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Abstract

This research study focuses on the notions of nano fuzzy frontier, border and exterior sets, which play an important role
in understanding the topological and algebraic aspects of fuzzy spaces. The Nano fuzzy J-open set is the new type of open set
which was utilizing Nano fuzzy semi-interior and closure operators. In this study, we define and examine the Nano fuzzy ]
frontier, border, and exterior of the Nano fuzzy J open set, as well as the essential features and interactions between them.
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1. Introduction

In 1965, fuzzy sets [12] were introduced by Lotfi A. Zadeh as a framework for modeling uncertainty,
ambiguity, and imprecision. Fuzzy sets are mathematical structures that expand traditional sets by en-
abling items to have degrees of membership rather than binary membership (0 or 1, yes or no). Fuzzy
topology [3] extends classical topology by including the idea of fuzziness or ambiguity within the defini-
tion of topological structures. Lellis Thivagar presented Nano topology [7] around 2013, an extension of
rough set theory [9] that defines topological spaces based on approximations and boundaries on a subset
in a universe utilising an equivalence relation.

Nano fuzzy topological spaces [8] are a mathematical notion that combines fuzzy topology with nano
topology, two emerging areas of study. This fusion seeks to give a more complete framework for com-
prehending and analyzing complex systems, particularly at the nanoscale. Nano fuzzy topological spaces
are valuable in disciplines including decision-making, data processing, artificial intelligence, and mod-
eling of complex systems, when systems cannot be characterized with clear-cut boundaries and instead
require a more subtle, fuzzy approach. Weaker notions of open sets have been investigated in nano fuzzy
topological spaces [10, 11]. Additionally, we have introduced a new weaker notion of open set, called the
nano fuzzy ] open set [5], and studied its properties.

*Corresponding author
Email addresses: jacks.mat@voccollege.ac.in (Simson Jackson @), judeselvam99@gmail.com (Jude Gnanaselvam @)

doi: 10.30511/mcs.2025.2075235.1522
Received: 20 October 2025 Accepted: 26 November 2025


https://doi.org/10.30511/mcs.2025.2075235.1522
https://orcid.org/0000-0002-0583-1095
https://orcid.org/0009-0000-7360-7450
https://orcid.org/0000-0002-0583-1095
https://orcid.org/0009-0000-7360-7450
https://doi.org/10.30511/mcs.2025.2075235.1522

S. Jackson, J. Gnanaselvam, Math. & Comput. Sci., 6(4) 2025, 81-88 82

Generally the concepts of frontier, border and exterior are partition the space and analyze the position
and behavior of elements within and around a set. They are particularly helpful for investigating continu-
ity, convergence, and separation features, and they are fundamental concepts in advanced mathematical
research and real-world applications such as geographical analysis, data clustering, and decision-making
models [1]. Provides a powerful analytical framework for applications in situations where decisions must
be made under high uncertainty, incomplete information, or conflicting criteria. The concepts of fron-
tier, border, and exterior of weaker notions of open sets have already been studied in various topological
spaces [2, 4, 6]. In this paper, we define the frontier, border, and exterior of nano fuzzy J-open sets and
discuss their properties.

2. Preliminaries

Definition 2.1. [12]Let X be a universe of discourse and x be any particular element of X. The fuzzy set
A defined on X is a collection of ordered pairs,

A ={lxpalx)) [x e X}
where pa (x) : X — [0,1] is called the membership function.
Definition 2.2. [12]Suppose I and ] are two fuzzy subsets (simply, Fy subset) in a set Y, then

(i) I<] < wilq) <ujlg), vYqev.
(i) I=] < Ilg)=]J(q), VqeY.
(iii) (IV'])(q) =max{I(q),J(q)}, VqeY.
(iv) (IN])(q) =min{I(q),J(q)}, VqeY.

