, (5.1)
Kilx, &) =T (OK(E) =T (K W(x), i=12, (5.2)
B(x) ~ B (x) =v"(x)B, (5.3)
g(x) ~ G (x) =" (x)G. (5.4)

By substituting Eqgs. (5.1), (5.2), (5.3) and (5.4) into Eq. (1.1), we have

X X
D*CT(x) = G P(x) +L BT () K (EWT(E)CAE + GL YT () K (E)W T (E)CA( T ()B). (5.5)

By using from Egs. (4.8) and (4.12), we get

X

CTD™(x) = GTh(x) + T (K CT L

w(a)da+mpT(x)KzéTJ:u)(a)wT(a)DTBd(a), (5.6)

where CT is the operational matrix of product. According to Eq. (4.12), we obtain

V(EWT (DB = CLw(E), (5.7)

where C[ is the operational matrix of product. By substituting Eq. (5.7) into Eq. (5.6), we have

X

CTD(x) = GTh(x) + T (XK CT L

X
D(E)AE+ o (x)KaCT L Clp(E)d(E)

~1 [X X
— TP + T HOKICT L DE)AE+ o (x)KCTC L DE)A(E). (5.8)
By substituting Eq. (4.4) into Eq. (5.8), we rewrite this equation
CTDY(x) = G W(x) + ¥ (x)K1CTT W(x) + o " (x)K2CTCET (x). (5.9)

To calculate the unknown SVLP coefficients ci, i =0,1,2,---,n. We use appropriate collocation points
defined by

1 2p+1)m

The problem reduces to solving a system of (n + 1) algebraic equations for the (n + 1) unknown SVLP
coefficients; substituting the computed vector C = [co,cy,- -, ¢ T into Eq. (2.9) yields the approximate
solution of Eq. (1.1).

6. Existence and Uniquenss of solutions

This section establishes existence and uniqueness of solutions for the stochastic Eq. (1.1) via a Banach
space framework of continuous functions equipped with the norm.

1
1Y]lg :== sup [[Y(xX)|l2 = sup (EIY()()IZ)2 < 0.
X€E0,1] x€[0,1]
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Lemma 6.1. Suppose Y (x) is a solution of the equation (1.1) with the condition (1.2) if only if it is a solution of the
following stochastic integral equation

X X
Y00 =7(0)+13(900) +L % (x, £)Y(£)dE + GL Kalx, £)T(£)B(E) ). (6.1)

Proof. It can be easily proved by using the properties of fractional operators.
First we consider the following assumption:
(H1) suppose that there exists the constant m > 0 such that [g(x)| < m. O

Theorem 6.2. Suppose that the assumption (1)-(2) of theorem 3.4 hold, then the stochastic equation (1.1) has at
least one solution.

Proof. we consider the operator © : B — B as:
X X
OY(x) = Yo+ Igglx) + 15 ( | Kb EvIEIaE) +15( | Habe EY(EIABIE)), 62

we consider the set Y:= {Y € B: [|[Y — Y| 3 <, v > 0}. Itis evident that Y is a closed and convex subset
of the Banach space of all continuous function with the norm ||Y||3. Choose V*m? < £, V«%p? < % and
o?VK3p? < L

207 < 3
Fristly, we need to show that the operator O is continuous. To represent the continuous of ®, we consider

a sequence Y, that converges to Y € Y. using the relation (} ', vi)z <n (Z?:o v%), we obtain

X c
©nix =000 <2{ | oo [ -0 ([ a@ oo~ e ae ) acf
M) Jo 0

o x ox—1 ¢ 2
s |0t ([ e amnie s e ase) ) ag

0 0

< 2(‘@[:&—&)0‘21 (

+‘F&)E(x—c)“21<

Using Cauchy-Schwartz inequality and the assumption (2) of theorem 3.4, we get

0

¢ —1
J (X — )T K1(, &) (Yo (E) — Y(E)) d&) dc\z

¢ 1
| x-0 s (Yn(a)—Y(é))dB(é)> dc(2>. (63

0

X

2 1 o—1
|®Tn(X)_®Y(X)‘ < 2<r2((x) JO (x—20) dc

([x-0m| [ saiee trae) - viey azf'ac)

0 0
(o)

