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1 Introduction
The Galerkin spectral element method (GSEM), initially introduced in [22], has become a highly effective nu-

merical technique for solving partial differential equations (PDEs). The nodal SEM uses Lagrange polynomials with
Gauss–Lobatto–Legendre (GLL) for interpolation and GLL quadrature for integration to produce a diagonal mass
matrix. It facilitates efficient implementation on parallel computers [9, 11, 12]. This method has been successfully
applied to various equations, including the acoustic equation [1, 20, 24, 28], Maxwell equation [2], the Pennes bioheat
transfer equation [4], Sobolev equation [5], the nonlinear generalized Benjamin–Bona–Mahony–Burgers equation
[6], Helmholtz’s equation [17], and the p–Laplacian equation [25].
This paper deals with the numerical approximation of the following one–dimensional viscœlastic wave problem:

∂2u(x, t)

∂t2
− β

∂3u(x, t)

∂t∂x2
− γ

∂2u(x, t)

∂x2
= f(x, t); (x, t) ∈ I × (0, T ]. (1.1)

Subject to Dirichlet boundary conditions

u(XL, t) = fL, u(XR, t) = fR, t ∈ [0, T ], (1.2)

and initial conditions

u(x, 0) = u0(x), x ∈ I,

∂u(x, 0)

∂t
= u1(x), x ∈ I, (1.3)
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where I = [XL, XR] is a bounded domain in R. β and γ are positive constants and T > 0 is the final time. The
boundary conditions fL and fR are known constants. The source term f(x, t) and initial conditions u0(x), u1(x)
are known functions with sufficient smoothness.

So far, only a limited number of numerical methods have been proposed for solving the time-dependent vis-
cœlastic equation. Zhao, Li, and Luo [29] applied a space-time continuous Galerkin method with mesh modification,
while Li, Zhao, and Luo [15] introduced a space-time continuous finite element method. Xia and Luo [26] presented
a classical finite element method and also investigated a finite difference iterative scheme based on the proper
orthogonal decomposition (POD) technique in [27, 26]. Luo and Teng [16] developed an optimized splitting positive
definite mixed finite element extrapolation approach using the POD technique. Jin and Luo [10] established the
Crank–Nicolson (CN) collocation spectral method. Oruc [21] discussed two meshless methods with time marching
performed using a fourth-order Runge–Kutta method. Nikan and Avazzadeh [18] combined the CN scheme with the
localized meshless technique.

The main result of this paper is the derivation of an a priori error bound for the numerical approximation of the
one-dimensional viscœlastic equation using the Gauss–Lobatto–Legendre Galerkin Spectral Element Method (GLL–
GSEM). We obtain the rates of convergence in h and p, which align with those observed numerically. The viscœlastic
wave equation involves not only second-order derivative terms with respect to time and spatial variables but also a
mixed derivative term that includes the first-order derivative with respect to time and the second-order derivative
with respect to spatial variables. This additional complexity presents significant challenges for analysis. In the
temporal direction, we use the finite difference method with the Crank–Nicolson (CN) approach. This method has
been effectively and widely used approach in the meshless, finite element, radial basis function (RBF), and spectral
methods nowadays [19, 14, 10].

The structure of this study is as follows: Section 2 covers the variational form of the problem, the time semi-
discrete approach, and the order of convergence have been analyzes. In Section 3, the Gauss–Lobatto–Legendre
Galerkin Spectral Element Method (GLL–GSEM) is applied for discrete spatial directions and provided an a priori
error estimate of the fully-discrete formulation. Finally, Section 4 provides a test problem to validate the accuracy
and implementation of our approach.