Definition 2.3. [8]Let R be an equivalence relation on a non-empty set S. With the membership function
ur, let K be a Fy subset of S. The Nano fuzzy lower (upper) approximations and Nano fuzzy boundary
of K in the approximation (S, R), denoted by NF,(K), NF,(K), and NF,B(K), are each defined as below:

NF,(K) = {(k, ur(a)(k)) |y € kg, k € S},

NF(K) = { (k, 12, () |y € K, k€ S},
NF.B(K) = NF(K) — NF;(K),

where

urea) (k)= A\ ualy), and ugak= \/ waly.
yelklr yelklr

The collection tg(K) = {0f, 1, NF.(K), NF,(K), NF,B(K)} produces a topology known as the Nano
fuzzy topology, and (S, Tr(K)) is called a Nano fuzzy topological space (simply, NFyTS). The members
of Tr(K) are known as Nano fuzzy open sets (simply, NFyos). Members of Tg:(K) are known as Nano
fuzzy closed sets (simply, NFycs).

Definition 2.4. [8]Suppose (S,Tr(K)) is a NFy topological space. Let y be a Fy subset of S. Then:

(i) The Nano fuzzy interior of v (simply, NFyint(y)) is described as
NFyint(y) =\ {B | B < vy and B is a NFyos}.
(ii) The Nano fuzzy closure of y (simply, NFy cl(y)) is described as
NFycl(y) = A{B |y < B and B is a NFycs}.
Definition 2.5. [5]Suppose (S, Tr(K)) is a NFyTS. Let y be a Fy subset of S. Then vy is defined as

(i) A setvy is called a Nano fuzzy J open set (simply, NFyJos) if y < NFy scl (NFy sint(y)).
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(ii) A setvy is called a Nano fuzzy ] closed set (simply, NFy]Jcs) if NFy sint (NFy scl(y)) <.

Definition 2.6. [5]

(i) The Nano fuzzy ] interior of y (simply, NFy Jint(y)) is described as the union of all NFyJos’s
contained in y. That is, NFy Jint(y) = \/{B | <y and B is a NFyJos}.
(ii) The Nano fuzzy J closure of y (simply, NFy Jcl(y)) is described as the intersection of all NFy]Jcs’s
that contain y. That is, NFyJcl(y) = A{B | v < p and B is a NFyJcs}.
Remark 2.7. [5]For any o € NFyTs(S, Tr(K)), we have (NFyJcl(x))¢ = NFyJint(«®) and (NFyJint(y))¢ =
NFyJel(y©).
Proposition 2.8. [5]Let (S, Tr(K)) be a NFyTS and « € (S, Tr(K)). Then, for any Fy subset 3 < «, the following
hold:

e NFyint(B) < NFy Jint(B) < NFy sint(p).
* NFycl(B) > NFy Jcl(B) > NFy scl(B).

Theorem 2.9. [5]Let « be a Fy subset of a NFyTS (S, tr(K)). Then

(i) ocis a NFyJos if and only if o« = NFy Jint(«x).
(ii) ocis a NFy]Jcs if and only if « = NFy Jel(«).

3. Nano Fuzzy ] Frontier

Definition 3.1. Let (S, Tr(K)) be a NFyTs. Let u be a Fy subset of S. Then the Nano fuzzy J frontier of y,
denoted by NFy JFr(u), is defined by:

NFy JFr(u) = NFy Jel(p) ANFy Jel (u€).

Example 3.2. Assume S = {q,1,s,t} be the universal set, and the equivalence relation is given by: S/R =
{{q, s}, {r, t}}. Let K ={qo.41, T0.32, S0.63, to54} be a Fy subset of S.