+ r2(2cx) J:(x - C)“*ldc< J:(x - C)(H’ LC Ka(G, &) (Yn(E) =Y (E)) dB(E) ’2d5)> : (6.4)
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Now, applying Jensen’s inequality and also It6 isometry, we obtain

E|OTn(x) —OY(x)[* < 2<ij: (CLC(x— QX E[K(G E) (Tn(E) = Y(E)) }zda)dc
+ 02ij: (Lc(x— O E[Ka(C,E) (Yn (&) = T(2)) [*aE) d&)
< 2(%% E (Lc(x— O*E[ (Yn(8) = T(8)) \zda) d¢
rov [ (| e 0e el rate) - e ) dc>. 65

By changing the integration order and substituting (x — &)* < 1, we yield

E[OYn(x) ~ OV ([ < z(vK% | Elern@ —v@ ([ -0 ac)ae
0 £

+02Vi3 LXE\ (Yn(&) =Y(E)) ‘de

(x— C)“—ldc) d&)
IS

X 2
<2 VK%JO &) = Y (&)P(x — £)%d

22 [© 2
‘o szL 170 (&) = (&) (x — £)dE

< (2vi +202vid) [ = Y% 6.6)
Therefore
|©Y —OY|s = sup E[@Yn(x)—OY(X)|* = (ZVK% + 202\7K§) [V =5 (6.7)
x€0,1]

Since Y, is convergent to Y, i.e. HYn — Y‘H — 0. Therefore, the operator © is continuous.
Next, we prove that ©(Y) C Y. For any Y € Y, we have

2 1 x ox—1 2
‘GY(X)_Y0’ <3<’WJ@ (x—2¢&) Q(E)dé‘

+ (1jx(x—a“1 (Jcﬂcl(c, amama) dé]z

(o) Jo 0
B P i )
+‘F(o¢) Jo (x—2) <J0 Ka (¢, &)Y(&)dB(&)) dC‘ )
1 [x - — ,
<3<’ML (x— 8 (x— &) g(&)d|

¢ 1
| (x—&)“le(c,ama)da> ad’

0

C 1
J (x—&)“z%(@&)ﬂ&)dlﬁ(&)) dc(2>. (6.8)
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By taking expectation at both sides of Eq. (6.8). Also, using Cauchy-Schwartz inequality, It6 isometry and
the assumptions (1)-(2). we have

E[OY00 ol < 3<r23“) (Lx(x— £)*de) Jx(x— £)*"Elg(e)de )
+r21<x)<r(x Q% 1dC JO J X — Q)% TE[K1(E, E)Y(E)] dg)ac)
+r2(ix)<J (=0t ) ( XJ: J X — Q)% VE|Ka(, E)Y(E)] d&)dC))

C

<3 <V2m2 + Vk3p? <X J: (C L
+ ?Vi0? (x J: (E(x ~ 0~ d&))

C
<3 <v2m2 +VK%p2(m (x— Q)% 'dedn)
0 Jo

(x—0)*'de)dc)

+0* V50 ( r r(x —~ C)“ldadc)> . (6.9)

0 Jo
By changing the order of integration
) X X
E|OY(x) — Yo|* < 3[ V2m?+ VK%pz(J J (x — c)“—ldcda)
0 Jg

+ 0?VK3p? < J: E (x — C)O‘_ldCdE,))

< B(Vzmz + VK2p2 + O'ZVK%QZ)

<3(3+3+3) (6.10)

So, we show that ©(Y) C Y. Now, we prove that the operator © is bounded on Y.

X
o0l < 4(m|2+ i | oo gterae]

e | -0 (J: %, a)v(a)d(f,) ad’

e [ -0 (J: Kol amamma) dc)2>

X o e 2
| e - glear]
s -0 (Joc(x—a"‘zlﬂcl(c, amams) ac|

et -0 (JC(X 0 %0, E)Y (E)dB(E)> dcf). (611)
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By taking expectation at both sides of Eq. (6.11). Also, using Cauchy-Schwartz inequality, It6 isometry
and the assumptions (1)-(2). we have

Elovif < 4<Emf i (| - 070 ([ -0 Eigte) o)

+ Fzgoc) (J:(x—(:)“ldc) (xJ: (CJ (x — O 'E[%1 (¢, &)Y (8)ag ) dc)
2 q

+ r;za) (J:(x—(:)“ldc) (xJ: (L (x— Q% 'E|5a (¢, £)V(E)] d&)d&))

