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Abstract

The Laplace transform is widely used in science and technology to deal with complex problems in stability and control
systems. The modified Laplace transform has been applied in physics and mathematics to solve boundary layer equations in
ordinary differential equations with variable coefficients. The q-calculus appeared as a connection between mathematics and
physics. It has many applications in different mathematical areas, such as number theory, combinatory theory, orthogonal poly-
nomials, essential hyper-geometric functions, quantum mechanics, and relativity. Laplace transform, and its several extended
versions are used frequently. The double Laplace transform applies to solving some q-functional and partial q-differential equa-
tions. Q-calculus has been used to solve complex and more potentially typical problems in a larger domain to investigate the
calculus without limits for getting more generalizations. In the paper, we introduce the double-modified Laplace transform in
q-calculus, namely the q-double modified Laplace transform, and establish some properties. Furthermore, several propositions
concerned with q-double modified Laplace transform are explored.
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1. Introduction

Researchers are actively engaged in an integral transform to develop the subject as it is applicable in
describing and analyzing physical systems [1, 2, 3, 4, 7, 13, 11, 14, 15, 16, 19, 17, 21, 29, 23, 24, 25, 26, 31, 37,
38, 40, 41]. Jackson [22] introduced q-calculus, and now a days q-calculus got much significance in differ-
ent branches of science and engineering. The concept q-calculus is applicable in fractional calculus, con-
trol problems, and for finding solutions of q-difference and q-integral equations [27, 32, 33, 34, 35, 36, 40].
The main advantages of the transform and the novelty of this work are related to a few relevant works
in several extended versions of Laplace transformation with q- calculus to deal with complex problems
in mathematics and physics. The double Laplace transform of a function of two variables, which was
first introduced in 1939 by Berstein [8] which was applied in functional, integral, and partial differen-
tial equations [12]. The development of q-analysis started in the 1740s when Euler initiated the theory
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of partitions. In 1829, Jacobi presented triple product identity and principal functions, equivalent to q-
analysis. The progress of q-calculus continued with the invention of the hyper-geometric series and their
contiguity relations. The theory of q-analysis has been applied in the recent past in many areas, like
ordinary fractional calculus, optimal control problems, quantum calculus, q-transform analysis, and in
finding solutions of the q-difference and q-integral equations. In 1910, Jackson [22] presented a precise
definition of the q-Jackson integral and developed q-calculus in a systematic way. In continuation of
the advancement of the transform, P. Njionou Sadjang [36] has introduced four kinds of double q-Laplace
transforms with applications to solve some classical partial q-differential equations. The double q-Laplace
transform is a generalization of the given one [8]. Jafari et al [21] have given a new algorithm for solving
dynamic equations on a time scale, called the q-difference equation, with applications for solving the
strongly non-linear damped q-difference equation. Ali et al. [7] have explored an innovative analysis of
the time-fractional q-deformed tanh-Gordon equation via a modified double Laplace transform method.
This equation represents a significant advancement in mathematical physics due to its applications in
many fields, including superconductivity and fiber optics. It has many applications in condensed matter
physics and modeling physical systems exhibiting violated symmetries. Notably, this equation has not
been previously solved in fractional form, which was the approach pioneering in the analysis. Ali et al.
[7] solved the equation utilizing the modified double Laplace transform method, which was considered
a semi-analytical technique that combined the double Laplace transform with Adomian polynomials to
enable us to extract nonlinear terms. This method was renowned for its efficacy in handling fractional
differential equations, evident from the results obtained by comparing the analytical solution with the
approximate solution. Laplace transform, and its several extended versions are used frequently till now.
So, inspired by the remarkable work of modified double Laplace transform in different fields of math-
ematics and physics to solve complex problems, we introduce the double-modified Laplace transform
in q- calculus, namely the q-double modified Laplace transform, and establish some properties. Several
propositions concerned with q-double modified Laplace transform properties are explored.

2. Remarkable Notes

We recall some well known definition and notation used in [5, 9, 12, 18, 20, 22, 28, 30, 34].

The q-derivatives is given in [22]

(Dq h)(ν) =
 h(ν) −  h(qν)

(1 − q)ν
, if (ν ̸= 0)

(Dq h)(0) =  h′(0) exists.

The q-derivative of the product

Dq( h.φ)(ν) = φ(ν)Dq h(ν) +  h(qν)Dqφ(ν).