The Nano fuzzy lower and upper approximations of K, and the Nano fuzzy boundary are: NF, (K) =
{do.41, 032, s041, tos2l, NF2(K) = {qoes, To54, S0.63, tosa}, NF.B(K) = {qo22, 1022, S0.22, to2o}. Thus, the
collection of Nano fuzzy open sets is, NFyos = {OF, 1f, NF.(K), NF.(K), NFZB(K)}. The collection of
Nano fuzzy ] closed sets is,

NFy Jes = {0, 1, NF;(K), NF;(K), NF.¢(K), NF."(K), NF.,B¢(K),
q(0.59—0.78), T(0.68—0.78), $(0.59—0.78)~ t(0.68—0,78)}~

Let u ={qo32, T0.22, 5038, to26), K =1{qo.68, T0.78, S0.62, to7a}. Then NFy Jel(w) ={qo41, T032, S0.41, to32},
NFy Jcl(n®) = {qoss, Tors, Soe2, tora). Therefore, the Nano fuzzy ] frontier of u is NFyJFr(u) =

{do.41, T032, S0.41, to32}.
Remark 3.3. For a Fy subset u of S, NFyJFr(u) is NFyJcs.

Theorem 3.4. For a Fy subset pu € NFyTs (S,tr(K)), we have NFyJFr(pu) = NFyJFr(uc).

Proof. Let pbe a Fy subset in NFyTs (S, Tr(K)). Then by Definition 3.1,
NFyJFr(p) = NFyJcl(p) A NFyJcl(p)
= NFyJcl (1) ANFy]Jcl(p)
= NFyJcl(u®) ANFyJcl((u®))
= NFyJFr(u®) (by Definition 3.1).

Hence, NFyJFr(u) = NFyJFr(uc). O
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Theorem 3.5. Let u be a Fy subset in NFyTs (S, tr(K)). Then NFyJFr(n) = NFyJcl(n) — NFyJint(p).

Proof. Let 1 be a NFyos. Then p is also a NFyJos. By Definition 3.1,
NFyJFr(p) = NFyJcl(n) ANFyJel(p¢). By Remark 2.7, we have NFyJcl(p¢) = (NFyJint(p))©.

Therefore,
NFyJFr(u) = NFyJcl(u) A (NFyJint(p))®

= NFyJcl(pn) — NFyJint(p) (using HAL® =H—1L).

Theorem 3.6. A Fy subset wg is a NFy]Jcs in S if and only if NFyJFr(po) < po.

Proof. Let py be a NFy]Jcs in the NFyTs(S, Tr(K)). Then by Definition 3.1 and the theorem 3.5,
NFyJFr(up) = NFyJcl(uo) ANFyJcl(u§) = NFyJcl(po) — NFyJint(pg). Since pp is a NFyJcs, we have
NFyJcl(uy) = po. Therefore, NFyJFr(ug) = po — NFyJint(py) < po. Hence, NFyJFr(ug) < Ho-

Conversely, assume that NFyJFr(pp) < po. Then, NFyJcl(pp) — NFyJint(pp) < po. Since NFyJint(pp) <
o, we conclude that NFy]Jcl(py) = pno. Hence, pg is a NFyJcs. O

Theorem 3.7. Let p be a Fy subset in S. If wis a NFyJos, then NFyJFr(p) < p€.

Proof. Let pu be a NFyJos in NFyTs (S, tr(K)). Then pu¢ is a NFyJcs. By theorem 3.6, NFyJFr(u¢) < p.
Also by Theorem 3.4, we get NFyJFr(p) < p°. O

Remark 3.8. The example below demonstrates that the converse of the above theorem need not be true

Example 3.9. From Example 3.2, let 1 = {qo32, T022, S038, to26}, H® = {doss, Tozs, Soe2, tora}, and
NFyJFr(pn) ={qo41, 1032, S041, to32}. Here, NFyJFr(u) < u¢, but u is not a NFy]Jos.

Theorem 3.10. Let o < 3 and 3 be any NFyJcs in S. Then NFyJFr(x) < f.

Proof. We have o < 3 = NFyJcl(x) < NFy]Jcl(). By definition of NFyJFr, NFyJFr(«) = NFyJcl(x) A
NFyJcl(x®) < NFyJcl(f) A NFyJcl(a®) < NFyJcl(). Then by theorem 2.9, NFyJcl(f) = . Hence,
NFyJFr(x) < . O

Theorem 3.11. Let p be a NFyos in NFyTs (S, Tr(K)). Then (NFyJFr(n))¢ = NFyJint(p) V NFEyJint(u¢).

