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1 Introduction

The Galerkin spectral element method (GSEM), initially introduced in [22], has become a highly effective nu-
merical technique for solving partial differential equations (PDEs). The nodal SEM uses Lagrange polynomials with
Gauss-Lobatto-Legendre (GLL) for interpolation and GLL quadrature for integration to produce a diagonal mass
matrix. It facilitates efficient implementation on parallel computers [9, 1, 12]. This method has been successfully
applied to various equations, including the acoustic equation [l, 20, 24, 28], Maxwell equation [2], the Pennes bioheat
transfer equation [4], Sobolev equation [5], the nonlinear generalized Benjamin-Bona-Mahony-Burgers equation
[6], Helmholiz's equation [[7], and the p-Laplacian equation [25].

This paper deals with the numerical approximation of the following one-dimensional visccelastic wave problem:

Du(x,t) Du(x,t) 0u(x,t)

il _pP i) OB et (@) € Tx (0,T], an
Subject to Dirichlet boundary conditions
uw(Xr,t) = fr, u(Xgr,t)=fr, t€0,T], (1.2)

and initial conditions

u(z,0) = uo(x), z€l,
ou(z,0)
ot

= ui(x), zx€l, (1.3)
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where I = [X 1, XR] is a bounded domain in R. 8 and  are positive constants and 7" > 0 is the final time. The
boundary conditions f1, and fr are known constants. The source term f(x,t) and initial conditions uo (), u1(z)
are known functions with sufficient smoothness.

So far, only a limited number of numerical methods have been proposed for solving the time-dependent vis-
ceelastic equation. Zhao, Li, and Luo [29] applied a space-time continuous Galerkin method with mesh modification,
while Li, Zhao, and Luo [15] introduced a space-time continuous finite element method. Xia and Luo [24] presented
a classical finite element method and also investigated a finite difference iterative scheme based on the proper
orthogonal decomposition (POD) technique in [27, 26]. Luo and Teng [16] developed an optimized splitting positive
definite mixed finite element extrapolation approach using the POD technique. Jin and Luo [10] established the
Crank-Nicolson (CN) collocation spectral method. Oruc [21] discussed two meshless methods with time marching
performed using a fourth-order Runge-Kutta method. Nikan and Avazzadeh [18] combined the CN scheme with the
localized meshless technique.

The main result of this paper is the derivation of an a priori error bound for the numerical approximation of the
one-dimensional visccelastic equation using the Gauss-Lobatto-Legendre Galerkin Spectral Element Method (GLL-
GSEM). We obtain the rates of convergence in h and p, which align with those observed numerically. The visccelastic
wave equation involves not only second-order derivative terms with respect to time and spatial variables but also a
mixed derivative term that includes the first-order derivative with respect to time and the second-order derivative
with respect to spatial variables. This additional complexity presents significant challenges for analysis. In the
temporal direction, we use the finite difference method with the Crank-Nicolson (CN) approach. This method has
been effectively and widely used approach in the meshless, finite element, radial basis function (RBF), and spectral
methods nowadays [19, 14, 10].

The structure of this study is as follows: Section | covers the variational form of the problem, the time semi-
discrete approach, and the order of convergence have been analyzes. In Section fJ, the Gauss-Lobatto-Legendre
Galerkin Spectiral Element Method (GLL-GSEM) is applied for discrete spatial directions and provided an a priori
error estimate of the fully-discrete formulation. Finally, Section [ provides a test problem to validate the accuracy
and implementation of our approach.

2 Temporal discretization of the visceelastic wave equation

To perform the time discretization of the visccelastic equation, by employing the CN algorithm, we begin by splitting
the time interval [0, T] into N7 equal subintervals, each with a size of k = T'/N7. The time steps are then defined

as tn, = knforn=1,..., Np. We use the finite difference discretization in temporal direction
82“‘(‘737 t) o 1 n+1 n n—1 k2 d4u(x7 51)
oz 2 [ = 20" "] - ET,& € (tn-1,tn+1), .0
Fu(x,t) 1 [du"t  Pu"'] K Du(x, &)
T ~op N — = T hEpa tn—1,tn+1), 2.2
Atdz? 2k { dzx? dax2 ] 6 Ot30x2 &2 € (tn-1,tn41) (2.2)
du(z,t) 1 [d*u"T Pur Pun? k% 90'u(x, &)
: == I Sk B to ,tn . 2
dx? 3 dz? dx? + dx2 3 912922 &3 € ( 1,tny1) (2.3)

By denoting u™ ™! = w(z, t,11) and f*T! = f(x,t,11) the semi-discrete CN viscoelastic wave equation is:

1 n+1 n n—1
— —92 S —
w e g | dz?