2 Temporal discretization of the viscœlastic wave equation

To perform the time discretization of the viscœlastic equation, by employing the CN algorithm, we begin by splitting
the time interval [0, T ] into NT equal subintervals, each with a size of k = T/NT  . The time steps are then defined
as tn = kn for n = 1, . . . , NT  . We use the finite difference discretization in temporal direction

∂2u(x, t)

∂t2
=

1

k2
[
un+1 − 2un + un−1]− k2

12

d4u(x, ξ1)

dt4
, ξ1 ∈ (tn−1, tn+1), (2.1)

∂3u(x, t)

∂t∂x2
=

1

2k

[
d2un+1

dx2
− d2un−1

dx2

]
− k2

6

∂5u(x, ξ2)

∂t3∂x2
, ξ2 ∈ (tn−1, tn+1), (2.2)

d2u(x, t)

dx2
=

1

3

[
d2un+1

dx2
+
d2un

dx2
+
d2un−1

dx2

]
− k2

3

∂4u(x, ξ3)

∂t2∂x2
, ξ3 ∈ (tn−1, tn+1). (2.3)

By denoting un+1 = u(x, tn+1) and fn+1 = f(x, tn+1) the semi-discrete CN viscœlastic wave equation is:

1

k2
[
un+1 − 2un + un−1]− 1

2k

[
d2un+1

dx2
− d2un−1

dx2

]
− 1

3

[
d2un+1

dx2
+
d2un

dx2
+
d2un−1

dx2

]
= fn+1 + k2Rt. (2.4)



32 Mathematics and Computational Sciences, Vol 6(1) 2025

where Rt is the residual with respect to time. For the first iterative, we need the value of u−1, by using the relation

∂u(x, t)

∂t

t=0−−→ u1 ≃ u1 − u−1

2k
, (2.5)

we can rewrite the Eq. (2.5) as follows:

u−1 = u1 − 2ku1, (2.6)

substituting (2.6) into (2.4), we obtain the scheme for n = 0

2u1 − 2βk2

3

(
d2u1

dx2

)
=2u0 + 2ku1 +

βk2

3

(
d2u0

dx2

)
+ γk2u1 −

2k3β

3

(
d2u1

dx2

)
+ k2f1 + k2Rt. (2.7)

By removing the residual Rt, from (2.4) and (2.7), the approximate solution for the semi-discrete CN is obtained.
Denoting the approximate solution of un by Un for n = 1, ..., NT , we have

1

k2
[
Un+1 − 2Un + Un−1]− 1

2k

[
d2Un+1

dx2
− d2Un−1

dx2

]
− 1

3

[
d2Un+1

dx2
+
d2Un

dx2
+
d2Un−1

dx2

]
= fn+1. (2.8)

and for n = 0

2U1 − 2βk2

3

(
d2U1

dx2

)
= 2u0 + 2ku1 +

βk2

3

(
d2u0

dx2

)
+ γk2u1 −

2k3β

3

(
d2u1

dx2

)
+ k2f1. (2.9)

where e0 = u0 − U0 = 0.

2.1 Convergence of the temporal-discrete formulation
Subsequently, the convergence analysis for the time-discrete problem is presented. For this purpose, we introduce
the functional spaces and norms used in this paper that can be found in [13, 8].

Let us introduce the space L2(I) equipped with the inner product and the corresponding norm

(u, z) =

XR∫
XL

u(x)z(x)dx, ∥u∥ =
√

(u, u),

and the Hilbert space

Hs(I) = {u ∈ L2(I);
∂αu

∂xα
∈ L2(I), α ∈ N, α ≤ s},

equipped with the norm and semi-norm

∥u∥s =

∑
α≤s

∥∥∥∥∂αu

∂xα

∥∥∥∥2
1/2

, |u|s =

(∑
α=s

∥∥∥∥∂αu

∂xα

∥∥∥∥2
)1/2
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We define the subspace V of H1(I)

V = H1
0 (I) = {u ∈ H1(I); u(XL) = u(XR) = 0}.

It is very important to introduce Poincaré inequality in one dimension as follows:

∥u∥ ≤ CP |u|1, ∀u ∈ V = H1
0 (I). (2.10)

We see that (
du

dx
,
du

dx

)
=

∥∥∥∥dudx
∥∥∥∥ = |u|1.

Without losing generality, we conduct an error assessment of the semi-discrete difference scheme for the values
β = γ = 1. In the rest of the paper, we will consider C as a generic positive constant.

Theorem 2.1. Assume that un and Un are the analytical and approximate solutions of (2.4) and (2.8), respectively.
Then, the convergence order in time is O

(
k2
)
.