X 4
< 4(\\%\}2 +V2m? + V2p? (x L (CL (x — C)"‘*lda) dC)

0ol (x| (Jj(x —0)*lde) d&))

X (¢
< 4<HyoHs +Vim? +VK%p2(JO L (x - 0)*dedc)

+ 02V2p? ( J: LC(X - c)“ldadc)> : (6.12)

By changing the order of integration

2 2.2 2 2 xx a—1
E|OY(x)|” < 4( || Yos +V?m2+Vidp (L L(x—c) dCdE,)

X X
+02VK%p2(J J (x—C)"‘_ldCd£>>
0 J§
<4(HY0HE+\72m2+\7|<%p2+02\7|<%p2)
<4([rollg +7)- (6.13)
Therefore

loYx)|ls = sup E\@Y P <L (6.14)

x€I[0

ls =

We show that the operator © is equicontinuous on Y. For any x1,X2 € [0,1] such that 0 < x1 < x2 <1, we
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have

1 X2 g( 1 X1
OY(x2) —OY(x1) < o) Jo ey 17“ ~ e J
1o CM N 1 X1 le C E
T a) Jo Jo o — e 4546 . JO Hasac
o [ KA ETE) o _LX Cszca (£)
+r(°‘) JO Jo (x2 — Ot~ b () Jo Jo o —qre dBlEde
o 1 X1 1 . 1 ] X2 9(6)
(o) Jo ((Xl -l (x2— 5)1*“)9(£)d6+ M) Ll (xa— (C_,)lfocd(("
1 X1 C 1 1
N m‘)o (J ((Xl _C)lfoc - (Xz_c)lfoc)xl(zv E)Y(C)d5> d¢
e R EY
* F(oc) JIx1 JO X2 — C)l x dadc
_%(x) < 0 ( - (Xz_lc)la)%(c&)ﬂ@ama)aa
o (X2, E
+Wm ) (xa—gyi-e GBIENE (6.15)

Using the relation () ", vy ) <n (Z1 o Vi ) and taking expectation on both sides of the Eq. (6.15).

E[OT(x2) ~ 0T ()’ < 6<E\r(1cx) | (=~ o) 90
e : ot orete]
+E g : | (J C (5 —101—“ " —1@1—“)“1“' E’m“da) ac|
t %) OX | <LC (% 101“ g ‘WQdE(‘EO acf
+E %o() : JOC w dB(&)dCF). (6.16)

First, we consider the first two expressions on the right side of Eq. (6.16). Therefore, using Cauchy-
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Schwartz inequality and the hypothesis (H1), we have

X1 X2
E’r(l Jo <(Xl 1&)1 X (Xz —15)1“> d&‘ +E’F J (X2 g(glada‘z
X1 % % 2
Fzzoc E” (  (x —15)1_“) ((Xl —15,)1_0‘  (x2 —1E,)1—°<) g(E,)dE,‘
1 2 1 2
rz(“ o) Jxl (x2—¢& % Xz_g)lz‘"g(a)da‘

|
1
e

xi 1
Jo 1o (Xz—E)l_“>dE>

X1 1 5
JO ( 11— (X2_£)1_“>|9(5)‘ d&)
1 X2 1 2
rz(“ <JX] (X2 —¢& d&)(J'X] W}Q(E)’ d‘i)
rzza (a X2 —x1)* = x5 +><1))((1x m*((x2 —x1)* = x5 +x{)
1 1
I (@m (x2 —x1)*%)
1 1 1 .1
< r2(o) (@mz(XZ —Xl)z‘x) + (o) (?mZ(XZ —Xl)z“)
< %mZ(XZ—Xl)%‘, 6.17)
o

where in the last inequality we have used the fact that < lisin (0,1]. Now, we consider the

1
(«)

second two expressions on the right side of Eq. (6.16). So, using Cauchy-Schwartz inequality and the
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assumptions (1)-(2) of theorem 3.4, we have

flrw )y <J (o7 1@1a)9<1(c,am(:)da>dc(2

rlj J el A d&dc‘z
1 1 1
() ” 1ra (Xz—C)l_“)
" ( oc <(xl—a1—oc (e —16)1—“>%K1(C’£)Y(C)da> acf
X2 C ,
" rzz“)E‘ JXl (X2 —1C)12a ,[0 (x2 —1C)z (& 8)Y dEdC‘