1 d2u7L+1 d2un d2un71 it 5

1 |:d2un+1 d2un—1:|
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where R is the residual with respect to time. For the first iterative, we need the value of u™*, by using the relation

1, -1
8u((?3;,t) =0, o Y Qku 7 (2.5)

we can rewrite the Eq. (@) as follows:
-1

=o't — 2ku, (2.6)

substituting [2.4) into (2.4), we obtain the scheme for n = 0

1 2BK? [(dPut BE? [ d*ug 9 2638 ([ dPuy
2u — I =2uo + 2ku; + — dn2 + vk ur — 3 I

3 3
+ BN+ KPR, 2.7

By removing the residual R;, from (2.4) and (2.7), the approximate solution for the semi-discrete CN is obtained.
Denoting the approximate solution of v™ by U™ for n = 1, ..., Nr, we have

% U™t —2um + U] - i {dQZ;H - dQ;];_l}
2741 2r7n 2n—1
_%[dé{ﬁ +dd;f2 +dgxz }:fn-kl. (2.8)
and forn =0
Ut — Q/ngg (d;g:) = 2up + 2ku1 + %]8 (CZ:QO)
+ kP — 2"’;'3 (‘5;1) + RS 29

where e = u° — U° = 0.

2.1 Convergence of the temporal-discrete formulation

Subsequently, the convergence analysis for the time-discrete problem is presented. For this purpose, we introduce
the functional spaces and norms used in this paper that can be found in [13, 8].
Let us introduce the space La(I) equipped with the inner product and the corresponding norm
XRr

(u,2) = / w@)a(@)de,  |ull = vww),

XL

and the Hilbert space

[

H(I) = {u € Lo(1; 2% € Lo(D), aeN, a<s),

oz~
equipped with the norm and semi-norm
1/2 1/2
o%u||? o%u||?
b= (S5l = ()5
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We define the subspace V of H'(I)
V=Hy(I)={ue H'(I); w(Xr)=u(Xgr) =0}

It is very important to introduce Poincaré inequality in one dimension as follows:

lull < Cpluli, Yu€V = Hy(). (2.10)
We see that
du du) _[duf_
de’de )~ ||dz ||~ M

Without losing generality, we conduct an error assessment of the semi-discrete difference scheme for the values
B =~ = 1. In the rest of the paper, we will consider C' as a generic positive constant.

Theorem 2.1. Assume thatu™ and U™ are the analytical and approximate solutions of [2.4) and 2.8), respectively.
Then, the convergence order in time is O (k*).

Proof. First, by multiplying (2.4) by z and integrating over the domain I, we obtain the corresponding weak formu-

lation as:
2 nitl 2 2 nitl
(u"“z)—ﬁ d’u z B (L z
’ 2 dz2? 3 dz2? ’

_ n n—1 k d2un_1 k2 d2u"
—2(u,z)—(u >Z)_§(W,Z +§ W,Z

]f2 d2un71
+§< w2 ¢

) + & (" 2) + k2 (R, 2), @n

and similarly for (£.8) we have

k d2Un+l k2 d2U’rL+1
n+1 _ M A i
(U,2) 2 ( dx? ’2) 3 ( dx? ’Z)

B n " k (d*Umt K? (d*U"
=2(U",2) (U ,z) 2( R + 3 proals
k2 d2Un71 5 I

Subtract (2.12) from (m) to arive at
2 ntl 2 /2 n4l
(e"“z)—ﬁ de z _ K (de z
’ 2 dz? 3 dz2? ’