Proof. First, by multiplying (2.4) by z and integrating over the domain I , we obtain the corresponding weak formu-
lation as:

(
un+1, z

)
− k

2

(
d2un+1

dx2
, z

)
− k2

3

(
d2un+1

dx2
, z

)
= 2 (un, z)−

(
un−1, z

)
− k

2

(
d2un−1

dx2
, z

)
+
k2

3

(
d2un

dx2
, z

)
+
k2

3

(
d2un−1

dx2
, z

)
+ k2

(
fn+1, z

)
+ k2 (Rt, z) , (2.11)

and similarly for (2.8) we have

(
Un+1, z

)
− k

2

(
d2Un+1

dx2
, z

)
− k2

3

(
d2Un+1

dx2
, z

)
= 2 (Un, z)−

(
Un−1, z

)
− k

2

(
d2Un−1

dx2
, z

)
+
k2

3

(
d2Un

dx2
, z

)
+
k2

3

(
d2Un−1

dx2
, z

)
+ k2

(
fn+1, z

)
. (2.12)

Subtract (2.12) from (2.11) to arive at

(
en+1, z

)
− k

2

(
d2en+1

dx2
, z

)
− k2

3

(
d2en+1

dx2
, z

)
= 2 (en, z)−

(
en−1, z

)
− k

2

(
d2en−1

dx2
, z

)
+
k2

3

(
d2en

dx2
, z

)
+
k2

3

(
d2en−1

dx2
, z

)
+ k2 (Rt, z) , (2.13)
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where en = un − Un.
By taking z = en+1 in (2.13) and applying integration by parts, we derive the following relation(

en+1, en+1)+ k

2

(
den+1

dx
,
den+1

dx

)
+
k2

3

(
den+1

dx
,
den+1

dx

)
= 2

(
en, en+1)− (en−1, en+1)+ k

2

(
den−1

dx
,
den+1

dx

)
− k2

3

(
den

dx
,
den+1

dx

)
− k2

3

(
den−1

dx
,
den+1

dx

)
+ k2

(
Rt, e

n+1) . (2.14)

By using the Young and Cauchy-Schwarz inequalities, we get∥∥∥∥en+1

∥∥∥∥2 + k

2

∥∥∥∥den+1

dx

∥∥∥∥2 + k2

3

∥∥∥∥den+1

dx

∥∥∥∥2
≤
∥∥∥∥en∥∥∥∥2 + ∥∥∥∥en+1

∥∥∥∥2 + ∥∥∥∥en−1

∥∥∥∥∥∥∥∥en+1

∥∥∥∥+ k

2

∥∥∥∥den−1

dx

∥∥∥∥∥∥∥∥den+1

dx

∥∥∥∥
+
k2

3

∥∥∥∥dendx
∥∥∥∥∥∥∥∥den+1

dx

∥∥∥∥+ k2

3

∥∥∥∥den−1

dx

∥∥∥∥∥∥∥∥den+1

dx

∥∥∥∥+ k2

2

∥∥∥∥Rt

∥∥∥∥2 + 1

2

∥∥∥∥en+1

∥∥∥∥2. (2.15)

Taking C =
(
k/2 + k2/3

)
, adding and subtracting the term C2

P

∥∥∥∥den+1

dx

∥∥∥∥2 to the left hand side as well as employing

the Poincaré inequality, we obtain

C2
P

∥∥∥∥den+1

dx

∥∥∥∥2
≤ C2

P

∥∥∥∥dendx
∥∥∥∥2 + (C2

P − C)

∥∥∥∥den+1

dx

∥∥∥∥2 + C2
P

∥∥∥∥den−1

dx

∥∥∥∥∥∥∥∥den+1

dx

∥∥∥∥
+
k

2

∥∥∥∥den−1

dx

∥∥∥∥∥∥∥∥den+1

dx

∥∥∥∥+ k2

3

∥∥∥∥dendx
∥∥∥∥∥∥∥∥den+1

dx

∥∥∥∥+ k2

3

∥∥∥∥den−1

dx

∥∥∥∥∥∥∥∥den+1

dx

∥∥∥∥
+
C2

P
2

∥∥∥∥den+1

dx

∥∥∥∥∥∥∥∥den+1

dx

∥∥∥∥+ k2

2
∥Rt∥2 (2.16)

