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Abstract
This paper focuses on deriving the exact solution to the linear fractional partial integro-differential equation through the

application of the double ARA-Sumudu transform. By leveraging the double ARA-Sumudu transform, a decomposition method
is constructed using the definition of the Caputo fractional derivative. Surface graphs of solutions are provided for visualization
purposes.
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1. Introduction

Fractional calculus is a branch of mathematical analysis that generalizes differentiation and integra-
tion to non-integer orders. It has many applications in various disciplines ([2],[3],[8],[9],[13],[14],[23]).
Fractional integro-differential equations are used to model various processes in science and engineer-
ing. For example, in([25]), the author formulated a fractional integro-differential equation (FI-DEs) from
electromagnetic waves in a dielectric medium. Many authors have studied the existence and unique-
ness of solutions to fractional integro-differential equations (FIDEs) ([7],[12],[20],[21],[26],[17]). Recently,
several numerical and analytical techniques have been explored to solve fractional integro-differential
equations.One of these methods is the Adomian decomposition method, which was introduced by George
Adomian ([4]). Authors in ([10]), applied the least squares method using a compact combination of shifted
Chebyshev polynomials of the first kind to solve the fractional integro-differential equation.In([15]), ap-
plied C3-spline method for solution of fractional integro-differental equation.Authors in ([24]) employed
Haar & Legendre wavelet technique for linear system of fractional integro-differential equations. In ([6]),
CaputoKatugampola fractional VolterraFredholm integro-differential equation is solved by the modified
Adomian decomposition method. The least square collocation Chebyshev technique is used to solve sys-
tem of linear fractional integro-differential equation in ([22]).The collocation method was used for the nu-
merical solution of nonlinear Volterra integro- differential equations of Fractional order in ([5]). In ([19]),
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the Toeplitz matrix and Nyström method were applied to solve a linear fractional integro-differential
equation. In ([1]), an efficient spline technique is used to solve time-fractional integro-differential equa-
tions. The decomposition method for approximating the solution of the FI-DEs system was utilized in
([16]), while in ([11]), The system of linear Fredholm fractional integro-differential equations is solved by
using the least squares method and Lauguerre Polynomials.

In this paper we obtained the exact solution of the following linear fractional partial integro-differential
equation (LFPI-DE) [19]

∂αu(x, t)
∂tα

= f(x, t) + λ
∫b
a

k(x,y)u(y, t)dy, 0 < α < 1, (1)

with the initial condition
u(x, 0) = u0(x), (2)

where ∂αu(x,t)
∂tα

is the Caputo derivative of order α, λ is constant and the functions f(x, t), k(x,y) are
predefined.

2. Double ARA-Sumudu Transform(DARA-ST)

The double ARA-Sumudu transform (DARA-ST) [18] of the continuous function f(x, t) of two variables
x > 0, t > 0 is given by

GxSt[f(x, t)] = F(s, v) =
s

v

∫∞
0

∫∞
0
e−sx− 1

v f(x, t)dx dt, s > 0, v > 0

provided the integral exists.
The inverse DARA-ST is given by

G−1
x S−1

t [F(s, v)] = f(x, t) =
1

2πi

c+i∞∫
c−i∞

esx

s
ds

1
2πi

ω+i∞∫
ω−i∞

e
t
v

v
F(s, v) dv

2.1. Linearity property [18]
The DARA-ST is linear , since

GxSt[af(x, t) + b g(x, t)] = aGxSt[f(x, t)] + bGxSt[g(x, t)]

2.2.
The Caputo derivative of order α and β of the function f(x, t) with respect to x and t respectively are

given by [18]

∂αf(x, t)
∂xα

=


1

Γ(n−α)

∫x
0 (x− τ)

n−α−1 ∂nf(τ,t)
∂τn dτ, n− 1 < α < n, n ∈ N

∂nf
∂xn , n = α

and

∂βf(x, t)
∂tβ

=


1

Γ(m−β)

∫t
0(t− τ)

m−β−1 ∂mf(x,τ)
∂τm dτ, m− 1 < β < m, m ∈ N

∂mf
∂xm , m = β
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2.3. DARA-ST for some basic functions [18]
1. GxSt[1] = 1
2. GxSt[x

a tb] = s−a Γ(a+ 1)vb Γ(b+ 1)
3. GxSt[e

ax+bt] = s
(s−a)(1−bv)

2.4. The DARA-ST for Caputo fractional derivatives [18]

1. GxSt[
∂αf(x,t)

∂xα ] = sαF(s, v) −
∑n−1

i=0 s
α−iSt[

∂if(0,t)
∂xi ],n− 1 < α ⩽ n

2. GxSt[
∂βf(x,t)

∂tβ
] =

F(s,v)
vβ −

∑m−1
j=0 vj−βGx[

∂jf(x,0)
∂tj

],m− 1 < β ⩽ m

3. Double ARA-Sumudu Decomposition method

In this section, we develop the method of finding the exact solution for the initial value linear frac-
tional partial integro-differential equation given by equation (1-2).