Proof. Let ube a NFyos in NFyTs (S, Tr(K)). Then by definition of NFy]JFr,
(NFyJFr(w))€ = (NFyJcl(p) ANFyJel(u€))® = (NFyJel(w))© V (NFyJel ().

By remark 2.7, we have NFyJcl(n®) = (NFyJint(n))®. Therefore, (NFyJFr(un))¢ = NFyJint(p)V
NFyJint(p). O

Theorem 3.12. For a Fy subset win NFyTs (S, tr(K)), we have NFyJFr(u) < NEyFr(w).

Proof. Let p be a Fy subset in NFyTs (S, tr(K)). Then by proposition 2.8, NFyJcl(n) < NFycl(pn) and
NFyJcl(pn¢) < NFycl(pn€). By definition, NFyJFr(pn) = NFyJcl(p) ANFyJel(pn®) < NFycl(p) ANFycl(p€) =
NFvyFr(u). Hence, NFyJFr(pn) < NFyFr(u). O

Theorem 3.13. For a Fy subset win NFyTs (S, tr(K)), we have NFyJcl (NFyJFr(uw)) < NFyJFr(u).
Proof. Let ube a Fy subset in NFyTs (S, Tr(K)). Then by definition,

NFyJel (NFyJFr(n)) = NFyJcl (NFyJcl(p) A NFyJel(1))

NFy]Jel (NFyJcl(pn)) A NFyJel (NFyJel(pn))
NFyJel(p) ANFyJel(p®)

= NFyJFr(pn) (by definition of NFyJcl).

<
<

Hence, NFyJcl(NFyJFr(u)) < NFEyJFr(u). O
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Theorem 3.14. For a Fy subset 1 in NFyTs (S, tr(K)), we have NFyJFr (NFyJint(u)) < NFyJFr(uw).

Proof. Let ube a Fy subset in NFyTs (S, Tr(K)). Then by definition of NFy]JFr,

NFy]JFr (NFyJint(ut)) = NFyJel (NFyJint(n)) A NFyJel ((NFyJint(p))€)
= NFyJcl (NFyJint(p)) ANFyJel (NFyJel(u€))
< NFyJel(u) ANFyJel(p®)
= NFyJFr(p). (- NFyJc(NFyint(un)) < NFycl(u))

Hence, NFyJFr(NFyJint(n)) < NFyJFr(u). d
Theorem 3.15. For a Fy subset win NFyTs (S, tr(K)), we have: NFyJFr(NFyJcl(n)) < NFyJFr(w).
Proof. Let pbe a Fy subset in NFyTs (S, Tr(K)). Then by definition of NFy]JFr

NFyJFr(NFyJcl(p)) = NFyJcl(NFyjcl(p)) A NFyJel((NFyjel(p))€)
= NFcl(n) ANFyJcl(NFyJint(u1€))
< NFyJcl(u) ANFyJcl (1)
= NFJFr(n) (.- NFyJc(NFint(p)) < NFycl(p)).

Hence, NFyJFr(NFyJcl(n)) < NFyJFr(p). O
Theorem 3.16. If p is both a NFyJos and a NFy]cs, then: NFyJFr(p) = p/\ .

Proof. Let u be both a NFyJos and a NFyJcs. Then u¢ is also both a NFyJos and a NFyK]cs. Therefore,
NFyJcl(p) = n, NFycl(u€) = u€. Hence, by definition of NFyJFr NFyJFr(pn) = NFyJcl(p) ANFyJel(p€) =
TANTAS O

Theorem 3.17. Let w be a Fy subset in the NFyTs (S, Tr(K)). Then: NFyJint(u) < u— NFyJFr(u).
Proof. Let pbe a Fy subset in the NFyTs (S, tr(K)). Now, by definition of NFy]JFr

u—NFyJFr(n) = A (NFyJFr(u))¢
— wA INFyJcl (i) A NFyJel ()]
= uA INFyJint(u®) V NFyJint(p)]

= [WANFJint(n)]V [w A NFyJint ()]
= [WANFyJint(u®)] vV NFyJint(p)
> NFyJint(p).
Therefore, NFyJint(pn) < u— NFyJFr(u). O

4. Nano Fuzzy J Border and Nano Fuzzy ] Exterior

Definition 4.1. Let (S, Tr(K)) be a NFyTs. Let u be a Fy subset of S. Then the Nano fuzzy J-border of y,
denoted by NFy]Br(u), is defined as

NFyJBr(p) = u— NFyJint(p).