We consider
∥∥∥∥deJdx

∥∥∥∥ = max
0≤j≤NT

∥∥∥∥dejdx
∥∥∥∥ and take summation terms from 0 to n (1 ≤ n ≤ NT − 1), it follows that

∥∥∥∥den+1

dx

∥∥∥∥∥∥∥∥deJdx
∥∥∥∥ ≤

∥∥∥∥de0dx
∥∥∥∥∥∥∥∥deJdx

∥∥∥∥+ C

n∑
j=0

∥∥∥∥deJdx
∥∥∥∥∥∥∥∥dej+1

dx

∥∥∥∥+ n∑
j=0

∥∥∥∥deJdx
∥∥∥∥∥∥∥∥dej+1

dx

∥∥∥∥
+

k

2C2
P

n∑
j=0

∥∥∥∥deJdx
∥∥∥∥∥∥∥∥dej+1

dx

∥∥∥∥+ k2

3C2
P

n∑
j=0

∥∥∥∥deJdx
∥∥∥∥∥∥∥∥dej+1

dx

∥∥∥∥
+

k2

3C2
P

n∑
j=0

∥∥∥∥deJdx
∥∥∥∥∥∥∥∥dej+1

dx

∥∥∥∥+ k2

2C2
P

n∑
j=0

∥Rt∥2. (2.17)

By factoring the maximum value, we have∥∥∥∥den+1

dx

∥∥∥∥ ≤
∥∥∥∥de0dx

∥∥∥∥+ k2

2C2
P

n∑
j=1

∥Rt∥2 +
(
C + 1 +

1

2C2
P
k +

2

3C2
P
k2
) n∑

j=1

∥∥∥∥dej+1

dx

∥∥∥∥. (2.18)
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Using the discrete Gronwall’s inequality∥∥∥∥den+1

dx

∥∥∥∥ ≤

(∥∥∥∥de0dx
∥∥∥∥+ k2

2C2
P

n∑
j=1

∥Rt∥2
)

exp
(

n∑
j=1

(
C + 1 +

1

2C2
P
k +

2

3C2
P
k2
))

. (2.19)

Considering ∇e0 = 0 and NT k = T , and Using the fact that ∥Rt∥ ≤ k2, we conclude that

CP

∥∥∥∥den+1

dx

∥∥∥∥ ≤ CT 2k2exp

(
L+

CT

C2
P

+
CT 2

C2
P

)
, (2.20)

where L is a constant. By employing the Poincaré inequality, we obtain

∥en+1∥ ≤ C (CP , T ) k
2, (2.21)

which proves the proof.

3 Galerkin spectral element method and error estimate
This section presents the Galerkin spectral element method (GSEM) using Gauss–Lobatto–Legendre (GLL) nodes.
High-order Lagrange interpolation polynomials may lead to Runge’s oscillations when approximating the unknown
function in each element [7]. However, this phenomenon dœs not occur when using Lagrange interpolation based
on GLL nodes [23]. We describe the GLL–GSEM in one dimension.

3.1 Spectral element method in one-dimension
As is typical in grid-based approaches, we begin by dividing the one-dimensional physical domain into Ne non-
overlapping elements. We denote the uniform partition of I = [XL, XR] by Xh as

Xh : XL = x(0) < x(1) < x(2) < · · · < x(Ne) = XR.

The l-th element is defined as

El =
{
x|x(l−1) ≤ x ≤ x(l)

}
, 1 ≤ l ≤ Ne,

which I = ∪Ne
l=1El. Each element E ∈ Xh can be obtained by a affine map FE from a reference element

Ê = {η| − 1 ≤ η ≤ 1} such that FE : Ê −→ E , xE = FE (η), in which

x(η) =
1

2

[(
x(l) − x(l−1)

)
η +

(
x(l) + x(l−1)

)]
.