Taking the DARA-ST on both sides of equation (1) subject to the initial conditions in (2), we get:

GxSt

[
∂αu(x, t)
∂tα

]
= GxSt [f(x, t)] +GxSt

[
λ

∫b
a

k(x,y)u(y, t)dy

]

Using property of Double ARA-Sumudu transform ,we get

F(s, v)
vα

−

m−1∑
j=0

vj−αGx

[
∂ju(x, 0)
∂tj

]
= GxSt [f(x, t)] +GxSt

[
λ

∫b
a

k(x,y)u(y, t)dy

]
and

F(s, v)
vα

= v−αGx [u0(x)] +GxSt [f(x, t)] +GxSt

[
λ

∫b
a

k(x,y)u(y, t)dy

]

F(s, v) = Gx [u0(x)] + v
αGxSt [f(x, t)] + vαGxSt

[
λ

∫b
a

k(x,y)u(y, t)dy

]
Taking inverse DARA-ST on both side we get

u(x, t) = G−1
x S−1

t [Gx [u0(x)] + v
αGxSt [f(x, t)]] +G−1

x S−1
t

[
vαGxSt

[
λ

∫b
a

k(x,y)u(y, t)dy

]]

u(x, t) = f1(x, t) + f2(x, t) +G−1
x S−1

t

[
vαGxSt

[
λ

∫b
a

k(x,y)u(y, t)dy

]]
, (3)

where
f1(x, t) + f2(x, t) = G−1

x S−1
t [Gx [u0(x)] + v

αGxSt [f(x, t)]]

Now we assume that the function u(x,t) have the series solution

u(x, t)] =
∞∑

m=0

um(x, t)

Thus the equation (3) becomes

∞∑
m=0

um(x, t) = f1(x, t) + f2(x, t) +G−1
x S−1

t

[
vαGxSt

[
λ

∫b
a

k(x,y)
∞∑

m=0

um(y, t)dy

]]
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Thus our recursive relation is as follows

u0(x, t) = f1, (x, t) (4)

u1(x, t) = f2(x, t) +G−1
x S−1

t

[
vαGxSt

[
λ

∫b
a

k(x,y)u0(y, t)dy

]]
(5)

um+1(x, t) = G−1
x S−1

t

[
vαGxSt

[
λ

∫b
a

k(x,y)um(y, t)dy

]]
,m ⩾ 1 (6)

The solution through DARA-ST decomposition method depends upon the choice of f1(x, t) and f2(x, t)
where f1(x, t) and f2(x, t) represent the term arising from source term and prescribrd initial conditions.

4. Application of DARA-ST Decomposition method

In this section we give examples to illustrate this method for linear fractional partial integro-differential
equations and surface graph of solution for each example.

Example 4.1. [19] Consider the LFPI-DE

∂αu(x, t)
∂tα

=
xt1−α

Γ(2 −α)
−

2t2−α

Γ(3 −α)
− λx(t− t2e+ t2) + λ

∫ 1

0
xeyu(y, t)dy (7)

with initial condition
u0(x) = 0 (8)

Applying DARA-ST on both side of (7) we get

GxSt

[
∂αu(x, t)
∂tα

]
= GxSt

[
xt1−α

Γ(2 −α)
−

2t2−α

Γ(3 −α)
− λx(t− t2e+ t2)

]
+GxSt

[
λ

∫ 1

0
xeyu(y, t)dy

]
Using property of Double ARA-Sumudu transform and initial condition (8) we get

F(s, v)
vα

−

m−1∑
j=0

vj−αGx

[
∂ju(x, 0)
∂tj

]
=

1
s
Γ(2)v1−α − 2v2−α −

λ

s
(vΓ(2) − v2eΓ(3) + v2Γ(3))

+GxSt

[
λ

∫ 1

0
xeyu(y, t)dy

]
and

F(s, v)
vα

=
1
s
v1−α − 2v2−α −

λ

s
(v− 2v2e+ 2v2) +GxSt

[
λ

∫ 1

0
xeyu(y, t)dy

]

