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Abstract

In this article, we develop, validate and analyze an age-structured mathematical model of the Zika virus infection by
incorporating vectorial, vertical and sexual transmission into the dynamics. The model is shown to be mathematically well-posed
and epidemiologically feasible. Analysis of the model shows that, vectorial transmission contributes higher percent followed
by sexual transmission, while vertical transmission in aquatic vectors contributes nearly insignificant percentage. Sensitivity
analysis revealed that, the mosquito-human ratio constant, biting rate and the effective sexual contact rate are the most sensitive
parameters in the disease reproduction numbers of the model.
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1. Introduction

Zika virus (ZIKV) infection or Zika virus fever is an emerging arthropod-borne virus, shorted as ar-
bovirus of the genus Flavivirus category or family transmitted to humans through the bites of day-time
active Aedes mosquitoes such as Aedes Aegypti, Aedes albopictus and Aedes Africanus [8, 22, 35, 40, 42]. There
is evidence of sexual transmission of the virus in humans through an extended infectious period of about
30 days, even when the blood samples of the sexually active infected adults tested negative for ZIKV
[22, 26]. Moreover, a sexually active male or female may acquire the disease from having unprotected
vaginal sex, anal sex, oral sex or even sharing of sex toys with an infected symptomatic or asymptomatic
persons [9]. Fever illness resulting from ZIKV infection, is similar to mild form of Dengue fever or Chikun-
gunya virus infection in terms of symptoms characterization [41], even though, most infected persons are
asymptomatic, i,e., do not know or show symptoms [9]. However, Lorenzo et al. (2017) [24] through an in-
vestigative study on the ZIKV outbreak data from French territories reported that, the ratio of consulting
to non-consulting patients (asymptomatic) is likely be as low as 1/3 to 1/4. Symptoms of ZIKV infection
in humans may include all or some of the following: fever, myalgia, arthralgia, edema of extremities,
maculopapular rash, retro-orbital pain, conjunctivitis and lymphadenopathies [34, 42]. Past experimental
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studies have shown that, a number of mosquito-borne flavivirus pathogens are vertically transmitted in
their insect vectors, thereby, providing a means for persistence during harsh climatic conditions or in the
absence of susceptible vertebrate host [39]. Similarly, in humans, congenital (vertical) transmission can
be passed from a pregnant woman to her fetus during pregnancy or childbirth, though no information is
available presently on how this happens . Apart from previously known complications during pregnancy,
i.e., miscarriage and stillbirth [9], the ZIKV infection is now known to cause serious neurological disor-
ders such as Guillain-Barre Syndrome and microcephaly in infants born to mothers who were infected
with ZIKV during pregnancy [34, 39]. Presently, there is no evidence that past infection history will affect
future pregnancies even when the virus has been cleared out of the human (female) body [9].

Specific laboratory investigative diagnosis of Zika virus may be conducted through virus isolation, anti-
gen detection, viral RNA detection with molecular assays and anti-Zika virus antibodies detection with
serological assays [13, 15, 56]. Among human clinical specimens, Zika virus can be cultured from blood
[17], urine [21], saliva [5] and semen [32]. In spite of remarkable progress in vaccine and formal treatment
development, there is no vaccine or treatment drugs available in circulation for the treatment of ZIKV in-
fection and its associated diseases as at now. According to a report from the World Health Organization,
the public health objective of the ZIKV vaccine is a vaccine candidate with minimal product characteristics
for vaccines that can provide protection against congenital ZIKV syndrome especially during emergen-
cies [54, 27]. Management of ZIKV infections in humans is usually symptomatic and the use of light pain
relievers like acetaminophen (Tylenol) to reduce fever and joint pains caused by the virus [10]. Plenty
of rest and intake of lots of fluids is highly recommended to avoid dehydration [10]. Aspirin and other
non-steroidal anti-inflammatory drugs (NSAID) are not recommended during infection until co-infection
with Dengue fever is ruled out, as this may cause bleeding in patients [10]. Human infectious period to
mosquitoes is about 3 — 14 days from the onset of the infectious period. Moreover, fully recovered humans
are believed to be immune against the virus for life [43].

Previously, Zika virus was considered an obscure arbovirus of little public health importance. On 18
November 2016, it captured worldwide attention when WHO declared it a Public Health Emergency of
International Concern (PHEIC) following the onset of a massive ZIKV outbreak in Brazil that began in
May of the same year. This outbreak spread to other parts of the South American and Latin countries
like Colombia and Mexico. Therefore, since then, the declaration has prompted so many researches that
revisit what was already known or need to be known about the disease and how this knowledge can
be harnessed into understanding the relevant parameters that govern the transmission dynamics of the
infection. Notably, over the years, mechanistic and deterministic mathematical modeling approach was
used to study the dynamics of the ZIKV infection. In the development of these models, basic informa-
tion about the disease such as, the disease incubation period in humans and mosquitoes, transmission
routes and other vital dynamics parameters were considered. Example of such models could be found
in [1, 2, 6, 16, 19, 20, 26, 29, 30, 31, 33, 36, 44, 47, 48, 49, 51, 55]. However, from the existing models
reviewed, vectorial, sexual and vertical transmission of ZIKV in mosquitoes was not concomitantly incor-
porated/considered to study the dynamics of the disease by researchers in such a way that, contributions
of each of these transmission routes is associated with the right host or particular class of the host. For
example, sexual transmission burdens only sexually active class of the human host. Therefore, in this
paper, we developed and extensively studied a model for the basic transmission dynamics of the ZIKV
infection in three completely susceptible host populations, namely; the humans, adult vectors and aquatic
vectors. We will incorporate vectorial, sexual and vertical transmission in the vectors into the dynamics
of the ZIKV infection. Variable vector-human contact rates to account for saturation, gonotrophic cycle and
anthropophilic related constants as used by Chitnis (2008) [11] and Suparit et al. (2018) [45] will be used in
estimating the forces of infection in the model.
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2. Model Formulations