The Jacobian of the affine map is

Jl =
∂x

∂η
=
x(l) − x(l−1)

2
.

For the unknown function u on the element El, the approximation solution of order m is considered as follows

u(El)
m (x, t) =

m∑
i=0

u(El)
m (xi, t)ψi(x),

in which ψi(x) represents the m-degree Lagrange interpolation polynomials, and
{
u
(El)
m (xi, t)

}m

i=0
indicates the

approximate solution at the interpolation points on the element El, which correspond to the GLL nodes on the
reference element Ê .
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The GLL nodes are determined by finding the roots of the equation Z (η) =
(
1− η2

)
Lom−1 (η), where Lom−1  

is the Lobatto poly. of degree (m−1), derived from the m-degree Legendre poly. Lm (η) as Lom−1 (η) = L′
m (η).

The endpoints correspond to η0 = −1, ηm = 1, while the remaining m − 1 points, {ηi}m−1
i=1  , are the roots of the

derivative of the Legendre polynomials, with all points η0, . . . , ηm lying within the interval [−1, 1].
The m-degree Lagrange polynomials related to the GLL nodes are derived by

ψi (η) =
1

m (m+ 1)Lm (ηi)
×
(
η2 − 1

)
Lom−1 (η)

(η − ηi)
, 0 ≤ i ≤ m. (3.1)

The element mass matrix related to the element El, is obtained

A
(l)
i,j =

x(l)∫
x(l−1)

ψi(x)ψj(x)dx = Jl

1∫
−1

ψi (η)ψj (η) dη = Jl

1∫
−1

Θi,j (η) dη, 0 ≤ i, j ≤ m. (3.2)

We defined Θi,j (η) = ψi (η)ψj (η) such that

A
(l)
i,j = Jl

1∫
−1

Θi,j (η) dη, 0 ≤ i, j ≤ m. (3.3)

The integral on the right-hand side of (3.3) is numerically computed. The k-point Lobatto integration quadrature,
provides us with the approximation

1∫
−1

Θi,j (η) dη =

k∑
s=0

Θi,j (ηs)Ws, 0 ≤ i, j ≤ m,

where
Ws =

2

m (m+ 1) [Lm (ηs)]
2 , 0 ≤ s ≤ k.

We note that Θi,j is a 2m-degree poly. in η, the Lobatto quadrature is exact if k > m.
The element diffusion matrix related to the element El, is given by

B
(l)
i,j =

x(l)∫
x(l−1)

dψi(x)

dx

dψj(x)

dx
dx =

1

Jl

1∫
−1

dψi (η)

dη

dψj (η)

dη
dη, 0 ≤ i, j ≤ m, (3.4)

We defined Ψi,j (η) =
dψi (η)

dx

dψj (η)

dx
,

B
(l)
i,j =

1

Jl

1∫
−1

Ψi,j (η) dη =
1

Jl

k∑
s=0

Ψi,j (ηs)Ws, 0 ≤ i, j ≤ m. (3.5)

Since Ψi,j is a (2m− 2)-degree poly. in η, the Lobatto quadrature is exact if k = m. Following [23], instead of the
above formula, we can use the following formula:

B
(l)
i,j =

1

ηj − ηi

(ηj − η0) . . . (ηj − ηi−1) (ηj − ηi+1) . . . (ηj − ηm)

(ηi − η0) . . . (ηi − ηi−1) (ηi − ηi+1) . . . (ηi − ηm)
(3.6)

for i ̸= j, and

B
(l)
i,i =

1

ηi − η0
+ · · ·+ 1

ηi − ηi−1
+

1

ηi − ηi+1
+ · · ·+ 1

ηi − ηm
(3.7)

for the diagonal components.
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3.2 Total-discrete formulation
We consider Pm = span {ψ0, ψ1, . . . , ψm} and defined the spectral element approximation space as

V 0
m =

{
z ∈ H1

0 (I) : z|E ∈ Pm(I)
}
.