F(s, v) =
1
s
v− 2v2 −

λ

s
(vα+1 − 2vα+2e+ 2vα+2) + vαGxSt

[
λ

∫ 1

0
xeyu(y, t)dy

]
(9)

Taking inverse DARA-ST on both side of (9) we get

u(x, t) = xt− t2 − λx

(
tα+1

Γ(α+ 2)
− 2e

tα+2

Γ(α+ 3)
+ 2

tα+2

Γ(α+ 3)

)
+G−1

x S−1
t

[
vαGxSt

[
λ

∫ 1

0
xeyu(y, t)dy

]]
(10)
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Now we assume that the function u(x, t) have the series solution

u(x, t) =
∞∑

m=0

um(x, t)

Thus equation (10) becomes

∞∑
m=0

um(x, t) = xt− t2 − λx

(
xt− t2 − λx

(
tα+1

Γ(α+ 2)
− 2e

tα+2

Γ(α+ 3)
+ 2

tα+2

Γ(α+ 3)

))

+G−1
x S−1

t

[
vαGxSt

[
λ

∫ 1

0
xey

∞∑
m=0

um(y, t)dy

]]

Thus using recursive relation we have

u0(x, t) = xt− t2

u1(x, t) = −λx

(
xt− t2 − λx

(
tα+1

Γ(α+ 2)
− 2e

tα+2

Γ(α+ 3)
+ 2

tα+2

Γ(α+ 3)

))
+G−1

x S−1
t

[
vαGxSt

[
λ

∫ 1

0
xeyu0(y, t)dy

]]
= 0

thus

um+1(x, t) = G−1
x S−1

t

[
vαGxSt

[
λ

∫ 1

0
k(x,y)um(y, t)dy

]]
= 0 ∀m ⩾ 1

By adding all the iterations we get
u(x, t) = xt− t2

which is the exact solution.

Figure 1: Surface graph for example 4.1.

Example 4.2. [19] Consider the LFPI-DE

∂αu(x, t)
∂tα

=
2x2t2−α

Γ(3 −α)
− λx2(

x

4
+
x2

5
) + λ

∫ 1

0
xeyu(y, t)dy (11)

with initial condition
u0(x) = 0 (12)
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Applying DARA-ST on both side of (11) we get

GxSt

[
∂αu(x, t)
∂tα

]
= GxSt

[
2x2t2−α

Γ(3 −α)
− λx2(

x

4
+
x2

5
)

]
+GxSt

[
λ

∫ 1

0
xeyu(y, t)dy

]

Using property of double ARA-Sumudu transform and initial condition (12) we get

F(s,u)
vα

= 2s−2Γ(3)v2−α − λv2Γ(3)
(
s−1

4
+
s−2Γ(3)

5

)
+GxSt

[
λ

∫ 1

0
(xy+ x2y2)u(y, t)dy

]

and

F(s,u) = 4s−2v2 −2λvα+2
(
s−1

4
+
s−2Γ(3)

5

)
+

[
vαGxSt

[
λ

∫ 1

0
(xy+ x2y2)u(y, t)dy

]]
(13)

Taking inverse DARA-ST on both sides of (13) we get

u(x, t) =
4x2t2

Γ(3)Γ(3)
−

2λtα+2

Γ(α+ 3)

(
x

4
+

2x2

5Γ(3)

)
+G−1

x S−1
t

[
vαGxSt

[
λ

∫ 1

0
(xy+ x2y2)u(y, t)dy

]]
(14)

Now we assume that the function u(x, t) have the series solution

u(x, t) =
∞∑

m=0

um(x, t)

thus equation (14) becomes

∞∑
m=0

um(x, t) = x2t2 −
2λtα+2

Γ(α+ 3)

(
x

4
+
x2

5

)
+G−1

x S−1
t

[
vαGxSt

[
λ

∫ 1

0
(xy+ x2y2)

∞∑
m=0

um(y, t)dy

]]

Using recursive relation we have
u0(x, t) = x2t2

u1(x, t) = −
2λtα+2

Γ(α+ 3)

(
x

4
+
x2

5

)
+G−1

x S−1
t

[
vαGxSt

[
λ

∫ 1

0
(xy+ x2y2)u0(y, t)dy

]]

= −
2λtα+2

Γ(α+ 3)

(
x

4
+
x2

5

)
+G−1

x S−1
t

[
vαGxSt

[
λ

∫ 1

0
(xy+ x2y2)y2t2dy

]]

= −
2λtα+2

Γ(α+ 3)