The model for the ZIKV transmission dynamics in this paper is an age-structured model with vital
dynamics, describing the interactions between three specific host populations namely; humans, adult
Aedes vectors and aquatic Aedes vectors. The model further categorized the human population Ny (t) into
three exclusive age groups viz; pre-sexually active Ny (t) (0 — 14 years, i.e., 24.5% of the total population
[52]), sexually active N2 (t) (15— 64 years, i.e., 64.1% of the total population [52]) and post-sexually active
Nu3(t) (= 64 years, ie., 11.4% of the total population [52]) in the presence of adult Aedes vectors Ny (t)
and aquatic Aedes vectors N A (t) at time t. Evidence to support our age classification and definition for the
sexually active humans can be found in the work of Sanchez-Franco and Gonzale-Uribe [38] where they
found that, sexually active years in Colombia begins as early as 14 — 15 years . Due to an observed sig-
nificance in the number of asymptomatic (unreported) ZIKV infections, we divided the infectious human
classes into symptomatic and asymptomatic, and we added two additional compartments in the sexually
active humans to represent extended transmissibility period for the sexually active individuals through
sexual contacts.

Thus, pre-sexually active susceptible individuals are recruited into Sy1(t) by birth at a variable rate ANy,
where A is the birth rate. Sexually active and post-sexually active susceptible individuals are recruited
into Sy2(t) and Sy3(t) respectively by the aging-out/maturity rates p; and p; of Sy1(t) and Sy2(t) respec-
tively. A pre-sexually active and post-sexually active susceptible human in Sy1(t) and Sy2(t) comes into
contact with ZIKV from the bite of an infectious adult Aedes vector in Iy/(t) at a variable rate Ap; = A3
(called the force of infection for age class i = 1, 3), while sexually active susceptible human in S (t) comes
into contact with ZIKV either from the bite of an infectious adult Aedes vector in Iy/(t) or through having
effective unprotected sexual contact with an infectious sexually active human in Iy A2(t), I s2(t), JH,A2(t),
or Jy,s2(t) at a different variable rate Ay (called the force of infection for age class 1 = 2) with,

AH1 = Anz = Brv lil\;((tt))’
Az = B Iy (t) 4B <0HHIH,A2(’£) + In,s52(t) + @lonnJm,A2(t) + IH,sz(t))>
H2 = Brvg Ty T Rnm N ,

and move to Epi(t) in category i; (i = 1,2,3) accordingly, such that By = G\f’ﬁ‘\’/?&i{:‘]@(ﬁ 5 and

BHH = spHH; Where By is the per capita contact rate between infectious adult Aedes vector and sus-
ceptible human (per week), B is the per capita contact rate between infectious sexually active human
and susceptible sexually active human (per week), pyyv is the transmission probability from an infectious
adult Aedes vector to a susceptible human per bite, p1 is the transmission probability from an infectious
human to susceptible human per sexual contact, s is the effective sexual contact rate (contacts per person
per week), oy is the maximum number of adult Aedes vector bites a human can have per week (this is
a function of the human’s exposed surface area and any vector control interventions used by human to
reduce exposure to adult Aedes vectors [11]), oy is the number of time one adult Aedes vector would want
to bite humans per week if humans were freely available (this is a function of the vector’s gonotrophic
cycle, i.e. ,the amount of time an adult Aedes vector requires to produce eggs, and its anthropophilic rate,
i.e. its preference for human blood [11]), @ is the relative transmissibility from an infectious human in the
J class to a susceptible human and oy is the relative transmissibility from an infectious asymptomatic
human in I or | class to a susceptible human given that an unprotected sexual contact has occurred. Note
that, it is freely assumed that there is no sexual contact between all sexually active individuals and all
other individuals in either pre-sexually or post sexually active classes in the model.

Thus, a proportion q € (0,1) of the individuals in E;(t) after the disease intrinsic incubation period
1/¢, develop symptoms of the ZIKV infection and move to I}y si(t) at a rate qe while the remaining pro-
portion (1 — q) of the individuals in En;(t) remain asymptomatically infectious with ZIKV infection and
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move I Ai(t) at a rate (1 — q)e. In this model, it is also assumed that vertical transmission of the ZIKV
infection in humans is negligible and therefore not incorporated. Individuals in the two age groups 1 and
3 from the two infectious relative compartments Iy ai(t) and Iy si(t) recovers from the ZIKV infection
spontaneously at different recovery rates y and & respectively and move to Ry (t). Infectious individuals
from the compartments Iy A2(t) and Iy s2(t) in age class i = 2, move to Jy,a2(t) and JH s2(t) respectively
at different rates v and & due to their extended transmissibility periods through sexual route. Thus, in-
dividuals in Jy a2(t) and Jy,s2(t) are only infectious to humans through sexual contacts but not to adult
Aedes vectors, because at this period of their recovery, their blood does not contain ZIKV infection but
the virus is contained in their bodily semen. All individuals in Jy a2(t) and Jy s2(t) recover fully and
move to Ry at a constant uniform rate r. All humans in the 3 age-group sub-populations suffer natural
mortality at a uniform rate py. Mortality due to the ZIKV infection is assumed negligible and hence not
included into the basic dynamics model. All humans in the sub-populations in the age-structures i = 1,2
progress to the next age class at a constant rate pi;i = 2,3 accordingly.