_ n n—1 k d2€n_1 kl2 d2€n
=2("2) = (e ’Z)_i(W’Z 5 (e

k2 (d26n71

T\ T

z) +k° (Re, 2), (2.13)
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where e = u™ — U".
By taking z = ¢ in 2.13) and applying integration by parts, we derive the following relation

E <d6n+1 den+1 ) ]{32 (den+l den+1)

(6n+1 en+1)

)

2 dr ' dz 3 dr ' dx

n nel n k (de™ ! dentt
—2(" ") — (e ae“>+5( i de )

K (de" de"t! k* (de”™! dem Tt 2 41
- = mH 2.14
3 ( dz’ dz ) 3 < dr = dx ) T (Re ™) 214

By using the Young and Cauchy-Schwarz inequalities, we get

|

wit|? k| de )P K2 || dett |
e i &
2| dz 3 dx
2 2 n—1 n+1
_ k|| de de
< n n+1 n—1 n+1 e
=€ Tt tle ¢ +2 dx ‘ dx
K2 ||de™ ||||de™ || k2| de™ ||| dem ]| K2 1| natll”
— || == — —|le” 2.1
3 || dz ’ dx 3 dx ‘ dx +2 +2‘e (213)
n+1 (|2
Taking C' = (k/2 + k2/3), adding and subtracting the term C'% to the left hand side as well as employing
the Poincaré inequality, we obtain
den+1 2
o2
Pl dx
de™||? de™ 1] de™ ||| de™
o | 2 ae” "
<Cp dr +(Cp C)‘ Pl g ’ dr
E den—l den+l E ﬂ den+1 k2 den—l den+1
2| dz dx 3 || dx dx 3 dx dx
C% den+1 den+l k2 5
2| @ g IRl 210
. e’ de’ . .
We consider ||—|| = max |[|——|| and take summation terms from 0 to n (1 < n < Nt — 1), it follows that
dx 0<j<N7 || dx
den s 1de || _ |1 de” e’ de? [ e |, [ de” [ e
dx dx dx dx o dz dx dx dx
Lk de’ ||| de’* k? de” ||| de’*!
2072, — || dz dx 36’72D = dx dx
e]+1
R 2.17
307%2 da 20,2, Z” ol @17
j=0 3=0

By factoring the maximum value, we have

j+1
’ < ‘ de

2

1
2CQZHRtH +(c+1+202 302 )Z

P iz —

de™t!
dx

@,
dx

(218)
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Using the discrete Gronwall’s inequality

- 1 2
< 2 2 ) '
‘ _<’ 1|Rf,||)exp<2(0+1+20%k+30%k)> 219)

Considering Ve? = 0 and N7k = T, and Using the fact that || R*|| < k2, we conclude that

n

k2
2
2C3 <

@
dx

d6n+1
dx

+

opl| 22 < CT?K2exp (L + % + %7;2) , (2.20)
P P
where L is a constant. By employing the Poincaré inequality, we obtain
le" ™| < C(Cp,T) K, (2.21)
which proves the proof. O

3 Galerkin spectral element method and error estimate

This section presents the Galerkin spectral element method (GSEM) using Gauss-Lobatto-Legendre (GLL) nodes.
High-order Lagrange interpolation polynomials may lead to Runge’s oscillations when approximating the unknown
function in each element [[l]. However, this phenomenon does not occur when using Lagrange interpolation based
on GLL nodes [23]. We describe the GLL-GSEM in one dimension.

3.1 Spectral element method in one-dimension

As is typical in grid-based approaches, we begin by dividing the one-dimensional physical domain into N. non-
overlapping elements. We denote the uniform partition of I = [X1, Xr] by X} as

Xn: XL = 2O < 2 < pac) << zNe) = Xg.
The I-th element is defined as
& = {x\x”‘” <z< m(l)}, 1<I1<N.,

which I = UNe &. Each element & € X, can be obtained by a affine map Fe from a reference element
E=1{nl—1<n <1} such that Fe : € — &, ze = Fe (1), in which

o(n) = % [(xm _ m<l—1>) n+ (xa) +x<l—1>)] .

