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Abstract

This study examines an economic model and explores the Hopf bifurcation by individually varying the indebtedness
factor and the output-capital ratio parameter. Both analytical and numerical methods are used to determine the conditions
and coefficients for the normal form of the Hopf bifurcation. The critical coefficient for this bifurcation is identified using the
central manifold theory. Additionally, the phase portrait of the model near the critical values of the indebtedness factor and the
output-capital ratio parameter is illustrated using the Matcont software package.
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1. Introduction

Economy is one of the most important parameters in life, the absence of which can create destructive
effects in life. With a better economy, we can live a better life and also focus on our interests and talents.
On the other hand, macroeconomics can affect our lives. Therefore, by presenting models in the field of
macroeconomics in which factors such as gross domestic product and foreign capital inflow play a role,
we can achieve a better understanding of these phenomena and apply them on a smaller scale.

Economy, as one of the fundamental pillars of development and sustainability in human societies,
plays a decisive role in improving the quality of life and enhancing public welfare. The absence of
an efficient economic system can lead to profound and destructive consequences, including widespread
unemployment, decreased living standards, and social instability. Conversely, a healthy and dynamic
economy creates opportunities for job creation, increased productivity, and the flourishing of individual
and collective talents. A thorough examination of economic structure and macroeconomic indicators
enables policymakers to make more effective decisions that lead to sustainable growth [16].

Macroeconomics is the branch of economics that examines the processes and overall indicators of
a countrys economy. These indicators include Gross Domestic Product (GDP), inflation rate, unemploy-
ment rate, and foreign capital inflows. GDP is one of the most important measures of a countrys economic
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capacity, representing the total value of goods and services produced within a specific period [16]. Infla-
tion and unemployment rates are also key indicators that reflect the economic health and the impacts of
economic policies.

Foreign capital inflow is another vital macroeconomic indicator that plays a significant role in fi-
nancing, technology transfer, and enhancing production capacity. The entry of foreign capital into a
countrys economy can create employment opportunities, develop industries, and improve infrastructure.
Moreover, foreign investment flows contribute to strengthening international economic relations and en-
hancing a countrys competitiveness [1]. However, the proper management of these investments and the
implementation of supportive policies for their optimal utilization are of paramount importance.

Macroeconomic models serve as essential analytical tools that assist policymakers and researchers
in understanding the structure and overall behavior of an economy, as well as predicting the impacts of
economic policies. These models, in addition to aiding decision-making, enable the assessment of changes
in indicators such as GDP and foreign capital inflows.

Until 1967, scientists believed that external factors cause economic fluctuations, but Goodwin [9] be-
lieved that internal factors cause economic fluctuations. After that, different linear, non-linear and coupled
models were studied accordingly [2, 4, 5, 8, 6, 19]. These articles [12, 17, 18, 11, 10, 3, 13] also facilitate a
deeper understanding of the study presented in this paper.

Today, different models of the economy have been proposed. Here we are talking about one of these
models that was proposed by Bouali [4] in 1999 and recently this model has been modified. The model
we discuss here is a modified Van der Pol oscillator model, which is as follows:

ẋ = µy+ ρx(δ− y2),
ẏ = νy+ωx+ σz, (1.1)
ż = γx− κy,

where x is savings, y is gross domestic product and z is foreign capital inflow. The parameters µ, ρ, δ, ν,
ω, σ, γ, and κ are all positive, with their definitions provided in reference [5]. Specifically, µ represents the
marginal propensity to save, ρ denotes the fraction of capitalized profit, δ corresponds to GDP potential,
and ν indicates the marginal propensity to consume. Additionally, ω signifies the proportion of savings, σ
represents the output-capital ratio, γ captures the inflow-saving ratio, and κ accounts for the indebtedness
factor.

The system (1.1) has three equilibrium points as X0 = (0, 0, 0), X1 = (x∗,y∗, z∗) and X2 = (−x∗,−y∗,−z∗)

that x∗ = 1
γ

√
µκγ+δργ2

ρ
, y∗ = 1

κ

√
µκγ+δργ2

ρ
and z∗ = −

κω+ γν

γσκ

√
µκγ+δργ2

ρ
. We examine the stability

and bifurcations in each of the equilibrium points in other sections.