The adult Aedes vectors are recruited into the susceptible compartment Sy (t) from the susceptible aquatic
vectors Sa (t) at a constant development/maturity rate ¢. Therefore, an adult Aedes vector in Sy (t) either
lay a susceptible egg in Sa(t) at a uniform constant laying rate 6 or come into contact with ZIKV and
move to the exposed class Ey(t) by biting an infectious human in Iy ai(t) or Iy si(t); (i =1,2,3) at a
variable rate Ay (called the force of infection in adult Aedes vectors), with

3
A =Bvix Y (O—VHIH,A]\i](]:)(J:)‘ IH,Si(t)) /
i=1

such that By = G\%vat”)i‘;ﬁﬁ(ﬂ oL where v is the per capita contact rate between infectious human
to susceptible adult Aedes vector (per week) and pv is the transmission probability from an infectious
human to susceptible adult Aedes vector per bite. An adult Aedes vector in Ey(t) either lay a susceptible
egg into Sa (t) at the uniform rate 6 or progress to Iy (t) after the ZIKV extrinsic incubation period 1/«.
Due to the fact that there is vertical transmission in the Aedes vectors, infectious adult Aedes vectors
are also recruited into Iy/(t) from the infectious aquatic vectors I (t) at the development/maturity rate
¢. Thus, an infectious adult Aedes vector in Iy (t) either lay a susceptible egg into Sa(t) at the rate
(1 — )0 or an infected aquatic egg into 14 (t) at the rate 0, where 7 is the vertical transmission constant
rate of ZIKV infection in the vectors. The aquatic vectors population comprises of vectors in the pre-
developmental phases i.e., the egg, lava and the pupa mosquitoes of the Aedes category [23]. It is freely
assumed here that all aquatic vectors do not bite humans and as such do not acquire/transmit the ZIKV
infection from/to humans in the model. The model assumed that the infectious vectors do not recover or
suffer mortality from the ZIKV infection. All the adult Aedes vectors suffer natural mortality at a uniform
rate ny, and that all the aquatic vectors are assumed to suffer natural mortality throughout the aquatic
phase at a uniform constant rate &. It is assumed that all the basic dynamics model parameters are strictly
nonnegative. The model is later validated with life data from Zika outbreak of Columbia in 2016.

2.1. Equations of the ZIKV dynamics model
The description of the model in section 2 satisfies the following system of equations:
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= ANQ(t) — (A1 + p1 + BH)SHi(t),
dEHim = A1SH1(t) — (e + p1 + ) En1(1),
dIHaAtl(t) = (1—=q)eEn1(t) — (v + p1 + 1) In,A1(t),
sl — qeEypy(t) — (54 p1 + mi) T sa(t),
RO — Ty ag (1) + 8Th,s1(8) — (p1 + )Rt (1),
dsﬁi(” = P1SH1(t) — (AH2 + p2 + ) SH2(t),
dEgii(t) = p1En1(t) + AraSma(t) — (e + p2 + pr) Eria(t),
EH&?S = p1ln,A1(t) + (1 — q)eEna(t) — (v + p2 + ) In,A2(t),
Human Populations ﬁ =vIn,a2(t) — (r+ p2 + ur) T A2(t), @.1)
—&a—  =p,lnsi(t) +qeEpa(t) — (04 p2 + ) I s2(t),
g2 — 51y (1) — (1 + p2 + ) i sa(t),
Rl — o) Ry (8) + 1(Jra2(t) + Jrs2 (1) — (P2 + mi)Ria (1),
OB Sy (6) — (s + pr)Srs(t),
dEHi(t) = P2En2(t) + AHaSHa(t) — (e + mH)Ens(t),
dIHai}fm = P2, A2(t) + (1 — q)eEns(t) — (v + wr)In,A3(t),
Sl = o)1 s(t) + qeBra(t) — (8 + ) I sa(t),
dRHi(t) = p2(Jr,A2(t) + Jr,s2(t) + Rpa(t)) + vIn,az(t) + 81y, s3(t)
—HHRH3(t),
= PSA(t) — (Av + nv)Sv(t),
B = AVSy () — (K + py)Ev (),
Adult and Aquatic Vector Populations dIc‘l’t(t) = KEv(t) + ¢Ia(t) — uyvIy(t), 2.2)
LAl = ONy () — 7By — (¢ + E)SA (1),
) — 7Ly — (b + E)IA (L),

The model has the following initial data (Vi = 1 2,3):

SHi(0) > 0, Eni(0) > 0,I1,A1(0) > 0,I1,51(0) = 0, JH,A2(0) > 0, Jn,s2(0) > 0,
Rni(0) > 0,Sv(0) > 0,Ev(0) > 0,Iyv(0) > 0,Sa(0) > 0,Ia(0) >0,

where;

N (t) =Shi(t) + Exi(t) + Inpai(t) + Jra2(t) + T si(t) + Jr,s2(t) + Rui(t),
Nv (t) =Sv(t) + Ev(t) + Iv(t), Na(t) = Sa(t) + Ia(t).