(
x

4
+
x2

5

)
+G−1

x S−1
t

[
vαGxSt

[
λxt2

4
+
λx2t2

5

]]
= −

2λtα+2

Γ(α+ 3)

(
x

4
+
x2

5

)
+G−1

x S−1
t

[
λ

2
s−1vα+2 +

4
5
λs−2vα+2

]
= −

2λtα+2

Γ(α+ 3)

(
x

4
+
x2

5

)
+

2λtα+2

Γ(α+ 3)

(
x

4
+
x2

5

)
= 0

and
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Figure 2: Surface graph for example 4.2.

um+1(x, t) = G−1
x S−1

t

[
vαGxSt

[
λ

∫ 1

0
(xy+ x2y2)um(y, t)dy

]]
= 0 ∀m ⩾ 1

By adding all the iterations we get
u(x, t) = x2t2

which is the exact solution .

Example 4.3. Consider the LFPI-DE

∂αu(x, t)
∂tα

=
−xt1−α

Γ(2 −α)
+

1
6
(3x+ 2t− 3xt− 2) −

∫ 1

0
(x− y)u(y, t)dy (15)

with initial condition
u0(x) = x (16)

Applying DARA-ST on both side of (15) we get

GxSt

[
∂αu(x, t)
∂tα

]
= GxSt

[
−xt1−α

Γ(2 −α)
+

1
6
(3x+ 2t− 3xt− 2)

]
−GxSt

[∫ 1

0
(x− y)u(y, t)dy

]

Using property of double ARA-Sumudu transform and initial condition (16) we get

F(s, v)
vα

−

m−1∑
j=0

vj−αGx

[
∂ju(x, 0)
∂tj

]
= −s−1v1−α +

1
6
[
3s−1 + 2v− 3s−1v− 2

]
−GxSt

[∫ 1

0
(x− y)u(y, t)dy

]

and

F(s, v)
vα

= v−αs−1 − s−1v1−α +
1
6
[
3s−1 + 2v− 3s−1v− 2

]
−GxSt

[∫ 1

0
(x− y)u(y, t)dy

]
and

F(s, v) = s−1 − s−1v+
1
6
[
3s−1vα + 2vα+1 − 3s−1vα+1 − 2vα

]
− vαGxSt

[∫ 1

0
(x− y)u(y, t)dy

]
(17)
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Taking inverse DARA-ST on both sides of (17) we get

u(x, t) = x− xt+
1
6

[
3xtα

Γ(α+ 1)
+

2tα+1

Γ(α+ 2)
−

3xtα+1

Γ(α+ 2)
−

2tα

Γ(α+ 1)

]
−G−1

x S−1
t

[
vαGxSt

[∫ 1

0
(x− y)u(y, t)dy

]]
(18)

Now we assume that the function u(x, t) have the series solution

u(x, t) =
∞∑

m=0

um(x, t)

Thus equation (18) becomes

∞∑
m=0

um(x, t) = x− xt+
1
6

[
3xtα

Γ(α+ 1)
+

2tα+1

Γ(α+ 2)
−

3xtα+1

Γ(α+ 2)
−

2tα

Γ(α+ 1)

]

−G−1
x S−1

t

[
vαGxSt

[∫ 1

0
(x− y)

∞∑
m=0

um(y, t)dy

]]

Using recursive relation we have
u0(x, t) = x− xt

u1(x, t) =
1
6

[
3xtα

Γ(α+ 1)
+

2tα+1

Γ(α+ 2)
−

3xtα+1

Γ(α+ 2)
−

2tα

Γ(α+ 1)

]
−G−1

x S−1
t

[
vαGxSt

[∫ 1

0
(x− y)u0(y, t)dy

]]
= 0

and

um+1(x, t) = G−1
x S−1

t

[
vαGxSt

[
λ

∫ 1

0
(x− y)um(y, t)dy

]]
= 0 ∀m ⩾ 1

By adding all the iterations we get
u(x, t) = x− xt

which is the exact solution.

5. Conclusion

The double ARA-Sumudu transform Decomposition method for finding the exact solution of linear
fractional partial integro-differential equation by applying the proposed integral transform, with the help
of the double ARA-Sumudu transform and Adomian decomposition method is developed in the paper.
Using the definition of Caputo fractional derivative we conclude the double ARA-Sumudu transform
decomposition method. also, the method is applied to some examples for finding the exact solutions
in a minimum number of iterations without any discretization. Thus the proposed method can also be
applied to solve various fractional models more efficiently.
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Figure 3: Surface graph for example 4.3.
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