The q-Jackson integral in [18, 22]

∫κ
0

 h(ν)dqν = (1 − q)κ

∞∑
n=0

 h(νqn)qn,

∫∞
0

 h(ν)dqν = (1 − q)

∞∑
n=−∞  h(qn)qn.
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A q-analogue of integration is∫ρ
κ φ(ν)Dq

 h(ν)dqν =  h(ρ)φ(ρ) −  h(κ)φ(κ) −
∫ρ
κ

 h(qν)Dqφ(ν)dqν.

In [20, 27, 28, 30, 32], we have

E℧q =

∞∑
n=0

q

n(n− 1)
2 ℧n

[n]!
= (−(1 − q)℧;q)∞, (2.1)

e℧q =

∞∑
n=0

℧n

[n]!
=

1
((1 − q)℧;q)∞ , ℧ <

1
1 − q

. (2.2)

Thus from (2.1) and (2.2), we have

Dqe
℧
q = e℧q , DqE

℧
q = Eq℧q ,

and

e℧qE
−℧
q = E−℧

q e℧q = 1.

In [9, 18, 34, 35, 36], we have

Γ(ψ) =
∫∞

0 ν
ψ−1e−νdν by

Γq(ψ) =
(q;q)∞
(qψ;q)∞ (1 − q)ψ−1, ψ ̸= 0,−1,−2.......

Therefore

Γq(ψ+ 1) = [ψ]qΓ(ψ), Γq(1) = 1,

and

lim
q→1−

Γq(ψ) = Γ(ψ), Re(ψ) > 0.

We have

Γq(Ω) =
∫ 1

1 − q
0 ψΩ−1E

−qψ
q dqψ =

∫ ∞
1 − q
0 ψΩ−1E

−qψ
q dqψ.

In [5, 12, 20, 28, 30, 36, 39, 40, 41, 42], we have :

For all Ω,ψ > 0, we have

Γq(Ω) = Kq(Ω)
∫ ∞

1 − q
0 νΩ−1e−νq dqν,
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and

Bq(ψ,Ω) = Kq(ψ)
∫∞

0 ν
ψ−1 (−νq

Ω+ψ;q)∞
(−ν;q)∞ dqν,

where,

Kq(ψ) =
(−q,−1;q)∞

(−qψ,−q1−ψ;q)∞ .

3. q- double modified Laplace transform

Definition 3.1. The q - double modified Laplace transform of a function  h(τ, κ) is defined by

Lq[ h(τ, κ)] = G(ϖ, κ) =
1

(1 − q)2

∫∞
o

∫∞
o

e
−(ϖτ+Λκ)loga
q  h(τ, κ) dqτ dqκ. (3.1)

Property 3.2. (Linearity property)

Lq{M h(τ, κ) +Ng(τ, κ)} = M Lq[ h(τ, κ)] +N Lq{g(τ, κ)}.

Proof. Lq{M h(τ, κ) +Ng(τ, κ)}

=
1

(1 − q)2

∫∞
o

∫∞
o {M h(τ, κ) +Ng(τ, κ)}e−(ϖτ+Λκ)loga

q  h(τ, κ) dqτ dqκ

=
M

(1 − q)2

∫∞
o

∫∞
o e

−(ϖτ+Λκ)loga
q  h(τ, κ) dqτ dqκ

+
N

(1 − q)2

∫∞
o

∫∞
o e

−(ϖτ+Λκ)loga
q g(τ, κ) dqτ dqκ

= M Lq[ h(τ, κ)] +N Lq[g(τ, κ)].

Property 3.2. ( Shifting Property )

If ξ > 0, Φ > 0

Lq{e
−ξτ−Φκ
q

 h(τ, κ)} =  h(ϖ+ ξ,Λ+ϕ).

Proof. Lq{e−ξτ−Φκq
 h(τ, κ)}

=
1

(1 − q)2

∫∞
o

∫∞
o e

−(ϖτ+Λκ)loga
q e−ξτ−Λκq

 h(τ, κ) dqτ dqκ

=
1

(1 − q)2

∫∞
o

∫∞
o e

−τ(ϖ+ξ)loga
q e

−κ(Λ+Φ)loga
q  h(τ, κ) dqτ dqκ

=  h[(ϖ+ ξ)loga, (Λ+Φ)loga].

Property 3.3. ( Change of scale property )

For Ω > 0, and Ψ > 0, we have
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Lq[ h(Ωτ)g(Ψκ)] =
1

(1 − q)2

∫∞
o

∫∞
o e

−ϖτloga−Λκloga
q  h(Ωτ) g(Ψκ) dqτ dqκ

Put, Ωτ = s→ Ωdqτ = dqs, Ψκ = t,⇒ bdqκ = dqt

=
1

(1 − q)2ΩΨ

∫∞
o

∫∞
o e

−ϖ
s

Ω
loga

q e
−q
t

Ψ
loga

q  h(s) g(t) dqs dqt

=
1
ΩΨ

 h
(ϖloga

Ω
,
Λloga

Ψ

)
.