2.2. Standardization of the ZIKV basic dynamics model

Define a constant parameter m, such that m = EH, where m is the vectors-to-humans ratio (i.e., vec-
tors per human [26]), Ny and Ny are the adult vectors and the human populations respectively. Thus,

the standardized basic dynamics model equations are:
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ds}ci(t) =A— (A1 +p1+ 1r)sni(t),
dent ) Asnalt) — (e + p1 + pren (1),
dih;;tl(t) = (1—qleeni(t) = (v + p1 + uH)ih a1 (t),
dihgtl(t) = qeen1(t) — (0 + p1+ ur)ins1(t),
dr]:ilt(t) = Yin,a1(t) + 8ins1(t) — (p1 + pr)rna(t),
ds’:;t(t) — prsn1(t) — (Ana + 2 + r)sna(t),
deZZt(t) = pren1(t) + Anasna(t) — (e + p2 + wi)enz(t),
‘ﬁh'dafm = p1inai1(t) + (1 —q)eena(t) — (Y + p2 + HH)in,a2(t),
(h*laf(t) = Yina2(t) = (T4 p2 + tr)jnaz2(t),
dihth(t) = p1ins1(t) + geena(t) — (8 + p2 + ur)in,s2(t),
dj'”dsf(t) = Sin,sa(t) — (T4 P2+ 1H)jn,s2(t), (2.3)
dr}(lizt(t) = p17h1(t) + T(n,a2(t) +n,s2(t)) — (P2 + pr)Th2 (1), |
ds];’[(t) = p2sn2(t) — (An3 + HH)sna(t),
de};{(t) = poena(t) + Anzsta(t) — (6 + up )ens(t),
dlhdts(t) = Pain,a2(t) + (1 — q)eens(t) — (v + mr)in,a3(t),
(ﬁhgfm = poins2(t) + qeens(t) — (8 + np)in,sa(t),
dﬁ:&(t) = P20in,a2(t) +ins2(t) +Tha(t)) +vina3(t) + 0in,sa(t) — HHTH3(1),
ds;t(t) — Psalt) — (A + 1y)sy (1),
90T _Avselt) — ( + v )enlt),
B~ ey (1) + dialt) — mvis(t),
dsgt(t) =m0 — 701, — (¢ + £)salt),
Aol _ 0ty — (0+ D)ialt).
The standardized basic dynamics model have the following initial data for i =1, 2,3:
$ni(0) > 0, €ni(0) > 0,in,ai(0) > 0,3n,a2(0) = 0,insi(0) = 0,in,s2(0) > 0,Thi(0) >0, (2.4)

i
sv(0) > 0,e,(0) = 0,iy(0) = 0,54(0) > 0,iq(0) = 0,
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with,

3
Ahl = Anz = Brviv(t), Ay = Bvh Z OVHihai(t) +insi(t));1=1,2,3, 2.5)
“ .

Ar2 = Brviv(t) + BHH (GHth,az(t) +in,s2(t) + O(oHHIRa2(t) +in,s2(t))),

N, N
such that BuH = SPHH, BHY = Gfﬂvf’ﬁ\éHN(h , BvH = G\%‘:?t“)i‘éklﬁ(:gt), and N, (t) = mNy(t). Note

that, if N (t) <1, then 0 < litmian (t) < hmsupN (t) <m.
— 00

t—o0

3. Results

3.1. Basic Results of the Standardized Model

3.1.1. Existence, uniqueness and positivity of solutions
Theorem 3.1. (Existence, uniqueness and positivity of solutions). Let the model in proportions given by (2.3) and
(2.4) be written as an initial value problem of the form

dy
ac bl (3.1)

y (0) =yo,y € R%.

Suppose | = [0, al and Z = B (yo, b), where f : ] x Z — ]sz is Lipschitz with Lipschitz constant L, and [f(y)| < M
for all y € Z, then the model system (2.3) has a unique solution y € C° (], Z) as long as the time-interval is chosen
with a satisfying 0 < a < min (1, %) ;Lb < 1. Furthermore, the solution of model with nonnegative initial

conditions (2.4) remain positive for all t > 0.