The Galerkin spectral element discretization problem can be described as:
Find U0, U1, . . . , Un ∈ V 0

m such that

1

k2
(
Un+1 − 2Un + Un−1, z

)
+

β

2k

(
dUn+1

dx
− dUn−1

dx
,
dz

dx

)
+
γ

3

(
dUn+1

dx
+
dUn

dx
+
dUn−1

dx
,
dz

dx

)
=
(
fn+1, z

)
. (3.8)

The approximation solution Un+1 is estimated as

Un+1(x) =

Ng∑
s=1

Un+1(xs)ψs, (3.9)

where Ng = Ne (m+ 1) −NI . The number of overlapping points of elements is set by NI . By substituting (3.9)
into (3.8), and taking z = ψs, yields the system:[

Ag +

(
βk

2
+
γk2

3

)
Bg

]
Un+1 =

[
−Ag +

(
βk

2
− γk2

3

)
Bg

]
Un−1

+

[
2Ag − γk2

3
Bg

]
Un + k2AgFn+1, (3.10)

where Ag and Bg are the global matrices.

3.3 A priori error estimate
Definition 3.1. [3] The projection operator Πh : H1

0 −→ V 0
m, is defined as(

d

dx
(u−Πhu) ,

dv

dx

)
= 0, u ∈ H1

0 (I), ∀v ∈ V 0
m. (3.11)

Lemma 3.2. [3] If u ∈ Hs(s ≥ 1), then

∥u−Πhu∥ ≤ C

(
Ne∑
l=1

h2(min(m+1,s)−1)m2(1−s)∥u∥2s

)1/2

. (3.12)

Definition 3.3. We define the following two notations

Φn+1 = un+1 −Πhu
n+1, Υn+1 = Πhu

n+1 − Un+1.

Lemma 3.4. [5] Assume that εn+1 = Φn+1 − Φn. Then there is a constant C such that:

∥εn+1∥ ≤ Cm(1−s). (3.13)

Theorem 3.5. Let u(tn) and Un are the exact and approximate solution of (2.4) and (2.8), respectively. Then, the
subsequent error estimation is valid



38 Mathematics and Computational Sciences, Vol 6(1) 2025

Proof. First, we consider the corresponding variational forms of (2.4) and (2.8), respectively, as follows:

1

k2
(
un+1 − 2un + un−1, z

)
+

β

2k

(
dun+1

dx
− dun−1

dx
,
dz

dx

)
+
γ

3

(
dun+1

dx
+
dun

dx
+
dun−1

dx
,
dz

dx

)
=
(
fn+1, z

)
+
(
Rt, z

)
(3.14)

and

1

k2
(
Un+1 − 2Un + Un−1, z

)
+

β

2k

(
dUn+1

dx
− dUn−1

dx
,
dz

dx

)
+
γ

3

(
dUn+1

dx
+
dUn

dx
+
dUn−1

dx
,
dz

dx

)
=
(
fn+1, z

)
. (3.15)

By subtracting (3.15) from (3.14), and adding and subtracting the projection operator (3.11), we derived

1

k2
((
Φn+1 +Υn+1)− 2 (Φn +Υn) +

(
Φn−1 +Υn−1) , z)

+
β

2k

(
d

dx

(
Φn+1 +Υn+1)− d

dx

(
Φn−1 +Υn−1) , dz

dx

)
+
γ

3

(
d

dx

(
Φn+1 +Υn+1)+ d

dx
(Φn +Υn) +

d

dx

(
Φn−1 +Υn−1) , dz

dx

)
=
(
Rt, z

)
(3.16)

Base on the Definition 3.1, we have

1

k2
(
Υn+1 − 2Υn +Υn−1, z

)
+

β

2k

(
dΥn+1

dx
− dΥn−1

dx
,
dz

dx

)
+
γ

3

(
dΥn+1

dx
+
dΥn

dx
+
dΥn1

dx
,
dz

dx

)
= − 1

k2
(
Φn+1 − 2Φn +Φn−1, z

)
+
(
Rt, z

)
. (3.17)

Taking z = Υn+1 −Υn−1 yields

(
Υn+1 − 2Υn +Υn−1,Υn+1 −Υn−1)+ βk

2

(
d

dx

(
Υn+1 −Υn−1) , d

dx

(
Υn+1 −Υn−1))