1 X1 1 1
< r2(«) <J0 <(X1 — O (xa— C)1,a>dé)

¢ 1 1 1 2
J <(X1—C)1_°‘_ (XZ—C)l—oc> X1(¢, &)Y (C)dE dC>

X2 1 X2 | € 1
Ll (Xz—C)l‘">E(JXl Jo (x2— Q)= %ale8) d‘i‘ dc)

((x2 —x1)* = x5 +x1))

Q|

—

X
=
—_
° X
VR

n rz?a) (S ba—x)%) xx: J: (c JOC (Xz_lal_“lz(wcl(c, a)chnz)da) a

< rz%(x) (%(Xz—)ﬂ)(x)

047 || (=~ )

+ r2zoc) (é(Xz—xl) ) XX%K%pZJ j()(z—li)l_‘"dc

< rz?a) (%(Xz—xl)“)(%K%pz((Xz—xﬂ"‘—xé‘ +x§))

+ rz?a) (% k0% (x2 — x1)*%)

< rzﬁo‘) (5Kip*(x2 —x1)*%) + FZ? )(;K%pz(x x1)*%)

< 2006 ), (6.18)

finally, we consider the third two expressions on the right side of Eq. (6.16). Therefore, using Cauchy-
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Schwartz inequality, thte It6 isometry property and the assumptions (1)-(2) of theorem 3.4, we obtain

el (

+E‘

(L U Vi erase |af
0o \(x1—10Q) (x2—0)

o

M) JXZ JC ;1—“%2(&, E)T(C)dB(E,)dC‘Z

x1Jo (2 —0Q)

2 1 1 }
2(06)E’ Jo <(X1 —O (xa— C)lﬂx)

| C (o= —1C)1“>%g<2((” aY(C)dBm) aff

+ o] [ 16)124&( L (G 8T (OB ) Al

x =07 D -0
X1 1 1
< () (L ((Xl O (g C)lw)dc)
2
dC)
C 1 X
L sz(C,é)Y(C)dB(a)’ dC)

¢ 1 . %
J <(X1—C)1—°€_(X2_Q1_W) Ka(¢, €)Y (C)dB(E)

2 X2 1 X2
B cx)(J (xZ—C)loc)E(J

X1

x
X :1 <J0C <(X1 —15)1_"‘  (x —1C)1_°‘)E<|J<2(C’ ENZ'Y(C)‘Z) dE) “

+ - (1(Xz—xl)“)><><zr2 rlE(wcz(c E,)IZIY(C)F)dg ac
(o) o v \Jo e—Qt« ’
o’ 1
< FZ(“)(&(XZ_Xl) )
2 2 [© 1 1
- d
xap 0 <(X1—C)1_°‘ (Xz—C)l_“> G
O'2 1 « 5 9 Xz;
+Fz(oc) (&(XZ_Xl) ) X XaKzp L] (Xz_c)lf(xdﬂ
<L (l(x —x1)%) (=K% ((x2 —x1)* — X5 +x{))
S 2(e) VoM 2 2 TX1
o 1 N
I (@K%PZ(Xzfxl)Z )
o2 1 N 2 1 X
b rz(oc)(?K%pz(Xz_Xl)Z )+ rz((x)(QK%pz(Xz—Xl)z )
2
< @GZK%PZ(XZ—XNZ“- (6.19)

By substituting Eq. (6.17), (6.18) and (6.19) in Eq. (6.16). we get

2 2 2 2
E|OY(x2) —OY(x1)|” < 6<@m2(x2 —x1)** + @K%Pz(m —x1)** + @GZK%D%Q - X1)2°‘>, (6.20)
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Hence,

12
— sup E|OY(x2) —OY(x1)[* < =5

10T (x2) —OY(x1 X
x€10,1] &

s = (m?+ 0% + o) o — 1) (621)

As the right-hand side of Eq. (6.21) vanishes with x, — X1, the equicontinuity of © on Y, via the Arzela-
Ascoli and Schauders theorems, guarantees a fixed point for operator O, solving stochastic Eq. (1.1). O

Theorem 6.3. Suppose that the assumption (2) of theorem 3.4 hold, then the stochastic equation (1.1) has a unique

solution if

(2Vk2 +20%V3) < 1. (6.22)
Proof. we consider the operator O : B — B as defined in the Eq. (6.2). using the relation (3 I*, v)® <
n (Y1 ,v?), for any Y1,Y; € B, we have