Proof. We begin the proof by showing that f is lipschitz. Thus, we can rewrite the model given by (3.1) in
the form

fly) =Ay+g(y) +h,

where A, g and h are matrices of orders (22 x 22), (22 x 1) and (22 x 1) representing the linear, nonlinear
and the constant terms of the system (2.3) respectively. By the definition of a Lipschitz condition in [12],
we have

If (y(t) =y () | = |Ay (t) —Ay™ (t) + g (y(t)) —g (y*(t)) + h(y) —h (y™) |,
= [|Ay ( ) Ay* (1) +gy(t) —gy™(t) I,
=AYy t) —y" (1) +gy(t) —gy* (L),
HAHlly Yyl +llgy) —g ™) Il

<
< (AT ly =yl
<Uy-y'll, L=(Al+7) <o

Integrating (3.1) from 0 to t with respect to time, and applying the initial condition yielded the following
integral equation:

t

y (t) —90+L f(y(s))ds. (3.2)

Therefore, y (t) in (3.2) is a solution of model (3.1) if and only if it is a solution of (3.2). Using equation
(3.2), define an operator I on a bounded function Z = B (yp, b) from a closed interval | = [0, a] to R??, by

t

Mz (1) :y0+L f(z(s)) ds. (33)
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satisfying I' (0) = yo. Therefore, to complete the proof, we need to show that, the operator I' in (3.3) is a
contraction mapping. Thus, to do that, it is enough to show that the operator I' maps a complete metric
space C° (], Z) to itself. But firstly, for z(t) € Z we will impose a condition on a that strictly guarantees
I'(z(t)) € Z for all time, t € J.

7

t
J f(z(s))ds

0

I (z(t)) —yol = Sup,

<J If (2 (s))] ds,

0 (3.4)
1 Db
g M y b t i T x4 |7
a u a<rn1n<L M>
<b

Thus, with this strict restriction imposed, it implied that, I' (z(t)) € Z for all t € ]. Now, we have shown
that I': Z — Z. Next, we need to show that the operator I' is a contraction mapping on CcY(],2) using the
Contraction Mapping Theorem in [37]. Therefore, given any two functions z;,z, € C°(J,Z) , using the
definition of the operator I" in (3.2), we have;

I (z1 (1)) =T (22 ()] = Supy¢; ,

t
J [f (z1 (s)) — £ (22 (s))] ds

0

< Supygj <J It (z1 (s)) = (22 (s))] d8> ,

0

b
< L (21 (s)) — £ (22 (5)) ds, (3.5

b

< LJ 121 (s) — 22 (5) |ds,
0

< Lb||z; — z|.

Therefore, for appropriate choice of Lb < 1, the map T is contraction on C%(J,Z). Thus, by the Picard-
Lindel6f Theorem of Existence and Uniqueness in [46], we conclude, there exist a unique fixed point
z € CY(J, Z) for the standardized model (2.3).

To prove positivity of the model solution, let

t1 =sup{snhi(0) > 0, eni(0) > 0,1n,ai(0) > 0,jn,qa2(0) > 0,in,si(0) >0,
jh,sZ(O) >0, Thi(o) >0, S\)(O) >0, ev(o) >0, iv(o) >0, Sa(o) >0,
10(0) > 0;,1i=1,2,3}.

Therefore, applying change of parameters technique on the first equation in (2.3), we have;

t
Sra (£) =511 (0) x exp <— jo Ant (W) du — py (t) — uH(t))

+exp <— Ll Ant(u)du —p(t) — P-H(t)> (3.6)

t1 z
X J Aexp <J Ant(wdu+ p1(z) + uH(z)> dz > 0.
0 0

Similarly, in the same way, it can be shown that; spa(t) > 0,sn3(t) > 0,eni(t) > 0,in,qi(t) > 0,jn,q2(t) >
0,in,si(t) > 0,jn,s2(t) > 0,Thi(t) > 0,s,(t) > 0,ey(t) > 0,iy(t) > 0,54(t) > 0,iq(t) > 0 for all t > 0, such
that i = 1,2,3. Hence, the solutions of the basic dynamics model (2.3) with nonnegative initial conditions
in (2.4) remain positive for all t > 0, which concludes the proof. O
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3.1.2. Boundedness of model solutions and invariant region
Lemma 3.2. The closed set D = {Dy, UD, UD, C RY x R%. x R2 C R?2}, with

. . . . 17 s .
Dh = (Shi, ehisihaisjha2 hsisihs2, Thi) € RY 1 (1=1,2,3);

ehi = 0,1h,ai =2 0,jh,a2 =2 0,in,s1 = 0,jhs2 2 0,1y 2= 0,

A AN A
Shi < ———, Sh2 < LES ,Sh3 < P1P2 X ;NR(t) >0
P1+ UH P2+ HUH P11+ HH uH(p2 +uH) P14+ HH
. . mod

Dy = (sv, ey, 1v) € ]Ri iey >0,1, 20,8, < m}Nv >0
and 0
. ) m

Da = (Sa,ia) ERZ 1iq = 0,54 < ﬁ;Na >0

is a positively invariant and attracting set for the basic dynamics model (2.3).

Proof. By the Comparison Theorem [18], using the appropriate methods on the system (2.3), we can see
that;

A
0 <liminfsp(t) <limsupspi(t) < —,
t—o0 t—00 P1+ HH
. . A P1
0 < liminfspy(t) < limsup syo(t) < X . 3.7
t—roo *Hoop P1+HH P2+ HUH (3.7)
A
0 < liminfsu3z(t) < limsup sps(t) < X P1 X &.
t=oo t—oo PL+HH P2+HH HH

Note that, Ny, is the total sum of the human sub-populations in the basic dynamics model (2.3), in-
cluding sni,sh2 and sp3. Therefore, in the absence of the disease in the humans, i.e. when en; =
thai = Jha2 = thsi = Jhs2 Thi = 0 (Vi = 1,2,3); the human population is represented by the

value sp1 + Sh2 + shz < Np(t) < u—/tl Obviously, 0 < litmianh(t) < limsup Ny (t) < u—/;, which implies,
—+oo t—o0
Np(t) > 0. Hence, the feasible solution (sni, €ni, ih,ai,jh,a2

ih,sisjn,s2, Thi); (Vi = 1,2,3) of the human population in the standardized basic dynamics model system
enters the positively invariant set Dy, C RY.