+
γk2

3

(
d

dx

(
Υn+1 +Υn1

)
,
d

dx

(
Υn+1 −Υn−1))+

γk2

3

(
d

dx
Υn,

d

dx

(
Υn+1 −Υn−1))

= −
(
Φn+1 − 2Φn +Φn−1,Υn+1 −Υn−1)+ k2

(
Rt,Υn+1 −Υn−1) . (3.18)

We can write the terms of the left side as(
Υn+1 − 2Υn +Υn−1,Υn+1 −Υn−1) = ∥Υn+1 −Υn∥2 − ∥Υn+1 −Υn−1∥2, (3.19)(
d

dx

(
Υn+1 −Υn−1) , d

dx

(
Υn+1 −Υn−1)) =

∥∥∥∥ ddx (Υn+1 −Υn−1) ∥∥∥∥2, (3.20)(
d

dx

(
Υn+1 +Υn1

)
,
d

dx

(
Υn+1 −Υn−1)) =

∥∥∥∥ ddxΥn+1

∥∥∥∥2 − ∥∥∥∥ ddxΥn−1

∥∥∥∥2, (3.21)



Numerical solution of the viscoelastic wave equation by Galerkin spectral element method 39

and also, by taking Hn = Φn+1 − 2Φn +Φn−1, we can write the right side of (3.18) as

−
(
Hn,Υn+1 −Υn−1)+ k2(Rt,Υn+1 −Υn−1)

≤ k2
(
Hn,Υn+1 −Υn−1)+ k2(Rt,Υn+1 −Υn−1)

≤ k3CP

β
∥Rt∥2 + k3CP

β
∥Hn∥2 + βk

2CP
∥Υn+1 −Υn−1∥2

≤ k3CP

β
∥Rt∥2 + k3CP

β
∥Hn∥2 + βk

2

∥∥∥∥ ddx (Υn+1 −Υn−1) ∥∥∥∥2. (3.22)

By subtracting (3.19)–(3.21) in (3.18), and the bound of (3.22) for the right side of (3.18), leads to

∥Υn+1 −Υn∥2 − ∥Υn+1 −Υn−1∥2 + βk

2

∥∥∥∥ ddx (Υn+1 −Υn−1) ∥∥∥∥2
+
γk2

3

∥∥∥∥dΥn+1

dx

∥∥∥∥2 − ∥∥∥∥dΥn−1

dx

∥∥∥∥2 + γk2

3

(
dΥn

dx
,
d

dx

(
Υn+1 −Υn−1))

≤ k3CP

β
∥Rt∥2 + k3CP

β
∥Hn∥2 + βk

2

∥∥∥∥ ddx (Υn+1 −Υn−1) ∥∥∥∥2. (3.23)

Summing the inequality (3.23) from 1 to n on time levels, conclude that
n∑

j=1

(
∥Υj+1 −Υj∥2 − ∥Υj+1 −Υj−1∥2

)
+
γk2

3

n∑
j=1

(∥∥∥∥dΥj+1

dx

∥∥∥∥2 − ∥∥∥∥dΥj−1

dx

∥∥∥∥2
)

+
γk2

3

n∑
j=1

(
dΥj

dx
,
d

dx

(
Υj+1 −Υj−1

))
≤ k3CP

β

n∑
j=1

∥Rt∥2 + k3CP

β

n∑
j=1

∥Hj∥2. (3.24)

Then, we have(
∥Υn+1 −Υn∥2 − ∥Υ1 −Υ0∥2

)
+
γk2

3

(∥∥∥∥dΥn+1

dx

∥∥∥∥2 + ∥∥∥∥dΥn

dx

∥∥∥∥2 −
[∥∥∥∥dΥ1

dx

∥∥∥∥2 + ∥∥∥∥dΥ0

dx

∥∥∥∥2
])

+
γk2

3

n∑
j=1

(
dΥj

dx
,
d

dx

(
Υj+1 −Υj−1

))
≤ k3CP

β

n∑
j=1

∥Rt∥2 + k3CP

β

n∑
j=1

∥Hj∥2. (3.25)