2. Stability and bifurcation of equilibrium point X0

The Jacobian matrix of the system (1.1) is as follows:

J̃ =

ρ(δ− y2) −2ρxy+ µ 0
ω ν σ

γ −κ 0

 ,

by setting the values at the point X0 we have:

J = J̃|(0,0,0) =

ρδ µ 0
ω ν σ

γ −κ 0

 , (2.1)
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therefore, the characteristic equation of the relation (2.1) is obtained as follows:

f(λ) = λ3 − (ρδ+ ν)λ2 + (ρδν+ σκ− µω)λ− σ(ρκδ+ µγ),

= λ3 + a1λ
2 + a2λ+ a3,

It is clear that the system (1.1) has a positive eigenvalue at the equilibrium point X0 because f(0) < 0. Also,
it does not have a zero eigenvalue, but it can have a complex eigenvalue with zero real part. According
to the Routh-Hurwitz criterion, if −a3

a1
+ a2 < 0, the other two eigenvalues have a negative real part, and

the equilibrium point X0 is saddle, if −a3
a1

+ a2 > 0, the other two eigenvalues have positive real parts and
the equilibrium point X0 is source, and if −a3

a1
+ a2 = 0, then there are two complex eigenvalues with zero

real part as λ = ±i
√

a3
a1

= ±iθ∗, so the equilibrium point X0 is non-hyperbolic and there is a possibility
of Hopf bifurcation. Therefore, we keep all the parameters constant except one such as κ. We find the
critical value of this parameter for which we have a pair of complex eigenvalues:

κ∗ =
−δ2ρ2ν+ δµρω− δρν2 + σµγ+ µνω

σν
.

Then we check the Hopf bifurcation condition. First, we check the transversality condition, so we have:

dℜ(λ)

dκ
|κ=κ∗ =

b1b3 + b2b4

b2
3 + b2

4

where

b1 = −νσρδ, b2 = νσθ∗, b4 = 2θ∗ν2 + 2δρθ∗ν,

b3 = −µ(δρω+ σγ) + 3θ∗2
ν+ δ2ρ2ν.

If b1b3 + b2b4 ̸= 0, the trasversality condition is satisfied, then we check the non-degeneracy condition.
To obtain the first Lyapunov coefficient, we first calculate the left and right eigenvectors corresponding to
the eigenvalue λ = iθ∗, which are as follows:

Jq = λq, JTp = λ̄p ⟨q,q⟩ = 1, ⟨p,q⟩ = 1,

q1 = (1,
iθ∗ − ρδ

µ
,
−θ∗2 − iδρθ∗ − iθ∗ ν+ δρν− µω

µσ
)T ,

p1 = (
iθ∗ω− γσ

σ (iθ∗ + ρδ)
,
−iθ∗

σ
, 1)T ,

q =
q1√

⟨q1,q1⟩
, p =

p1

⟨p1,q⟩
.

The first Lyapunov coefficient is calculated from the following equation [14]:

L =
1

2θ∗
ℜ(⟨p,C(q,q, q̄)⟩) = 1

2θ∗
ℜ(

2 (iθ∗ + 3 ρδ) ρ (iθ∗ω+ γσ)

µ2σ⟨p1,q1⟩⟨q1,q1⟩
).

If the first coefficient of Lyapunov becomes non-zero, the system (1.1) at equilibrium point X0 for κ = κ∗

has a Hopf bifurcation, which we will talk about in the following [15].

Theorem 2.1. The system (1.1) at the equilibrium point X0 for κ = κ∗ with the condition L ̸= 0 and dℜ(λ)
dκ

|κ=κ∗ ̸=
0, has Hopf bifurcation. If the first Lyapunov coefficient L becomes negative, a stable cycle bifurcate from the desired
equilibrium point, and if the first lyapunov coefficient becomes positive, an unstable cycle is created.
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3. Stability and bifurcation of equilibrium points X1 and X2

Similar to the previous case, by valuing the Jacobian matrix at the equilibrium point X1, we have:

Ĵ =

ρ(δ− y∗2) −2ρx∗y∗ + µ 0
ω ν σ

γ −κ 0

 , (3.1)

The characteristic equation of relation (3.1) is as follows:

g(λ) = λ3 + (
γµ

κ
− ν)λ2 + (

2 κδρω
γ

+ σκ+ µω−
γµν

κ
)λ+ 2 κσδρ+ 2γσµ,

= λ3 + c1λ
2 + c2λ+ c3.

Now, using the Routh-Hurwitz criterion, we check the stability of equilibrium point X1. What has been
said about the stability of equilibrium point X1 is true for stability of the equilibrium point X2. It is clear
that X1 has at least one negative real eigenvalue because g(0) > 0.

-If c1 > 0 and −c3
c1

+ c2 > 0, it has three eigenvalues with negative real part, which in this case, the
equilibrium point X1 is sink.