Similarly, in the same manner, we can see that;

_ . mo¢
0 < liminfs,(t) <limsupsy(t) < ————,
t—00 v(t) t_mop vt (P + &)

mo
0 <liminfsq(t) <limsupsq(t) < ——.
m in alt) t%oop alt) b+ E

(3.8)

Therefore, in the absence of the ZIKV infection in the adult Aedes vector and vertical transmission
in the aquatic vector populations, the adult and aquatic Aedes vector populations are represented by

sv(t) < Ny(t) < “&fﬂ_’a and sq(t) < Ng(t) < cb+£ respectively. Thus, obv1ously 0 < limian v(t) <

n
hItlLSolip < Ny (t) <€ “&gi’a and 0 < litm_glfNa( ) < limsupNg(t) < ¢+£, which 1mp11es N (t) >0

t—o0
and Ng(t) > 0. Hence, the feasible solutions; (s, (t), ey, (t),1,(t)) of the adult Aedes vector population and
(sa(t),ia(t)) of the aquatic vector population enters the positively invariant sets D, C ]RE’r and D, C ]Ri
respectively.

Thus, D = Dy UD,UD, C ]R%f is a positively invariant set being the union of finite invariant sets.
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Clearly, under the dynamics described by the standardized basic dynamics model (2.1), the closed set
D={D,UD,UD, C IREZ X ]R?’+ X IR%F C ]sz} is hence positively invariant and attracting set, and all the
model solutions are uniformly bounded in the set. O

Remark 3.3. From Lemma (3.2), the standardized basic dynamics model system is therefore mathemati-
cally well-posed and epidemiologically meaningful. For any starting initial point yo € D, the solution
trajectories that begins in D, remains in D, for all time t > 0. Furthermore, it is sufficient to restrict the
model analysis on the invariant set D.

3.2. Main Results of the Standardized Model

3.2.1. Model fitting

To validate the model and estimate values for some of the model parameters, we fitted the basic
dynamics model with real-time data in Table (1) for the 2016 Zika outbreak in Colombia as used and
published in the work of Biswas et al. [4]. This data was initially reported by the Colombian Na-
tional Institute of Health, SIVIGILA as stated by Aranda ef al. [3]. We used the sample size population
Ny (t) = 47,630,000; which corresponds to the estimated population size of Colombia in 2016 [25]. All
efforts to obtain categorized data that fits the age classification in the model proved difficult. In view of
this, we relaxed the age-structure in the basic dynamics model by neglecting maturity/aging out rates,
but maintained the three transmission routes (i.e., vectorial, vertical and sexual) in the model as it is in
(2.1) and (2.1).

In view of that, we went ahead with the model fitting using the Nonlinear Least Squares (NLS) method
[7]. It is a statistical technique used to build regression model for data sets that contain nonlinear features.
A built-in MATLAB function fminsearch was used to minimize the sum of square errors. Thus, the result
of model fitting is presented in Fig. (1). The estimated parameter values by the model, and other baseline
parameter values source from existing literature are presented in Table (2) and Table (3).

x10°

ZIKV Infection Prevalence

= Estimated Cases by the Model

X Cummulative Weekly Reported Cases of ZIKV/|
1 1 1 1 1 I I
0 5 10 15 20 30 35 40

25
Time (Weeks from 1st-36th of 2016)

Figure 1: Model Fitting for the Basic Dynamics Model
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Table 1: Weekly Reported ZIKV Cases from Week1-Week36 of 2016 [3, 4]

Week Reported Cases

Weekly Cumulative Cases

O N O Ul W=

2173
4105
4166
4669
4198
4316
5460
2865
3767
2655
2639
3882
3808
3059
3364
2671
2665
2687
3281
638
1567
2014
1539
1344
1128
991
892
705
648
496
416
215
301
271
568
383

2173

6278
10444
15113
19311
23627
29087
31952
35719
38374
41013
44895
48703
51762
55126
57797
60462
63149
66430
67068
68635
70649
72188
73532
74660
75651
76543
77248
77896
78392
78808
79023
79324
79595
80163
80546

Table 2: Baseline Human Parameters Values

Parameter Value Reference
A 5 X ayweek T [25].
LH 55 % sweek 1 [53].
% %weeks Estimated.
% %weeks [19].
% 2weeks [19].
% %weeks [26].
p1 & x Hweek ! [26].
P2 é X %week_l [26].
PHH 0.99 Estimated.
OHH 0.99 Estimated.
() 0.081 Estimated.
s 0.20week ™! Estimated.
q 0.4 Estimated.
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Table 3: Baseline Vector and Human-Vector Interaction Parameters Values

Parameter Value Reference
Hy Zweek ™! [30].
% 170 weeks [26].
OVH 0.30 Estimated.
o 10.64week 1 Estimated.
ov 0.39wekk ! Estimated.
00 5 [39].
0 0.00003week~!  Estimated.
) 0.0808week~!  Estimated.
g o sweek ! Estimated.
PHV 0.72 Estimated.
PVH 0.31 Estimated.
m 735.40 Estimated.