Property 3.4.

For Ω > 0, Ψ > 0 we have

Lq{e
−Ωτ−Ψκ
q

 h(τ, κ)} =
1

(1 − q)2

∫∞
o

∫∞
o e

−Ωτ−by
q e

−ϖτloga−Λκloga
q dqτ dqκ

=
1

(1 − q)2

∫∞
o e

−τ(ϖloga+Ω)
q e

−κ(Λloga+Ψ)
q dqτ dqκ

=
1

(1 − q)2(ϖloga+Ω)(Λloga+Ψ)
.

3.5. q-double modified Laplace transform holds for the following:

(1) If  h(τ, κ) = 1, then

Lq{1} =
1

(1 − q)2

∫∞
o

∫∞
o e

(−ϖτ−Λκ)loga
q dqτ dqκ

=
1

(1 − q)

∫∞
o e

−(ϖτ)loga
q dqτ.

∫∞
o

1
(1 − q)

e
−(Λκ)loga
q dqκ

=
1

(1 − q)2 ϖloga Λloga
.

(2) If  h(τ, κ) = e(Ωτ+Ψκ)q , then

Lq{e
(Ωτ+Ψκ)
q } =

1
(1 − q)2

∫∞
o

∫∞
o e

(Ωτ+Ψκ)
q e

−(ϖτ+Λκ)loga
q dqτ dqκ

=
1

(1 − q)2

∫∞
o

∫∞
o e

(Ωτ+Ψκ)
q e

−(ϖτ+Λκ)loga
q dqτ dqκ

=
1

(1 − q)

∫∞
o e

−(ϖloga−Ω)τ
q dqτ

1
(1 − q)

∫∞
o e

−(Λloga−Ψ)κ
q dqκ

=
1

(1 − q)2(ϖloga−Ω)(Λloga−Ψ)
.

(3) If  h(τ, κ) = ei(Ωτ+Ψκ)q , then

Lq{e
i(Ωτ+Ψκ)
q } =

1
(1 − q)2

∫∞
o

∫∞
o e

−(ϖτ+Λκ)loga
q e

i(Ωτ+Ψκ)
q dqτ dqκ

=
1

(1 − q)2

∫∞
o

∫∞
o e

−τ(ϖloga−iΩ)
q e

−κ(Λloga−iΨ)
q dqτdqκ

=
1

(1 − q)2(ϖloga− iΩ)(Λloga− iΨ)
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=
(ϖloga+ iΩ)(Λloga+ iΨ)

(1 − q)2(ϖ2(log2a+Ω2)(Λ2log2a+Ψ2)

=
ϖΛlog2a+ iϖΨloga+ iωΛloga−ΩΨ

(1 − q)2(ϖ2(log2a+Ω2)(Λ2log2a+Ψ2)

=
(ϖΛlog2a−ΩΨ) + i(ϖΨloga+ωΛloga)

(1 − q)2(ϖ2(log2a+Ω2)(Λ2log2a+Ψ2)

Consequently, Lq{cos(Ωτ+Ψκ)} =
(ϖΛlog2a−ΩΨ)

(1 − q)2(ϖ2(log2a+Ω2)(Λ2log2a+Ψ2)

Lq{sin(Ωτ+Ψκ)} =
(ϖΨloga+ωΛloga)

(1 − q)2(ϖ2(log2a+Ω2)(Λ2log2a+Ψ2)
.

(4) If  h(τ, κ) = cosh(Ωτ+Ψκ), where Ω, Ψ are any constant

then Lq{cosh(Ωτ+Ψκ)} =
1
2

[
Lq{e

Ωτ+Ψκ}+ Lq{e
−Ωτ−Ψκ}

]
=

1
(1 − q)2

∫∞
o

∫∞
o

1
2

[
eΩτ+Ψκq e

−(ϖτ+Λκ)loga
q + e−Ωτ−Ψκq e

−(ϖτ+Λκ)loga
q

]

=
1

2(1 − q)2

[
1

(Ω−ϖloga)τ
.

1
(Ψ−Λloga)κ

+
1

(Ω+ϖloga)τ
.

1
(Ψ+Λloga)κ

]
.

Similarly, we can obtain Lq{sinh(Ωτ+Ψκ)} =
1

2(1 − q)2

[
1

(Ω−ϖloga)τ
.

1
(Ψ−Λloga)κ

−
1

(Ω+ϖloga)τ
.