Example 4.2. Assume S ={q, 1, s, t} be the universal set and the equivalence relation be S/R = {{q, 7}, {s, t}}.
Let K = {qo.41, T0.56, S0.36, to.61} be a Fy subset of S. Then, (NFz)(K) = {qo.41,T0.41, 036, to3s}, (NFz)(K) =
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{90556, T0.56, S0.61, to.61}, NFzB(K) ={qo.15, T0.15, 50.25, t0.25)
Thus, NFyos = {0, 1f, (FzZN)(K), (FzZN)(K), BFzZN(K)} and
NFyJos = {0, 1r, NF(K), NF;(K), NF,°(K), NF;"(K),
q(0.15—0.41), T(0.15—0.41), $(0.25—0.36)~ t(0.2570.36)}-
Let u ={qo52, 7046, 5038, to.36)- Then, NFyJint(p) = {qo.41, 10.41, S0.36, to.36)-
NFyJBr(1) = {qo.11, 70.05, S0.02, to}-
Theorem 4.3. If a Fy subset wof NFyTs (S, Tr(K)) is NFy]Jcs, then NFy]Br(pn) = NFyJFr(p).

Proof. Let 1 be a NFy]Jcs subset of S. Then by theorem, NFyJcl(p) = p. Now,
NFyJFr(pn) = NFyJcl(p) — NFyJint(pn) = p— NFyJint(n) = NFy]Br(p). Hence proved. O

Theorem 4.4. For a Fy subset p of NFyTs(S,tr(K)), wis NFyJos if and only if NFy]Br(n) = Or.

Proof. Necessity: Let u be a NFyJos of S. Then by theorem, NFyJint(pn) = p. Now, NFy]Br(pn) = p—
NFyJint(p) = p—p = 0.

Sufficiency: Suppose NFyJBr(u) = Of. This implies p — NFyJint(p) = Of. Therefore NFyJint(pn) =y,
and hence p is NFy]Jos. O

Corollary 4.5. In a NFyTs, NFy]Br(0f) = Of and NFy]Br(1¢) = Or.
Proof. Since O and 1f are NFyJos, by Theorem 4.4, NFyJBr(0r) =0 and NFy]JBr(1f) = Of. O
Theorem 4.6. For a Fy subset pof NFyTs (S, Tr(K)), NFyJBr(NFyJint(n)) = Of.

Proof. By the definition of NFy]Br, NFy]Br(NFyJint(n)) = NFyJint(p) — NFyJint(NFyJint(p)). We know
that NFyJint(NFyJint(u)) = NFyJint(u), and hence NFy]JBr(NFyJint(u)) = Of. O

Theorem 4.7. For a Fy subset . of NFyTs (S, Tr(K)), NFyJBr(pn) < NFyJFr(p).

Proof. Since p < NFyJcl(n), we have p—NFyJint(u) < NFyJel(p) —NFyJint(n). This implies, NFyJBr(u) <
NFyJFr(w). O

Theorem 4.8. Let p be a Fy subset of NFyTs (S, tr(K)). Then, NFy]Br(pn) = /A NFyJel(pe).