3.2.2. Disease-Free Equilibrium (DFE) and the epidemic reproduction number of the model
The DFE of the model system (2.3) is computed as;

& = (s94,0,0,0,0,5%5,,0,0,0,0,0,0,s%5,0,0,0,0,5%,0,0,5%,0), (3.9)
L0 A 0 _ p1A 0 _ pP1P2 /A 0 _ _mbop 0 _ mo
Where; sy = 55m She = Gorrin) (o) $h3 = ienlor i) (e i)/ & = e+ 8) 4 Sa = g3

The basic reproduction number Ry is defined to be the largest eigenvalue or spectral radius of the matrix
(FV—1) [14], where 7 is the Jacobian matrix of new infection terms, (F;), and V is the Jacobian matrix of
transition terms, (Vi) in an infectious class i of the standardized basic dynamics model (2.3). Therefore,
using the notation definitions in Van den Driessche and James (2002) [50], we defined

Ah1Sh1 (e +p1+ H1H)en
0 —(1—q)eent + (v +p1 + uH)inat
0 —qeeny + (v + o1+ HH)ih a1
Ah2Sh2 —p1en1 + (e + p2 + uH)en2
0 —P1ina1 — (1 —q)eena + (v + p2 + UH)ina2
0 —Yiha2 + (r+ P2 + UH)in a2
F. _ 0 V. — —P1ih,s1 — q€en2 + (8 + p2 + UH)in,s2
i A0 T 3 1
0 —dih,s2 + (T+ P2+ UH)jn,s2
Ah3Sh3 —p2eh2 + (e + 1 )ens
0 —p2in,a2 — (1 —q)eens + (v + HH)ina3
0 —P2in,s2 — g€ens + (8 + U )in,s3
AySy (K+ HV)ev
0 —Key — dig + pviy
0 —70iy, + (P + &)iq

Using the next-generation matrix method to find the analytical representation for the epidemic repro-
duction number Rj, we obtained an implicit and inexpressible solution when we incorporate vectorial,
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vertical and sexual transmission in the age-structured model. Hence, we resolve to computing the numer-
ical equivalent of the epidemic reproduction number by finding the numerical equivalent of the Jacobian
matrices J and V using the baseline parameter values in Table (2) and Table (3). Thus, evaluating the
characteristic equation |FV—1 —AIl = 0, we obtained the ZIKV epidemic reproduction number for the
model Ry = 0.58459, which is the dominant/largest eigenvalue of the numerical version of the matrix
(Fv-1).

3.2.3. Assessing contributions of the transmission routes on dynamics of ZIKV infection

To asses the contribution or relevance of each of the transmission route incorporated into the dynam-
ics of the ZIKV infection described by the model (2.3), we computed a straight-forward solutions for
the vectorial and the vertical transmission only (R},), and the sexual transmission only (R%) epidemic
reproduction numbers. In the computation of RY,, we ignored human demographies in the model (2.3) to

obtain
0
Ry =/ Rawv + Ry
(3.10)
R0 — PHVPVHKMZ07, 03,0 (GVH(l—q) +Q>
ug (moy + op)?(k + py) (d + £) (1 —R9) Y 5)’

where
RO = % is the vertical reproductive number in the aquatic vectors,

RO _ prvevikm?o? 03, 0dpovi(l—q)
AXV ut (moy+op)?2(k+pyv) (d+&) (1—-RY )y

is the vectorial reproduction number through the asymp-
pPrvPviHkm? o} 03,044

uy (moy+o1)?(k+py) (d+&) (1-RY)S

number through the symptomatic infectious humans. Note that, RS, RS, |, and RY ., exists if and only

if, 0 < RO < 1.

tomatic infectious humans, and fR%Xv = is the vectorial reproduction

Similarly, the sexual transmission only reproduction number is computed in the same manner and is
found to be:
Rs =Ras + Rgs,
0 _ SPHHP1A <0HH(1—CI) T+ y)
> (o1 +un)(p2 + 1r) Y r
spuHPiAoTHH(1—q) (r+ DY)

(P1+uH) (P2+HH)YT Aq(r®5)
. . ] .- . . . 0 . SPHHP1/\] T+ .
through their extended transmissibility period in the jn,q2 class, and Rgg = o Lper 1S the

symptomatic sexually active human’s infectious period through their extended transmissibility period in
the jn s2 class.

(r+ @5)) (3.11)

q
+6X T

where RY ¢ = is the asymptomatic sexually active human’s infectious period

Using the baseline parameter values in Table (3.1) and Table (3.2), we compute the vectorial plus ver-
tical transmission only R}, = 0.35757, the vertical transmission only R% = 1.7594 x 10~° and the sexual
transmission only R = 0.21899 reproduction numbers numerically.

From the relation (using the numerically computed R)

Ro — R*

200 % 100% (3.12)
0

where Rj is any of the numerically computed R, fR?l or iR%, we discovered, the vectorial and the vertical

transmission route contributed about 62% of the reported cases, while the sexual transmission route
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Figure 2: PRCC Results for fR(\)/

contributed about 38% of the reported cases in the 2016 Colombia outbreak. It is therefore noticed that,
sexual transmission contributed significant percentage of the cases, while the vertical transmission in the
aquatic vectors contributed nearly insignificant percentage (i.e., below 1%) of the ZIKV cases.