-If we have c1 > 0 and −c3
c1

+ c2 < 0, or c1 < 0 and −c3
c1

+ c2 > 0, or c1 < 0 and −c3
c1

+ c2 < 0, or c1 = 0,
or c1 < 0 and −c3

c1
+ c2 = 0, then X1 has three eigenvalues with a positive real part and two negative real

part eigenvalue, which in this case, the equilibrium point X1 is saddle.
-If c1 > 0 and −c3

c1
+ c2 = 0, it has two pure imaginary eigenvalues and one negative real eigenvalue,

in which case the pure imaginary eigenvalues are λ = ±i
√

c3
c1

= ±iθ∗, and there is a probability of Hopf
bifurcation.

Now, keeping all the parameters constant except for one such as σ, we find the critical value of this
parameter, for which we have a pair of complex eigenvalues, so we have:

σ∗ =

(
2 κ2δρω+ µωγκ− γ2µν

)
(µγ− κν)

κ2γ (2 δρκ+ µγ+ κν)
,

then we check the Hopf bifurcation condition. To check the transversality condition, we have:

dℜ(λ)

dκ
|κ=κ∗ =

d1d3 + d2d4

d2
3 + d2

4

where

d1 = 2κ2γρδ+ 2µγ2κ, d2 = κ2γθ∗, d4 = −2θ∗νγκ+ 2θ∗γ2µ,

d3 = κ2(2ρδω+ σγ) − νγ2µ+ γκ(µω− 3θ2
∗).

If d1d3 + d2d4 ̸= 0, the trasversality condition is satisfied, then we check the non-degeneracy condition.
To obtain the first Lyapunov coefficient, we first calculate the left and right eigenvectors corresponding to
the eigenvalue λ = iθ∗, which are as follows:

Ĵq = λq, ĴTp = λ̄p, ⟨q,q⟩ = 1, ⟨p,q⟩ = 1,

q1 = (−
κ (2 κδρ+ µγ)

γ (iκθ∗ + µγ)
, 1,

iκ (2 κδρ+ iκθ∗ + 2µγ)
(iκθ∗ + µγ) θ∗

)T ,

p1 = (1,−
iκθ∗ − 2 κδρ− 2µγ
iγθ∗ + κω+ γν

,
iµγ2θ∗ − iκγθ∗ ν− 2 κ2δρω− µωγκ+ γ2µν+ κγθ2

∗
γκ (iγθ∗ + κω+ γν)

)T ,

q =
q1√

⟨q1,q1⟩
, p =

p1

⟨p1,q⟩
,
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The first Lyapunov coefficient is calculated from the following equation [14]:

L̂ =
1

2θ∗
ℜ(⟨p,C(q,q, q̄)⟩− 2⟨p,B(q, Ĵ−1B(q, q̄) + ⟨p,B(q̄, (2θ∗iI3 − Ĵ)−1B(q,q))⟩),

so, we have:

L̂ =
1

2θ∗
ℜ

(
1

⟨q1,q1⟩⟨p1,q1⟩

(
−2ρκ(2 κδρ+ γµ)(iκθ∗ − 3γµ)

γ(γ2µ2 + κ2θ2
∗)

+
−4 ρκ(4 δµρκγ+ µ2γ2 − κ2θ∗

2)(2 iκθ∗ − 2 κδρ+ µγ)

γ(iκθ∗ + µγ)(µ2γ2 + κ2θ∗
2)

+
1
N

(
− 4 (κδρ+ µγ)(ρκ((θ∗ i− 4 δρ)κ− µγ)

× ((σ(θ∗ i+ δρ)γ+ 2 (iδρ−
θ∗
2
)ωθ∗)κ

2

+ (−
1
2
γ2σµ+ (−2 iθ∗3 + θ∗

2ν)γ)κ+ µγ2(νi+ 2 θ∗)θ∗))
)))

,

where

N =

((
(θ∗ i+ ρδ)σγ+ 2 iδθ∗ ρω

)
κ2 + γ(γσµ+ (µωi− 4 iθ∗2 + 2 θ∗ ν)θ∗)κ− (νi+ 2 θ∗)γ2µθ∗

)
× γ(µ2γ2 + κ2θ∗

2).

If the first coefficient of Lyapunov becomes non-zero, the system (1.1) at equilibrium point X1 for σ = σ∗
has a Hopf bifurcation.

Theorem 3.1. The system (1.1) at the equilibrium point X1 for σ = σ∗ with the condition L̂ ̸= 0 and dℜ(λ)
dσ

|σ=σ∗ ̸=
0, has Hopf bifurcation. If the first Lyapunov coefficient L̂ becomes negative, a stable cycle bifurcate from the desired
equilibrium point, and if the first lyapunov coefficient becomes positive, an unstable cycle is created.