1
(Ψ+Λloga)κ

]
.

Theorem 3.6 If  h(τ, κ) = g(τ)h(κ), then

Lq{ h(τ, κ)} = Lq[g(τ)] Lq[h(κ)].

Proof. Lq[ h(τ, κ)] =
1

(1 − q)2

∫∞
o

∫∞
o e

−(ϖτ+Λκ)loga
q  h(τ, κ) dqτ dqκ.

=

[
1

(1 − q)

∫∞
o e

−(ϖτ)loga
q g(τ) dqτ

]
[

1
(1 − q)Λ

∫∞
o e

−(Λκ)loga
q h(κ) dqκ

]
= Lq[g(τ)] Lq[h(κ)].

3.7 For a real number K,

Lq[K h(τ, κ)](ϖ,Λ) =
1

(1 − q)2

∫∞
o

∫∞
o Ke

−(ϖτ+Λκ)loga
q  h(τ, κ)dqτ dqκ

= KqLa[ h(τ, κ)](ϖ,Λ).

Theorem 3.8. If  h(τ, κ) is periodic function periods h and k, exists, then

Lq{ h(τ, κ)} =
[1 − e

−(ϖh−Λk)loga
q ]−1

(1 − q)2

∫h
o

∫k
o e

−(ϖτ+Λκ)loga
q  h(τ, κ) dqτ dqκ.
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Proof.
Lq{ h(τ, κ)} =

1
(1 − q)2

∫∞
o

∫∞
o e

−(ϖτ+Λκ)loga
q  h(τ, κ) dqτ dqκ

=
1

(1 − q)2

∫h
o

∫k
o e

−(ϖτ+Λκ)loga
q  h(τ, κ) dqτ dqκ

+
1

(1 − q)2

∫∞
h

∫∞
k e

−(ϖτ+Λκ)loga
q  h(τ, κ) dqτ dqκ

put τ = n+ h, κ = m+ k

=
1

(1 − q)2

∫h
o

∫k
o e

−(ϖτ+Λκ)
q  h(τ, κ) dqτ dqκ+

1
(1 − q)2

∫∞
o

∫∞
o e

−ϖ(n+h)loga−Λ(m+k)loga
q

 h(n+ h,m+ k) dqn dqm

=
1

(1 − q)2

∫h
o

∫k
o e

−(ϖτ+Λκ)loga
q  h(τ, κ) dqτ dqκ

+
1

(1 − q)2

∫∞
o

∫∞
o e

−(un)loga−(vm)loga
q  h(m,n) dqmdqn

⇒ [1 − e
−(ϖh+Λk)loga
q ]qLa[ h(τ, κ)] =

1
(1 − q)2

∫h
o

∫k
o e

−(ϖτ+Λκ)loga
q  h(τ, κ) dqτ dqκ

⇒ Lq{ h(τ, κ)} =
[1 − e

−(ϖh+Λk)loga
q ]−1

(1 − q)2

∫h
o

∫k
o e

−(ϖτ+Λκ)loga
q  h(τ, κ) dqτ dqκ.

Theorem 3.9. If the q-double modified Laplace transform of a function  h(τ, κ) exists, then

Lq{ h(τ−M, κ−N)H((τ−M, κ−N))} = e−ϖA−ΛB
q { h(τ−M, κ−N)}.

Where  h(τ, κ) is a Heaviside unit step function defined by the

H(τ−M, κ−N) = 1, where τ > M and κ > N,

H(τ−M, κ−N) = 0 where τ < M and κ < N.

Proof. We have by definition,

Lq{ h(τ−M, κ−N)H((τ−M, κ−N)}

=
1

(1 − q)2

∫∞
o

∫∞
o e

−(ϖτ+Λκ) loga
q  h(τ−M, κ−N)

H(τ−M, κ−N)dqτ dqκ

=
1

(1 − q)2

∫η
o

∫κ
o e

−(ϖτ+Λκ) loga
q  h(τ−M, κ−N) dqτ dqκ

let τ−M = A, κ−N = B

Lq{ h(τ−M, κ−N)} =
1

(1 − q)2ϖΛ

∫∞
o

∫∞
o e

−ϖ[(A+M)loga]+Λ[(N+B)]loga
q

 h(A,B) dqA dqB
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=
e
−(ϖM+ΛN)loga
q

(1 − q)2

∫∞
o

∫∞
o e

−(ϖA+ΛB)loga
q  h(A,B) dqA dqB

= e−(ϖA+ΛB)loga
q Lq{ h(A,B)}.

