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Abstract

This paper focuses on deriving the exact solution to the linear fractional partial integro-differential equation through the
application of the double ARA-Sumudu transform. By leveraging the double ARA-Sumudu transform, a decomposition method
is constructed using the definition of the Caputo fractional derivative. Surface graphs of solutions are provided for visualization
purposes.
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1. Introduction

Fractional calculus is a branch of mathematical analysis that generalizes differentiation and integra-
tion to non-integer orders. It has many applications in various disciplines ([2],[3],[8],[9],[13],[14],[23]).
Fractional integro-differential equations are used to model various processes in science and engineer-
ing. For example, in([25]), the author formulated a fractional integro-differential equation (FI-DEs) from
electromagnetic waves in a dielectric medium. Many authors have studied the existence and unique-
ness of solutions to fractional integro-differential equations (FIDEs) ([7],[12],[20],[21],[26],[17]). Recently,
several numerical and analytical techniques have been explored to solve fractional integro-differential
equations.One of these methods is the Adomian decomposition method, which was introduced by George
Adomian ([4]). Authors in ([10]), applied the least squares method using a compact combination of shifted
Chebyshev polynomials of the first kind to solve the fractional integro-differential equation.In([15]), ap-
plied C3-spline method for solution of fractional integro-differental equation.Authors in ([24]) employed
Haar & Legendre wavelet technique for linear system of fractional integro-differential equations. In ([6]),
CaputoKatugampola fractional VolterraFredholm integro-differential equation is solved by the modified
Adomian decomposition method. The least square collocation Chebyshev technique is used to solve sys-
tem of linear fractional integro-differential equation in ([22]).The collocation method was used for the nu-
merical solution of nonlinear Volterra integro- differential equations of Fractional order in ([5]). In ([19]),
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the Toeplitz matrix and Nystrom method were applied to solve a linear fractional integro-differential
equation. In ([1]), an efficient spline technique is used to solve time-fractional integro-differential equa-
tions. The decomposition method for approximating the solution of the FI-DEs system was utilized in
([16]), while in ([11]), The system of linear Fredholm fractional integro-differential equations is solved by
using the least squares method and Lauguerre Polynomials.

In this paper we obtained the exact solution of the following linear fractional partial integro-differential
equation (LFPI-DE) [19]

b
= f(x, t) —H\J k(x,y)u(y,t)dy,0 < « < 1, D

a

0%u(x,t)
otx

with the initial condition
u(x,0) =up(x), )

where a“;t(:,t) is the Caputo derivative of order «, A is constant and the functions f(x,t), k(x,y) are

predefined.

2. Double ARA-Sumudu Transform(DARA-ST)

The double ARA-Sumudu transform (DARA-ST) [18] of the continuous function f(x, t) of two variables
x > 0,t > 01is given by
G, Silf(x, t)] = F(s,v) = \S)J J e*SX*%f(x,t)dx dt,s >0,v>0

provided the integral exists.
The inverse DARA-ST is given by

c+100 w+1io0
1 esx 1 ev
G;lst*l[F(s,v)] =f(x,t) = =— J —ds— J —F(s,v) dv
2m S 2mi v
c—1io00 w—100

2.1. Linearity property [18]
The DARA-ST is linear , since

GyxStlaf(x,t) + b g(x, t)] = a GxS¢[f(x, t)] + b GxStlg(x, t)]

2.2.

The Caputo derivative of order « and 3 of the function f(x, t) with respect to x and t respectively are
given by [18]

m%_oq [o(x—m)n—xt MY g, n—l<a<mn,neN

9%f(x,t) o
oxx ngi, n=uwx
and
A [ —m B T g M1 <B<m meN
aﬁf(x,t) r(m—p)Jo otm 4 4
oth ) & m=p
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2.3. DARA-ST for some basic functions [18]
1. GxS¢[1] =1
2. G SxtPl =s2T(a+1)v°T(b+1)
3. GySt [e ax+bt]_m

2.4. The DARA-ST for Caputo fractional derivatives [18]
1. G St[a th)]:sogF(s’v) ZI\. Ols(x IS [a f(Ot)] n— 1<(X<

ox™
B
2. G Se[23t)) = F(\f{j")—zlmolvl BGy [algsm] m—1<p<m

3. Double ARA-Sumudu Decomposition method

In this section, we develop the method of finding the exact solution for the initial value linear frac-
tional partial integro-differential equation given by equation (1-2).