4. Numerical simulation

Now, using Matcont package in MATLAB [7], we numerically check the Hopf bifurcation at the origin.
We keep all parameters constant except the parameter κ. Then we assign a specific numerical value to
each parameter, µ = 0.02, ρ = 0.4, δ = 1,σ = 50,γ = 10,ν = 0.05 and ω = 0.1. Then, by releasing the
parameter κ, at κ = κ∗ = 3.996759, we see the Hopf bifurcation, whose first Lyapunov coefficient is equal
to L = −7.45 × 10−5. The first Lyapunov coefficient is negative, so we see a stable cycle that is bifurcated
from the origin.

Then we examine the Hopf bifurcation in X1 and X2. For this purpose, we give a certain value to all
the parameters µ = 0.1, ρ = 0.9, δ = 0.4,γ = 50,ν = 0.001,ω = 2, κ = 0.5 and we keep the parameter
σ free. At σ = σ∗ = 0.38126958, Hopf bifurcation occurs, whose first Lyapunov coefficient is equal to
L̂ = 1.5203 × 10−3.

5. Conclusion

In this paper, we considered an economic model and by changing the parameter κ, which was called
the indebtedness factor, the Hopf bifurcation occurred. These findings indicate that the equilibrium point
X0 undergoes a stability transition as κ crosses κ∗. Beyond this threshold, the system experiences a shift
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(a) (b) (c) (d)

Figure 1: Changes in foreign capital inflow with the initial point (0.0001, 0.0001, 0.0001) for (a) κ = 0.1 (b) κ = 3 (c) κ = κ∗ =
3.996759 and (d) κ = 7.

(e) (f) (g) (h)

Figure 2: Changes in gross domestic product with the initial point (0.0001, 0.0001, 0.0001) for (e) κ = 0.1 (f) κ = 3 (g) κ = κ∗ =
3.996759 and (h) κ = 7.

(i) (j) (k) (l)

Figure 3: Changes in savings with the initial point (0.0001, 0.0001, 0.0001) for (i) κ = 0.1 (j) κ = 3 (k) κ = κ∗ = 3.996759 and (l)
κ = 7.

(m) (n) (p) (q)

Figure 4: Phase portrait of the system (1.1) with the initial point (0.0001, 0.0001, 0.0001) for (m) κ = 0.1 (n) κ = 3 (p) κ = κ∗ =
3.996759 and (q) κ = 7.

(r) (s) (t) (u)

Figure 5: Phase portrait of the system (1.1) for (r) σ = 0.2 with the initial point (−0.0339,−3.3928, 0.1868). (s) σ = 0.2 with the
initial point (0.0339, 3.3928,−0.1868). (t) σ = σ∗ = 0.38126958 with the initial point (−0.0339,−3.3928, 0.1868). (u) σ = σ∗ =
0.38126958 with the initial point (0.0339, 3.3928,−0.1868).
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(w) (x) (y) (z)

Figure 6: Phase portrait of the system (1.1) for (w) σ = 1 with the initial point (−0.0339,−3.3928, 0.1868). (x) σ = 1 with the
initial point (0.0339, 3.3928,−0.1868). (y) σ = 10 with the initial point (−0.0339,−3.3928, 0.1868). (z) σ = 10 with the initial point
(0.0339, 3.3928,−0.1868).

(I) (II) (III) (IV)

Figure 7: Phase portrait of the system (1.1) with the initial point around the origin equilibrium point (0.0001, 0.0001, 0.0001) for
(I) σ = 0.2 (II) σ = σ∗ = 0.38126958 (III) σ = 1. (IV) σ = 10.

in stability, resulting in the emergence and continuous expansion of a limit cycle. This expansion pro-
gressively moves the system away from the equilibrium at the origin, which corresponds to an economic
recession. See Figures 1, 2, 3, and 4.

Also we saw that stability and similar bifurcation occur at the equilibrium point X1 and X2. By
changing the parameter σ, which is the output-capital ratio, Hopf bifurcation occurred in σ∗. This shows
that before reaching the critical value of the parameter σ∗, X1 and X2 are stable and they lose their stability
with the Hopf bifurcation. By selecting initial points around the equilibrium states, it is observed that the
equilibrium points X1 and X2 remain stable for σ < σ∗ before reaching the critical threshold. However, at
σ = σ∗ , a limit cycle is observed near them. For σ > σ∗ , the equilibrium points become unstable. In this
scenario, the equilibrium point at the origin also becomes unstable, preventing the system from moving
towards an economic recession. See Figures 5, 6, and 7.

Readers of this paper can explore various bifurcations within the model by adjusting different param-
eters. These include codimension-one bifurcations such as saddle-node bifurcation and Hopf bifurcation,
as well as codimension-two bifurcations like the Bogdanov-Takens bifurcation. Additionally, transforming
this system into a fractional-order model and analyzing the resulting bifurcations may provide valuable
insights.
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