We consider Υ1 = Υ0 = 0,

γk2CP

3

∥∥∥∥dΥn+1

dx

∥∥∥∥2 ≤ k3C2
P

β

n∑
j=1

∥Rt∥2 + k3C2
P

β

n∑
j=1

∥Hj∥2. (3.26)

Using Poincare inequality, we have

∥Υn+1∥ ≤ CP

∥∥∥∥dΥn+1

dx

∥∥∥∥ ≤ Ck

n∑
j=1

∥Rt∥+ Ck

n∑
j=1

∥Hj∥. (3.27)

By the fact ∥Rt∥ ≤ O
(
k2
)

and using the triangle inequality and Lemma 3.2 for ∥Hj∥ as

∥Hj∥ = ∥
(
Φn+1 − Φn)− (Φn − Φn−1) ∥

≤ ∥εn+1∥+ ∥εn∥

≤ 2 max
1≤i≤n

∥εn+1∥

≤ O
(
m(1−s)

)
,
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Then,

∥Υn+1∥ ≤ CP

∥∥∥∥dΥn+1

dx

∥∥∥∥ ≤ C (T,CP)
(
k2 +m(1−s)

)
. (3.28)

Finally, by the triangle inequality, Lemma 3.4 and the inequality (3.28), we get

∥un − Un∥ ≤ ∥Φn +Υn∥

≤ Cm(1−s) + C(T,CP)
(
k2 +m(1−s)

)
≤ C∗

(
k2 +m(1−s)

)
, (3.29)

this completes the proof.

4 Numerical examples
This section provides an example for solution of the one-dimensional viscœlastic wave equation. The following
relation will be used to verify the computational order:

Order = log (e1/e2) / log (k1/k2) .

The numerical test is performed using MATLAB on a computer equipped with an Intel Core i5 processor and 6.00
GB of RAM

Example 4.1. We consider the one-dimensional time viscœlastic wave equation with β = 1, γ = 1. The analytic
solution is

u(x, t) = sin(2πx)e−t. (4.1)

Figure 1 displays the approximate solution solved using GLL-GSEM forNe = 10, m = 5, and k = 10−5 at T = 1,
on the domain I = [−1, 1] (left) and demonstrating high accuracy in absolute error (right). Table 1 reports the error
in L∞ for Ne = 10, and m = 5 at T = 1, on the domain I = [0, 1]. The numerical results clearly show that
the convergence order in time is O

(
k2
)
, which aligns well with the theoretical analysis. Figure 2 illustrates that by

decreasing the spatial step size for m = 4 (left) with k = (N4
e ) at the final time T = 1, the resulting error decreases.

We expect to observe an increase in round-off error with the increase in the number of elements. Additionally, we
observe an increase in CPU time (Figure 2 right) with the increase in the number of elements. For the few the number
of elements, we achieve high accuracy and acceptable CPU time by varying the interpolation degree, which is one
of the advantages of the presented method.

Table 1: L∞ error and order time for example 4.1.
k L∞ Order CPU time
1/4 1.2018× 10−2 − 0.7155
1/8 2.9160× 10−3 2.04 1.0394
1/16 8.0691× 10−4 1.85 1.9019
1/32 2.0894× 10−4 1.94 3.5133
1/64 4.8175× 10−5 2.11 6.7965
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5 Conclusion
In this study, we investigated the solution of the one-dimensional viscœlastic wave propagation model over time
using the Galerkin Spectral Element Method (GSEM). We derived the semi-discrete formulation by applying second-
order finite difference operators, and established second-order convergence in time. Subsequently, we implemented
the GSEM using Gauss-Lobatto-Legendre (GLL) nodes. We also performed error analysis across successive time
levels. Finally, the effectiveness of the proposed method was assessed through an example, demonstrating both
its efficiency and high accuracy,with a time convergence order that aligns with the provided theoretical predictions.
According to the error analysis and spectral convergence order of the presented method. This method can be
used for two and dimensional viscœlastic wave equations in future. Its high accuracy makes it possible to obtain
numerical solutions forviscœlastic wave equations in industry and physics.
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