3.2.4. Global sensitivity analysis

In this section, we conducted global sensitivity analysis to assess the sensitivity indices of each model
parameter in the vectorial transmission only (IR(\)/ ) and sexual transmission only (RS) reproduction num-
bers using Partial Rank Correlation Coefficient (PRCC) method based on Latin hypercube sampling
as applied by Ali (2021) [28]. The results are summarized in Fig. (2) and Fig. (3) respectively. In
each experiment, we computed the minimum, mean and the maximum values of the two variables iR(\)/
(0.0004, 0.032,0.2799) and R§ (0.0004,0.0319,0.2758).

From the results of the experiment in Fig. (2), we observed that, the mosquito-to-human ratio param-
eter (m), biting rate (o), egg laying rate (0), aquatic vectors’ maturity/development rate (¢), aquatic
and adult vectors” mortality rates (& and py) and the recovery rates for symptomatic and asymptomatic
(0 and vy) infectious humans are the most sensitive parameters in the vectorial and vertical transmission
only reproduction number, Ry

Moreover, the results of the experiment presented in Fig. (3) indicates that, the sexual contact rate (s),
the probability of transmission from an infectious sexually active human to a susceptible sexually active
human (pnn ), relative transmissibility constants of asymptomatic infectious humans (o) and the re-
covery rates (§,y, and r) are the most sensitive parameters in the sexual transmission only reproduction
number, fRS.

4. Summary

In this paper, a deterministic mathematical model for the dynamics of ZIKV infection was formulated
and analyzed. The model was shown to be mathematically well-posed and epidemiologically meaning-
ful by validation and proving the existence of unique, positive and bounded model solution in a certain
invariant set. In formulating the model, agent-based vectorial, sexual and vertical transmission of the
virus in the Aedes vectors were considered due to the fact that, ZIKV like other flavivirus pathogens of the
same clan (e.g., Dengue virus) is vertically transmitted in the insect vectors. Variable vector contact rates
are used in the representation of the disease forces of infection due to an observed correlation between
the density of the vector population and the human population. Due to the size and stiff nonlinearity of
the system, we computed the disease reproduction number Ry numerically using the parameter values
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Figure 3: PRCC Results for Rg

estimated by the model. To assess the contribution of the transmission routes included in the dynamics,
we computed the numerical values of the vectorial and vertical transmission only reproduction number
R}, and the sexual transmission only reproduction number RY. It is important to note that, the numerical
value of the ZIKV epidemic reproduction number Ry is approximately the sum of the numerical values
of the vectorial and vertical transmission only reproduction number R}, and the sexual transmission only
reproduction number R, i.e., Ry ~ Ry, + R = 0.60, correct to one significant figure. This value suggests
that, the prevalence of the ZIKV cases will die out in the populations naturally over time as a result of
low transmission probabilities estimated by the model using the reported data, and the use of variable
contact rates between humans and the Aedes vectors that takes humans exposure, availability, vector’s
gonotrophic cycle and its anthropophilic constants (i.e., its preference for human blood) into account. The
computational analysis reveal that, sexual transmission in humans is more significant when the value
of the epidemic reproduction number R is above 2.632, and that, vertical transmission in the aquatic
vectors is not of importance on the general dynamics of the ZIKV infection as it contributed less than
1% of the reported ZIKV cases. The results also indicated that, vertical transmission alone cannot trig-
ger an outbreak of the virus over time. This is as a result that, the aquatic vectors through the vertical
transmission generates only about 3.68% of new recruits into the infectious mature vectors population.
Hence, a mathematical situation that guarantees R% > 1 is of no epidemiological or biological meaning
as seen in the value of analytic R}, in equation (3.10). Global sensitivity analysis results suggest that,
any control intervention that combine efforts to minimize; human activities that enhances breeding and
development ground for the adult and aquatic vectors such as stagnant water, refuse and empty damp
containers/cans, human exposure to adult vector bites by wearing full-cover clothing and use of mosquito
bednets, recovery periods of infectious humans through early testing and use of formal therapeutics can
help in reducing the ZIKV cases caused by the vectorial transmission. Additionally, implementing con-
trol strategy that prevents unprotected sexual contact between infectious and susceptible sexually active
humans through the use of condoms will help in reducing the ZIKV cases caused by sexual transmission.

5. Conclusion

A new deterministic model that incorporates vectorial, sexual and vertical transmission in Aedes vec-
tors into the basic dynamics of Zika virus infection is formulated and validated. The use of variable con-
tact rates to represent vector-human interactions gives low estimate values of the new infections generated
by the incidence functions in the model. Results of the model analysis indicated that sexual transmission
in the humans is significantly important especially when the value of the disease reproduction number
is above 2.632. The vertical transmission in the Aedes vectors is not important on the dynamics of the
Zika virus since its contribution in the reported cases is below 1%, and the route alone cannot trigger an
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outbreak over time. Thus. the computed numerical values of the disease reproduction numbers suggests
that, Zika virus infection will be wiped out from the populations over time.
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