2 1 (X (¢ 2
et~ eI <2( [ | -0 (| e e - s amiende ) af
e Jo 0
X ¢
e | =0 ([ atc amaie) - s e asle) ) e
(«) Jo 0

1 (X aa [ (© 2
2()WJ (x—0)% <j (x—0)° %K1 (C,8) (¥ (a)—vl(a))da) ac|

N

o X a1 ¢ 2
*\WL (x—a)= (J (x— 0T KalC, ) (¥ (a)—vl(a))ds(a)> | ) 6.23)

Using Cauchy-Schwartz inequality and the assumption (2) of theorem 3.4, we obtain

JX(X —q)*tdc

OY1(x) — O (x)]* < 2<r2((x) .

x (J:(x— ok E %16, £) (2(6) ~ Y (2)) de| ac)
+ rzcix) J:(x— C)“ldc(J:(x— Shl LC Ka(C, €) (T2(€) = T1(E)) dB(&)de)) (624)

Now, taking expectation on both sides of Eq. (6.24). by applying Jensen’s inequality and the It6 isometry,
we obtain

2 X C w1 ’
E[OY2(x) —OY1(x)|" <2 ij (nL (x — Q% TE[%1 (¢, &) (T2(8) — Y1(&)) [*ag ) d

0

—i—crz\?xr (JC (x — Q% "E[X2(C, &) (Y2(E) = V1(E)) ‘chﬁ)dC)

0

< 2<VK1 JX (JC (x—Q*E| (T2(8) = 1) [*ae ) ac

0 0

4
+02\7K2JX J X — Q> E| (Ta(& (a))\zda)dc>. (6.25)

0
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By changing the order of integration and since (x — £)* < 1, we have
2 2 [* 2/ ¥ a—1
Eleva(e) - omi(a)* <2( vt | ¥ 0a(e) i) (| -0 tac)a
2 (¥ 2¢ % 1
+o2vid | [ ale) - iien (| -0 a)a
0 &
2 [* 2
<2 vKlL 2 =P (x — £)%de

X
+ 02V L 172 = Px — a)“da>
< (2vi + 2020 0> = 7. (6.26)
Hence,

H@Tz — 0T,

|6 = sup E|OTa(8) Y1 (&)]* = (2963 + 202V ) 72— 11 |- 6.27)
xXeW,

Since, (ZVK% + ZO'ZVK%) < 1, therefore,the operator © is a contraction. So, the operator © has a unique
fixed point. consequently, the SFTDE has a unique solution. O
7. Illustrative examples

This section presents numerical results of the method applied to benchmark/test problems.

Example 7.1. Consider the following SFIDE:

X X
D*Y(x) = g(x) +Jo EY(E)dE + GL Y(&)dB(&), (7.1)
Y0)=0, O0<a<l,
where
1—x X
g(x) = r();— o % ey (xB( ) —JO B(&)d£> ,

which the exact solution of Eq. (7.1) is Y (x) = x.

We employed the given scheme in section 5 for Eq. (7.1). Numerical results are applied for the various
amounts of &, o and n. The absolute errors of the proposed method for various amounts of o with x = 0.5
and n = 7 have been reported in Table 1. Table 2 provides the absolute errors of our scheme in the three
values, o = 0.25,0.5,0.75 for n = 8 and o = 1. Graphical comparisons of our approximate solution of the
problem with n =4,6,8, « = 0.75 and the exact solution are indicated for o = 1 in Figure 1. The curves
of the absolute errors for different amount of o for « = 0.5 and n =7 are depicted in Figure 2

Example 7.2. Consider the following SFIDE:

°D¥Y(x) = glx) + J: eXET(£)dE + GJOX eXET(£)dB(E), 7.2)

Y0)=0,0<a<l1
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Table 1: Absolute errors of Y'(x) for various values of 0 withn =7 and o« = 0.5 for Ex 7.1

X

o=0

o=1

o=2

oc=3

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

2.5528 x 1017
1.13675 x 10~ 13
1.05828 x 10~ 13
2.20336 x 10713
1.64841 x 10~ 13
431473 x 1013
5.07464 x 1014
6.90722 x 1013
5.24717 x 10~ 14
1.15529 x 1012