The Jacobian of the affine map is
or  xW — g1
ol
For the unknown function u on the element &, the approximation solution of order m is considered as follows

Ji

uﬁfl) (J,’,t) = Zuv(’fl) (xl7t) ¢1($)7
i=0
in which 9;(z) represents the m-degree Lagrange interpolation polynomials, and {ugfl) (x4, t)} indicates the

=0
approximate solution at the interpolation points on the element &, which correspond to the GLL nodes on the
reference element £.
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The GLL nodes are determined by finding the roots of the equation Z (1) = (1 — #?) Lom—1 (1), where Lom—1
is the Lobatto poly. of degree (m — 1), derived from the m-degree Legendre poly. L., () as Lopm—1 () = L., (n).

The endpoints correspond to 19 = —1, 1, = 1, while the remaining m — 1 points, {n;}7*;", are the roots of the
derivative of the Legendre polynomials, with all points 7o, . .., 7m lying within the interval [—1, 1].
The m-degree Lagrange polynomials related to the GLL nodes are derived by
1 (n* = 1) Lom-1(n) .
¥i(n) = X , 0<i<m. (3.1
D A DL ) T )
The element mass matrix related to the element &, is obtained
=z 1
A= [ v dm—Jz/wl yos iy =[O (dn, 0<ij<m 62
2(=1) Z1

We defined ©;,; (1) = ¥: (17) ¥ (1) such that
1
AL =i /em (m)dn, 0<4i,j<m. (3.3)

The infegral on the right-hand side of (8.3) is numerically computed. The k-point Lobatto integration quadrature,
provides us with the approximation

k
/em‘ (Mdn=7_ ©ij () Ws, 0<ij<m,
s=0

where 9
Ws = 5, 0<s<k.
m (m+1) [Lm (ns)]

We note that ©; ; is a 2m-degree poly. in 7, the Lobatto quadrature is exact if & > m.
The element diffusion matrix related to the element &, is given by

20
o _ dipi(x) dip(x) dwz( ) dibj (n) i<
Bi.,j - dx dx dr = Jl d’l7 d77 d77: 0 =] m, (34)

z(1-1) -1

We defined ¥; ; () = dlﬁi & dwcjlm( )

k
(fj—J/ s n)dn—J—Z () Wa, 0<i,j <m. (3.5)
=0

Since U; ; is a (2m — 2)-degree poly. in 7, the Lobatto quadrature is exact if & = m. Following [23], instead of the
above formula, we can use the following formula:

g _ 1 (mi—=m0)...(n; = mi-1) (05 = iv1) ... (15 = 1) (3.6)
2% ) ) ) ) ) ) ) .
ni = n (i —n0) ... (i —ni—1) (M = Niv1) - (i — M)
for i # j, and
1 1 1 1
B)= ——+ .+ + +ot (3.7)
’ i — Mo Ni —Mi—1 M = Ni+1 N — NMm

for the diagonal components.
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3.2 Total-discrete formulation
We consider P,,, = span {0, 91, . ..,%m} and defined the spectral element approximation space as
Vi ={z€ Hy(I): z|e € P(I)}.

The Galerkin spectral element discretization problem can be described as:
Find U°, U1, ..., U™ € V2 such that

1 g1 n et 8 (dU™tt  qUunTl dz
e U WU ’Z)+2k< da dr  dz
v (dUttt AUt dUMTY dz e
Jr3( dx dz + dr dx = (") 3.8)
The approximation solution U™ ! is estimated as
N.q
U™ (z) =Y U ()¢, (3.9)
s=1

where N, = N, (m + 1) — N;. The number of overlapping points of elements is set by N;. By substituting (B.9)
into (8.8), and taking z = 1., yields the system:

2 2
{Ag + (% + %) Bg} urtt = {—Ag + (% - %) 89} urt

2
+ {2,49 — %Bg] U™ + KA (3.10)

where AY and BY are the global matrices.