3.10. q-double modified Laplace transform convolution product:

Definition: The convolution of two functions  h(τ, κ) and g(τ, κ) is defined by ( h ∗ ∗g) and defined as

( h ⋆ ⋆g) (τ, κ) =
1

(1 − q)2

∫τ
o

∫κ
o

 h(α,β) g(τ−α, κ−β) dqα dqβ.

Convolution theorem: Let  h(τ, κ) and g(τ, κ) have q-double modified Laplace transforms, thus

Lq{ h ∗ ∗g}(τ, κ) = Lq{ h(τ, κ)} Lq{g(τ, κ)}.

Proof.
Lq{( h ∗ ∗g)(τ, κ)}

=
1

(1 − q)4

∫∞
o

∫∞
o e

−(ϖτ+Λκ)loga
q (f ∗ ∗g)(τ, κ) dqτ dqκ

=
1

(1 − q)4

∫∞
o

∫∞
o e

−(ϖτ+Λκ)loga
q

( ∫τ
o

∫κ
o

 h(α,β)g(τ−α, κ−β) dqα dqβ
)
dqτ dqκ

Let τ−α = A, κ−β =M and extend upper bound of integrals to τ→ ∞, κ→ ∞, it implies that

Lq{( h ∗ ∗g)(τ, κ)} =
1

(1 − q)4

∫∞
o

∫∞
o e

−(ϖα+Λβ)loga
q dqα dqβ∫∞

−A

∫∞
−M e

−(ϖA+ΛM)loga
q g(A,M) dqA dqM

the functions  h(τ, κ),g(τ, κ) have zero values for τ < 0 and κ < 0, therefore

Lq{( h ∗ ∗g)(τ, κ)} =
1

(1 − q)4

∫∞
o

∫∞
o e

−(ϖα+Λβ)loga
q dqα dqβ∫∞

0

∫∞
0 e

−(ϖA+ΛM)loga
q g(A,M) dqA dqM,

then

Lq{ h ∗ ∗g}(τ, κ) = Lq{ h(τ, κ)} Lq{g(τ, κ)}.

4. Discussion and Conclusion

Most significant work has been performed in conventional case and q- calculus on the Laplace trans-
form and its extended versions. Solutions to initial value problems are obtained by utilizing the Laplace
transform and its several generalized versions [6, 36, 44]. For instance, q- Laplace transformation are
defined by Bohner and Guseinov [10]. The significant difference between regular and q-integral is found
at the time of calculation. We apply the definition of q-integral in calculus, especially in quantum cal-
culus; the concept is used to investigate calculus without limits in a general sense. The q-image of the
Laplace transform is employed to solve certain q- difference, q-integral, and q-differential equations. The
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q-calculus appeared as a connection between mathematics and physics. It has many applications in dif-
ferent mathematical areas, such as number theory, combinatory, orthogonal polynomials, essential hyper-
geometric functions, and other sciences, such as quantum mechanics and relativity. The applications of
double Laplace transform to solve some q-functional equations and partial q-differential equations. Q-
calculus has been given to solve complex and more potential, typical problems in a larger domain to
investigate calculus without limits for getting more generalization. Now a days many literatures [43, 44]
have shown the importance of quantum calculus and its developments in geometric function theory.
Quantum calculus is the latest development in the research concerning complex-valued functions from
the perspective of geometric function theory. Contributions were sought regarding any aspect of sub-
ordination and super ordination, different types of operators specific to the research in this field, and
special functions involved in univalent function theory. Quantum calculus plays a vital role in the field of
classical mathematical analysis. It focuses on helpful generalization of the integral and differential oper-
ators. It is significant to note that quantum calculus has drawn the attention of modern mathematicians
in the last several decades due to its broad application areas. Recently, there has been a fast growth of
activities in the area of q-calculus and its applications in various fields such as mathematics, mechanics,
and physics. More recently, in the geometric theory of analytic and harmonic univalent functions, the
application of the q-calculus has been of utmost importance to research. As a matter of fact, basic (or q-)
hyper-geometric functions are used in many diverse fields, including combinatorial analysis, finite vector
spaces, Lie theory, particle physics, nonlinear electric circuit theory, mechanical engineering, theory of
heat conduction, quantum mechanics, cosmology and statistics.

In the study, we introduced the q-double modified Laplace transform and established some proper-
ties. Furthermore, several propositions concerned with q-double modified Laplace transform properties
are explored. The work q-double modified Laplace transform helps solve complex problems effectively.
Quantum calculus and its applications related to geometric function theory will also expected to provide
interesting outcomes. The results obtained by using this technique can be applied in complex analysis,
and its applications will also be encouraged in different fields of science and engineering.
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