3.53474 x 1017
7.33361 x 1010
2.86358 x 1010
1.33916 x 10~°
41367 x 10~ 10
2.40588 x 10~?
9.87922 x 1010
2.0911 x 10~?
2.74067 x 10~10
5.29299 x 10~

1.50651 x 10~ 16
1.42194 x 10~°
4.66192 x 10710
2.3943 x 10~?
1.15699 x 10~?
5.28667 x 10~
2.9762 x 10~?
2.4348 x 10?
2.60037 x 10~?
1.2258 x 108

7.75666 x 10~17
2.04427 x 10~?
5.6436 x 10~10
3.21613 x 10~
2.09079 x 10~?
8.43921 x 10°
5.87348 x 107
7.72732 x 1010
7.6541 x 10~?
2.16162 x 108

Table 2: Absolute errors of Y'(x) for different values of x withn =8 and o0 =1 for Ex 7.1

Figure 1: comparison of Y(x) with & = 0.75, o = 1 for various values of n of Ex 7.1

X

o =0.25

ax=05

ox=0.75

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

3.01473 x 1077
6.54125 x 108
6.02485 x 108
2.01952 x 10~°
1.46462 x 107
3.41838 x 10°
1.74736 x 107
6.79306 x 10~8
1.63536 x 107
5.55358 x 10~°

9.2961 x 1017
2.83203 x 1078
2.1649 x 108
6.41758 x 10~?
5.60737 x 1078
2.10429 x 108
5.04423 x 1078
1.61719 x 108
8.43322 x 108
1.41649 x 107

7.74929 x 10~
1.36059 x 108
7.1716 x 10~
426687 x 107°
2.3125 x 1078
1.59788 x 108
1.3149 x 108
4.35102 x 10~?
3.92666 x 10~8
2.95484 x 108

Y(x)

—— Exact

* n=4

n=6

n=8
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Figure 2: The left side curve of the absolute error for 0 = 0 and the right side curve for 0 =3 when & = 0.5,n =7 of
Ex7.1

where
3—a

5,X 6
XX 6
5 "TlAd—o

g(x) = —0 (x4eXB(x) - J: 4a3eXB(a)da)

Which the exact solution of Eq. (7.2) is Y(x) = x°.

The proposed method is applied for Eq. (7.2). Numerical results are employed for the different case of
o, 0 and n. In Table 3, the absolute error of Eq.(7.2) are compared with the obtained results in [21] and [9].
The results show that our suggested method is more careful than the two other methods. Table 4 provides
the absolute error of our scheme in the three values, n = 3,5,7 with « = 0.75 and ¢ = 0.001. Table 4
demonstrates that increasing the number of Vieta-Lucas basis functions n improves solution accuracy.
Graphical comparisons of our approximate solution with n = 7, 0 = 1 for values of « and the exact
solution are shown in Figure 3. Figure 4 shows the graphical comparisons of approximate solution with

o = 0.5, 0 = 1 for values of n and the exact solution.

Table 3: Comparison of the absolute errors for o« = 0.75 and o = 0 of Ex 7.2 obtained by three different methods

X | Method in [9] | Method in [21] | Present method
n =10 n="7 n=7
0.0 | 1.3724 x 107 | 3.46129 x 10 ° | 1.86238 x 10~ 1©
0.1 ] 1.9763 x 10°8 | 2.40488 x 10° | 7.83721 x 10~?
0.2 | 1.3097 x 107 | 1.8821 x10~> | 6.32056 x 10~°
0.3 | 1.5733x107° | 1.45089 x 10> | 8.68267 x 10~°
04 | 95404 x 107° | 1.45188 x 107° | 1.04524 x 108
0.5 | 39813 x 10~* | 1.47196 x 107° | 3.73287 x 10~
0.6 | 1.3125x 1073 | 1.29151 x 10> | 1.41256 x 108
0.7 | 3.6800 x 103 | 8.15217 x 10~° | 5.84437 x 10~°
0.8 | 9.173x 1073 | 7.06314 x 107 | 8.55598 x 10~
0.9 | 2.0890 x 102 | 5.85694 x 107> | 1.8551 x 10~
Example 7.3. Consider the following SFIDE:
X
DY (x) = glx) +j (x + E)Y(E)AE + cj EY(£)dB(E), 7.3)
0
Y0)=0,0<a<l1
where
g(x) = —Zx‘JL - §><3 + X+ ¥x1_“ —o (x> +xH)Bx) — JX (382 +28) B(&)d¢,
12 6 r3—«) r2—«) 0