Taking the DARA-ST on both sides of equation (1) subject to the initial conditions in (2), we get:

[0 b
GoSt [agﬁi”] — GS¢ [F(x, )] + GxSe H K(x, y)uly, ) dy]

Using property of Double ARA-Sumudu transform ,we get

m—1 b
VITrGy [au(s())} = Gy St [f(x, t)] + G St H k(x, yu(y,t) dy]
j=0 @
and
b
F(\f;‘\}) =V Gy [ug(x)] + Gx St [f(x, t)] + GxSt [)\J k(x,y)u(y,t) dy]

b

a

F(s,v) = Gy [ug(x)] + v¥GxS¢ [f(x, t)] + v¥G« St [?\J k(x,y)u(y,t) dy]

Taking inverse DARA-ST on both side we get
b

a

u(x,t) = Gy 1S [Gx lug(x)] + VG St [f(x, t)]] + G 1Sy ! [v"‘GXSt !)\ J k(x, y)u(y,t) dy”

u(x,t) = fi(x,t) + fa(x, t) + G 1S [v¥Gy St

b
AJ K y)u(y, t) dy” , 3)

a

where
f1(x,t) +f2(x,t) = G 1Sy Gy [ug(x)] +Vv*Gx St [f(x, 1)]]

Now we assume that the function u(x,t) have the series solution

ux ] = Y umlt)
m=0

Thus the equation (3) becomes

i Um (x,t) = f1(x, t) +fa(x, t) + G 1S [ *Gx St [}\Jb k(x,y) i Um(y,t) dy”

m=0 a m=0
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Thus our recursive relation is as follows

Up (X/ t) = f1, (X/ t) (4)

uy(x,t) = fa(x, t) + 6;15;1 v*G St

b
AJ K(x, y)uo(y, dy” 5)

a

b

Umni1(x,t) = Gy 1St [v“GxSt [?\J k(x,y)um(y,t) dy” ,m>1 (6)

a

The solution through DARA-ST decomposition method depends upon the choice of fi(x, t) and f(x, t)
where fi(x,t) and fa(x, t) represent the term arising from source term and prescribrd initial conditions.

4. Application of DARA-ST Decomposition method

In this section we give examples to illustrate this method for linear fractional partial integro-differential
equations and surface graph of solution for each example.

Example 4.1. [19] Consider the LFPI-DE

1

o*u(x, t) xtl =« 2t27« 2 2
= — —Ax(t—t t A Y t 7
with initial condition
uo(X) = 0 (8)

Applying DARA-ST on both side of (7) we get

xtl—o 247 2
:| = stt |:r(2—0() — r(3_(x) —AX(t—t e+t ):| +GXSt

0%u(x, t)
otx

stt I:
0

1
?\J xeyu(y,t)dy]

Using property of Double ARA-Sumudu transform and initial condition (8) we get

F(s, _ 0 ,0 1 _ _ A
5] 5 e, [ QWO Tpgyioa e Aupi) —v2er(3) 12r(a))
v = ot) S S
1
+ Gy St AJ xeYu(y, t)dy
0
and
F(s, 1 A !
(s,v) = vl x 2y e Dy —2vZe 4+ 2v7) + Gy St )\J xeyu(y,t)dy]
v& S S 0
1 2 A o+1 ox+2 o+2 o !
F(s,v) = gv—Zv —g(v — 2V e + 2vXTY) +v*G St [ A | xeYu(y,t)dy 9)
0
Taking inverse DARA-ST on both side of (9) we get
tO(+1 tO(+2 t06+2
) =xt—t2—A -2 2
ulxt) =x "(r(cx+2) “Tlat3) " F(oc+3)>

+ G 1St

1
v*G St [AJ xeYu(y, t) dy” (10)
0
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Now we assume that the function u(x,t) have the series solution

u(x,t) = i Um (X, 1)

m=0
Thus equation (10) becomes

0 poctl pot2 pot2

Z Um (x, 1) = xt —t2 — Ax <xt—t2 —Ax <F(oc+2) _ZeF(oc+3) +2F(oc+3)>>

m=0

1 00
+ G;ls;1 [v“GXSt [)\J xeY Z um(y,t) dy
0

m=0

Thus using recursive relation we have

up(x, t) = xt — t

) toc+1 tCX+2 tOH—Z
t) =—A t—t"—A -2 2
w 1) "(x X(F(cx—l—Z) “Tlat3 " F((x+3))>
1
+G;1$t_1 v*G St ?\J xeYugy(y,t) dy ]
0
=0

thus
1
Umi1(x,t) = G 1S ! [v"‘GXSt [?\J k(% y)um (y, t) dy” =0 Ym>1
0

By adding all the iterations we get

u(x, t) = xt — t?

which is the exact solution.

Figure 1: Surface graph for example 4.1.

Example 4.2. [19] Consider the LFPI-DE

0%u(x,t)  2x%4tE« , X X 1
= —AX (= 4+ —=)+A Y t 11
e FG o) x(4+5)+ Lxe u(y, t)dy (11)

with initial condition
up(x) =0 (12)



J.A. Nanaware, A.L. Dongardive, Math. & Comput. Sci., 6(2) 2025, 102-111 107

Applying DARA-ST on both side of (11) we get

0%u(x,t) 2x2 2« ) X X2 1
GxSt [at"‘] = GxS¢ {[,(3_“) — Ax (Z + g) + G« St ?\L xeYu(y, t)dy