3.3 A priori error estimate
Definition 3.1. [3] The projection operator I1j, : H — V.3, is defined as

(% (u — Tyu), %) =0, weHy(I), YveV. @)

Lemma 3.2. [G] Ifu € H*(s > 1), then

Ne 1/2
lu— Iyl < C (Z h2<mi“<m+1ﬁs>-1>m2<l—s>||u||§> . (3.12)

1=1
Definition 3.3. We define the following two notations
(I)n+1 _ un+1 _ 1—[hun+l7 »rn+1 — Hhun+1 _ Un+1.

ntl — "+l _ & Then there is a constant C' such that:

Lemma 3.4. [§] Assume that ¢
e < em ), (3.13)

Theorem 3.5. Letu(t,) and U™ are the exact and approximate solution of 2.4) and (2.8), respectively. Then, the
subsequent error estimation is valid
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Proof. First, we consider the corresponding variational forms of 2.4) and ([.8), respectively, as follows:

n+1 n—1
1 (un+172un+un71’z)+£ (du . du dZ)

k2 2k \ dzx de dx

y (e dz t

+3< dz + dz + dr ’dz = ("2 + (B 2) (3.14)

and

L omtt orm |, gt B (du"tt AUt dz

2 (U WU ’Z)Jrzk( dx dr dz
y (dU™tt aUut AU dz\

Jr3( dx + dx + de ' dz _(f 72)' 3.15)

By subtracting (B.13) from (B.14), and adding and subtracting the projection operator (B.11), we derived
1 ((q)n+1 + Tn+1) —92 (@’ﬂ + Tn) + (‘I)n71 + Tnfl) ,Z)

k2
ﬁ i n+1 n+1 o i n—1 n—1 %
* ok <dw (@™ ) - g (7Y )’dm)

1 i n+1 n+1 i n n i n—1 n—1 @
+3<dm(¢. T )—Fdac(<I> +T)+dm(¢‘ T )’dac
= (R',2) (3.6)

Base on the Definition B.1, we have

i (Tn+l _QTn+Tn—1 Z) + ﬁ (dTn+1 _ dTn_l dZ)

k2 2k \ dz dr ’dz
y (dX™t drt dY™ dz\ 1 a1 o n—1 ¢
+3< Tt e a) T e (@ T )+ (12, e
Taking z = Y"1 — "1 yields
d d

2

(Tn+l _ QTn + Yn_17Tn+l _ Tn—l) 4 @ (dm

n+l n—1 el n+l n—1
(et oy ey )>
Lk2 i n+1 ni i n+1 _ n—1 ij i n i n+1 _ n—1
I (G oy e =) ) 2 (e ()
=—(@" —20" + "L Y YY) 4 B2 (R, YT YY) (3.18)

We can write the terms of the left side as

(Tn+1 _ 2Tn 4 Tn—l,Tn+1 _ Tn—l) _ ||Tn+1 _ Tn||2 _ ||Tn+1 _ rrn—1||27 (3]9)
i Tn+l _ Tn71 i Tn+1 _ Tn71 _ d Tn+1 _ Tn71 ? (3 20)
dr ( )7d£L' ( ) - dzr ( ) ’ :

2 2
(oo gl el en
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and also, by taking H" = &1 — 28" + ®" !, we can write the right side of B.18) as
_ (,}_[n7 Tn+1 _ Tnfl) + kQ(Rt7 Tn+1 _ Tnfl)
< k2 (Hn Tn+1 _ Tn—l) + kQ(Rt Tn+1 _ Tn—l)

3
SkC’p ka

IR + == 14" 1 + 5 HT"+1 L

2

ka ka

< IR"1” +

By subtracting B.19)-B.21) in (@), and the bound of (B:29) for the right side of (B.18), leads to

2

[ e H@(rm_rnﬂ)

e S b R ﬁzkde (™ =)
R e )
R = AR PO .
Summing the inequality (B:23) from 1 to n on time levels, conclude that
i(HTJ’«H 7TjH27 ||Tj+1 ~yi— 1H (HdTHI 2 HdeZl 2)
j=1 =

k2 S~ (dYT d 1 1 ECp e KO & o
A, (It I < 712,
+ 3 ?l(dx ’d:;:( ) <75 ;:1 I”°]]” + 3 ;:1 IH7l