Which the exact solution of Eq. (7.3) is Y(x) = x>+ x-
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Table 4: Absolute errors of Y'(x) for several values of n with « = 0.75 and o = 0.001 for Ex 7.2

X n=3 n=>5 n=7

0.0 0 6.93889 x 10~ 18 | 2.84358 x 10~/
0.1 | 1.79908 x 10~* | 7.97368 x 10~7 | 6.37831 x 108
0.2 | 1.20701 x 10~* | 4.01335 x 10~° | 1.23766 x 107
0.3 | 7.35898 x 1072 | 2.51223 x 10~ ® | 3.93752 x 10~
0.4 | 2.98935 x 10~* | 2.90655 x 10~° | 2.64306 x 107
0.5 | 4.51304 x 10~* | 7.44365 x 10~° | 2.15967 x 108
0.6 | 4.26667 x 1074 | 6.23504 x 10~° | 2.22013 x 107
0.7 | 1.20995 x 10~ | 1.71269 x 10~¢ | 7.73719 x 107
0.8 | 5.69744 x 10~* | 9.58713 x 10~ | 7.55815 x 107
0.9 | 1.74958 x 103 | 1.16521 x 10~° | 1.33306 x 107

Figure 3: comparison of Y(x) with n =7, 0 = 1 for various values of « of Ex 7.2

Figure 4: comparison of Y(x) with o = 0.5, o = 1 for various values of n of Ex 7.2

Y(x)

Y(x)

1.0}

0.8

0.6+

0.41-

0.21-

0.0k ——#%——+

_—

—— Exact

* a=05

@=0.75

0.0 0.2

0.4

I I
0.6 0.8
X

A
1.0

12f
10f
0.8;
0.6;

02

005

— Exact
—+—n=4

~=-n=6

—¥-n=8

X

Numerical results from the proposed method, presented in Tables 5 and 6, demonstrate improved
accuracy with increasing n (Vieta-Lucas basis count) and consistent performance across varying o. Figure
5 compares approximate solutions (n =7, x = 0.75) with the exact solution for different o, showing close
alignment, while Figure 6 visualizes absolute errors (n = 7, = 0.5,0 = 0.01). Table 5 and 5 confirms
stability for constant x, with approximate solutions converging to the exact solution despite o variations.

Example 7.4. Consider the following SFIDE:

X

DY (x) = glx) + L Y(£)dE + O'J:(E-l- £2)Y(£)dB(£), 7.4)

Y0)=0,0<a<1
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Table 5: Absolute errors of Y'(x) for various values of 0 with n =7 and « = 0.25 for Ex 7.3
X oc=05 o=1 o=15 o=2

0.0 | 2.72135 x 10716 | 2.64545 x 107 | 2.18141 x 10~ 1 | 3.1225 x 10~/
0.1 | 2.0746 x 10~* | 3.88517 x 10~* | 5.45962 x 10~* | 6.82185 x 10~*
0.2 | 326903 x 1075 | 7.33514 x 10~> | 1.20124 x 10~* | 1.71331 x 10~*
03| 17198 x 10~* | 3.25144 x 10~* | 4.61097 x 10~* | 5.81107 x 10~*
0.4 | 245194 x 10* | 4.87447 x 10~* | 7.24878 x 10~* | 9.55734 x 10~*
0.5 | 5.48836 x 10~* | 1.08477 x 103 | 1.60671 x 10~3 | 2.11327 x 102
0.6 | 7.52635 x 1075 | 2.0688 x 10~* | 3.93121 x 10~* | 6.32442 x 10~*
0.7 | 4.9708 x 10~* 8.6154 x 10~* | 1.08996 x 103 | 1.17764 x 103
0.8 | 431383 x 10~* | 8.94715x 10~* | 1.41679 x 1073 | 2.0247 x 103
0.9 | 1.24282 x 10~3 | 2.35803 x 10~3 | 3.39545 x 103 | 4.39896 x 102

Table 6: Absolute errors of Y (x) with o« = 0.5 and o = 0.01 for different values of n of Ex 7.3