Using property of double ARA-Sumudu transform and initial condition (12) we get

F(s,u)
vOC

_ _ 1
= 25721 (3)v? % — MW?T(3) (21 43 2;(3)> + G« St [AJ (xy + xzyz)u(y,t)dy]
0

and

—1 —2r
F(s,u) = 4s 2V — 2\ +2 <S4 + s 5 (3)> +

1
v*G, St [AJ (xy +x2y2)u(y,t)dy”
0

(13)
Taking inverse DARA-ST on both sides of (13) we get

4x22 AtXT2 [x 2x
u(x, t) =

1
le—1 | 2.2
F(3)1(3) — Mot 3) 1 5F(3)> +G Sy [ G, St [}\Jo (xy +x7y )u(y,t)dy” (14)

Now we assume that the function u(x, t) have the series solution

u(x,t) = Z Um (%, 1)
m=0

thus equation (14) becomes

- 20 2MFE (x K —1e—1 |, ! s
D um(xt) =x* - (ot 1T ) FEIS [VEGKS: A (xy+x7y?) D> umly,

m=0 0 m=0

Using recursive relation we have
up(x, t) = x>t

up(x,t) = — A §+X—2 +G st —v"‘G S Ar(x +x2y?)ug(y, t)d
1\X, r(o(+3) 4 5 X t i x99t 0 y U 0 U/ y
IAtXT2 x X2 [ 1
=— T4 =) G [vEGKS )\J 2y?)y*tid
F(cx+3)<4+5>+ x ot _" Xt[ O(Xy+xy)y Y
AtX 2 x X2 e o Mt? AxPt?
__r((x—}—B) (4+5> +GX St -V stt |:4 + 5 :|:|
IAtXT2 x X2 (A 4
- ~ ~ Gflsfl Ne—1 x+2 A —2. x+2
F(oc+3)<4+5>+ x Ot _23 v +53 v
o 2Atx+2 X N xj N 2AtxH2 x N xj
- TNMax+3)\4 5 MNoe+3)\4 5
=0

and
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Figure 2: Surface graph for example 4.2.

1
Umi1(x,t) = G;lSt_1 [v“GXSt [?\J (xy +x2y2)um(y,t)dy” =0 VYym2>1
0

By adding all the iterations we get

u(x, t) = x*t?
which is the exact solution .
Example 4.3. Consider the LFPI-DE
0%u(x,t) —xtl=* 1 1
e TR2—a +6(3x+2t—3xt—2)—L(x—y)u(y,t)dy (15)
with initial condition
up(x) =x (16)

Applying DARA-ST on both side of (15) we get

%u(x, t —xtl=* 1
;t(z)} — G,S¢ [X + 6(3x+2t—3xt—2)] — G, St

GxSt [ r2— o)

1
J (x —yluly, t)dy]

0

Using property of double ARA-Sumudu transform and initial condition (16) we get

m—1

. _ j 1
(j:x\)) — Z VT %Gy {a L;(S'O)] =—s Wt 5 [3s ! +2v—3slv—2]
j=0
1
— GxSt UO (x—y)u(y,t)dy]
and
F(s,v o 11— 1. _ _ !
(VOC ) =v %1 syl “~|—8 [3s7!+2v—3s7v—2] — GySy Uo(x—y)u(y,t)dy]
and

1 1
F(s,v) =s ' —s v+ 3 [3371\)"‘ 42yt _ggTlyadl 2\)“} —v*G, Sy U (x —y)uly, t)dy] (17)
0
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Taking inverse DARA-ST on both sides of (17) we get

Mat1) Tla+2) T(at2) TMatl)

u(x,t) =x—xt+ -

1[ 3xt* 2¢x+l 3xtxtl 2t ]
6

(18)

1
—G'sy! [v"‘GxSt UO (x—y)u(y,t)dy]

Now we assume that the function u(x, t) have the series solution

u(x,t) = i Um (X, 1)

m=0

Thus equation (18) becomes

iu o) —x x4 L[ 2t 3xtxft o
me 6 |[Mee+1) T(x+2) T(x+2) T(a+1)

m=0

— G 1S |[v*GL St

1 00
J (x—y) ) um(y,t)dy”

0 m=0

Using recursive relation we have
up(x,t) = x —xt

il t)_l Bt R S
B e IT(a+1) ' T(a+2) T(a+2) T(a+1)
1
— G 'S [V*GSt Uo (x—y)uo(y,t)dy”
=0

and

Umi1(x,t) = G;lst_l v*G, St

1
?\J (x—y)um(y,t)dy” =0 Ym=>1
0
By adding all the iterations we get

u(x,t) =x—xt

which is the exact solution.

5. Conclusion

The double ARA-Sumudu transform Decomposition method for finding the exact solution of linear
fractional partial integro-differential equation by applying the proposed integral transform, with the help
of the double ARA-Sumudu transform and Adomian decomposition method is developed in the paper.
Using the definition of Caputo fractional derivative we conclude the double ARA-Sumudu transform
decomposition method. also, the method is applied to some examples for finding the exact solutions
in a minimum number of iterations without any discretization. Thus the proposed method can also be
applied to solve various fractional models more efficiently.
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