Then, we have
2

k2 (||dxm ) |ldxn
Tl 2 iyt — 102 R
(I 1”1 1)+ 5 (| =5 —

N

|l

3 dx ' dx

Jj=

s (dYY d o i E*Cp kC ;
P S (T (o)) < B S e+ B S e
1 j=1 j=1

We consider T = T° =0,

YR2Cp [[dYT P K? K2 C3 N a2
< .
Cp T LY
Using Poincare inequality, we have
n+1 dTn t 7
I < Cp <ckZ||R I+ CrY I
Jj=1
By the fact || R*|| < O (k?) and using the triangle inequality and Lemma B2 for ||H7]| as
7| = || (@"*' = @") — (2" — " 1) |
< le™ I+ e

<2 max [e"

1<i<n

<O (m(lfs)) ,

39

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)
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Then,

d"rn+1

e < C”H

< C(T,Cp) (k:2 + m“*s)) . (3.28)

Finally, by the triangle inequality, Lemma B.4 and the inequality (B.28), we get
[u® = U™ < [|@" + 7"
< cm ) 4 C(T, Cp) (k2 + m“*S))

<cr (k2 n m<1*5>) : (3.29)

this completes the proof. O

4 Numerical examples

This section provides an example for solution of the one-dimensional visceelastic wave equation. The following
relation will be used to verify the computational order:

Order = log (e1/e2) /log (k1/k2) .

The numerical test is performed using MATLAB on a computer equipped with an Intel Core i5 processor and 6.00
GB of RAM

Example 4.1. We consider the one-dimensional time visccelastic wave equation with 3 = 1, v = 1. The analytic
solution is
u(z, t) = sin(2mz)e”". (4.1)

Figure | displays the approximate solution solved using GLL-GSEM for N. = 10,m = 5,and k = 1075 at T = 1,
on the domain I = [—1, 1] (left) and demonstrating high accuracy in absolute error (right). Table || reports the error
in Lo for No = 10, and m = 5 at T = 1, on the domain I = [0,1]. The numerical results clearly show that
the convergence order in time is O (k?), which aligns well with the theoretical analysis. Figure B illustrates that by
decreasing the spatial step size for m = 4 (leff) with & = (NZ2) at the final time 7' = 1, the resulting error decreases.
We expect to observe an increase in round-off error with the increase in the number of elements. Additionally, we
observe an increase in CPU time (Figure 2 right) with the increase in the number of elements. For the few the number
of elements, we achieve high accuracy and acceptable CPU time by varying the interpolation degree, which is one
of the advantages of the presented method.

Table 1: Lo error and order time for example [.1.
k Lo Order CPU time
1/4 [ 12018 x 1072 — 0.7155
1/8 | 2.9160 x 1073 2.04 1.0394
1/16 | 8.0691 x 10~*  1.85  1.9019
1/32 | 2.0894 x 107 1.94 3.5133
1/64 | 4.8175 x 107°  2.11 6.7965
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Nureri cal sol ution x108
0. , . 8
6
S
4
i
2+
0
-1 0.5 0 0.5 1
X X

Figure 1: Left figure show the numerical solution and right figure show the L. error (example [4.J).

105 i 1P

Error

CPU Ti me

10°r

=

4 5 6 7 8 9 10 11 12 4 ;, é ‘7 é é 1‘0 1‘1 12

10

Figure 2: Left figure show the L., error and right figure show CPU time (example E).
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Conclusion

In this study, we investigated the solution of the one-dimensional visccelastic wave propagation model over time
using the Galerkin Spectral Element Method (GSEM). We derived the semi-discrete formulation by applying second-
order finite difference operators, and established second-order convergence in time. Subsequently, we implemented
the GSEM using Gauss-Lobatto-Legendre (GLL) nodes. We also performed error analysis across successive time
levels. Finally, the effectiveness of the proposed method was assessed through an example, demonstrating both
its efficiency and high accuracy,with a time convergence order that aligns with the provided theoretical predictions.
According to the error analysis and spectral convergence order of the presented method. This method can be
used for two and dimensional visceelastic wave equations in future. lts high accuracy makes it possible to obtain
numerical solutions forvisceelastic wave equations in industry and physics.
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