X n=2 n=4 n=7

0.0 0 0 1.82103 x 1010
0.1 | 499292 x 10~* | 5.44254 x 107> | 2.35148 x 10~°
0.2 | 9.71684 x 10~ | 2.13082 x 10~* | 3.65279 x 10~7
0.3 | 1.41717 x 1073 | 3.19568 x 10~* | 1.48052 x 10~°
0.4 | 1.83576 x 1073 | 2.95738 x 10~% | 2.24975 x 10~°
0.5 | 2.22745 x 1073 | 1.41697 x 10~* | 5.97341 x 10°
0.6 | 2.59224 x 1073 | 6.41918 x 107 | 2.54758 x 10~°
0.7 | 293013 x 1073 | 1.65316 x 10~* | 3.60817 x 10~°
0.8 | 3.24112 x 1073 | 7.31945 x 10> | 2.50547 x 10~°
0.9 | 35252 x 1073 | 9.64461 x 10~* | 1.36097 x 10>

Figure 5: Comparison of Y(x) with n =7, o = 0.75 for various values of o of Ex 7.3

—— Exact

* 0=0

o=1

0 o=2

X
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Figure 6: Absolute errors of Y(x) withn =7, x = 0.5 and 0 = 0.01 for Ex 7.3

Figure 7: comparison of Y(x) with a = 0.75 and o =1 for various amounts of n of Ex 7.4

where

0.000012 -

0.00001 -

8.x10°¢

Error

6.x10°6 -

4.x10°°

\
2.x10°6 | yah / \/
/NN \/

L
08 10

1.0fT

0.8

0.6+

Y(x)

0.4

0.2

0.0

—Exact

* n=5

n=7

B 2X27oc 1 3
9(x) = e

O S N
0.4 0.6 0.8

X

(x3(x+1)8(x)—j

which the exact solution of Eq. (7.4) is Y(x) = x>.

L
1.0

X
£2(4& +3)B(&)dE
0

We employed the given scheme for Eq. (7.4) at the various amounts of &, o and n. Table 7 provides

the absolute errors of our scheme in the three values, « = 0.25,0.5,0.75 for n = 7 and o = 0.001. Figure
7 displys the graphical comparisons of approximate solution with o« = 0.75, 0 = 1 for values of n and
the exact solution. Graphical comparisons of our approximate solution of the problem with n = 5,
o = 0.25,0.85,0.95 and the exact solution are indicated for o = 0.001 in Figure 8.

Table 7: Absolute errors of Y'(x) for different values of x with n =7 and o = 0.001 for Ex 7.4

X o =0.25 ax=0.5 x=0.75
0.0 | 1.17051 x 10~ 7 | 3.32895 x 1017 | 8.5059 x 10~ 18
0.1 | 644172 x 107 | 3.43599 x 10~7 | 1.82077 x 107
0.2 | 272157 x 108 | 1.12121 x 107 | 1.08016 x 10~7
0.3 | 2.70733 x 107 | 8.16903 x 10~8 | 6.74216 x 10~?
0.4 | 8.03783 x 10~7 | 4.03502 x 10~7 | 2.29832 x 10~
0.5 | 1.52162 x 107° | 8.69361 x 10~7 | 5.08118 x 107
0.6 | 2.80900 x 10~7 | 4.55512 x 10~7 | 4.10191 x 107
0.7 | 1.12472 x 107° | 2.77487 x 10~7 | 7.53043 x 108
0.8 | 1.31304 x 107° | 4.99528 x 10~7 | 2.93180 x 107
0.9 | 3.37958 x 107° | 1.85615 x 10~° | 1.00319 x 10—°
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— Exact

* a=0.25

@=0.85

a=0.95

Y(x)

X

Figure 8: comparison of Y'(x) with n =5 and o = 0.001 for various amounts of « of Ex 7.4

8. Conclusion

This paper presents a numerical method for solving fractional stochastic integro-differential equa-
tions, leveraging shifted Vieta-Lucas polynomials and operational matrices to convert the problem into a
linear algebraic system via collocation, with Brownian motion approximated by Gauss-Legendre quadra-
ture. The method is supported by convergence analysis, error estimates, and proofs of existence and
uniqueness of solutions. Numerical experiments demonstrate high accuracy and rapid convergence for
varying parameters («, 0, and basis size n), validated through tabular and graphical results, confirming
the methods efficacy for practical applications in mathematics, physics, and biology.
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