Proof. We know that (NFyJint(p))¢ = NFyJcl(u€). Therefore, p A NFyJcl(pn€) = u/A (NFyJint(n))¢. By
using the property HAL® = H—L, we get u/\ (NFyJint(pn))¢ = p— NFyJint(u) = NFyJBr(u). Hence,
NFyJBr(p) = pANFyJel(pe). O

Theorem 4.9. For a Fy subset . of NFyTs (S, Tr(K)),

(i) NFyJint(u) V NFyJBr(p) = p
(i) NFyJint(un) A NFyJBr(u) = OF

Proof. (i) Let pp € pn. If pp € NFyJint(p), then the result is obvious. If py ¢ NFyJint(p), then by the
definition of NFyJBr(u), uo € NFyJBr(n). Hence pp € NFyJint(pn) V NFyJBr(n) and so 1 < NFyJint(p) V
NFyJBr(p).

On the other hand, since NFyJint(u) < wand NFy]JBr(pn) < u, we have NFyJint(u) V NFyJBr(u) < p.
Hence, NFyJint(u) V NFyJBr(n) = .

(ii) Suppose NFyJint(p) ANFy]Br(p) # Of. Let pp € NFyJint(u) ANFy]Br(p). Then py € NFyJint(p)
and py € NFyJBr(u). Since NFyJBr(n) = p— NFyJint(u), we have py € w. But pg € NFyJint(u), which
leads to a contradiction. Hence, NFyJint(u) A NFyJBr(u) = Of. O
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Definition 4.10. Let (S,Tr(K)) be a NFyTs. Let i be a Fy subset of S. Then the Nano fuzzy J-exterior of ,
denoted by NFyJExt(u), is defined as the Nano fuzzy interior of u°. That is,

NFyJExt(n) = NFyJint(u®).
Remark 4.11. For a Fy subset i of NFyTs (S, Tr(K)), NFyJExt(1f) =0 and NFyJExt(OF) = 1F.

Example 4.12. In Example 4.2, let i = {qo.52, T0.46, 50.38, t0.36}. Then u¢ = {qo.4s, T0.54, S0.62, to.64)-
Hence, NFyJExt(u) = NFyJint({qo.4s, 054, S0.62, to.64}) = {q0.41, T0.41, S0.36, t0.36)-

Theorem 4.13. For a Fy subset pof NFyTs (S, Tr(K)), NFyJExt(p) = (NFyJcl(p))c.

Proof. We know that NFyJint(u¢) = (NFyJcl(p))¢. Hence, NFyJExt(n) = NFyJint(u¢) = (NFyJel(p))C.
O

Theorem 4.14. For a Fy subset . of NFyTs (S, Tr(K)), wis NFy]Jcs if and only if NFyJExt(u) = pc.

Proof. Necessity: Let p be a NFyJcs of S. Then pu¢ is NFyJos. By theorem 2.9, NFyJint(u®) = pu.
Now,NFyJExt(n) = NFyJint(uc) = uc.

Sufficiency: Suppose NFyJExt(pn) = p€. This implies NFyJint(u¢) = p€. Therefore, u¢ is NFyJos, and
hence p is NFyJcs. O]

Theorem 4.15. For Fy subsets py and py of NFyTs (S, Tr(K)), the following statements are valid:

(i) NFyJExt(p V o) < NFyJExt(pg) ANFyJExt(pp)
(i) NFyJExt(puy App) < NFyJExt(p) V NFyJExt ()

Proof. (i)

NFyJExt(p; V uz) = NFyJint((u V u2)©)
= NFyJint(uf Apj)
< NFyJint(uf) ANFyJint(u3)
= NFyJExt(w) ANFyJExt(u).

(ii)

NFyJExt(pg A pz) = NFyJint((w A pa)€)
= NFyJint(pf V y3)
> NFyJint(puf) V NFyJint(us)
= NFyJExt(i1) V NFyJExt(is).

5. Conclusion

This paper introduces the concepts of Nano fuzzy J-frontier, border, and exterior for Nano fuzzy
J-open sets, along with an exploration of their properties. These developments contribute to a deeper
understanding of the topological and algebraic characteristics of fuzzy spaces. The concepts of nano
fuzzy frontier, boundary, and exterior offer an effective analytical framework for applications in scenarios
that include high uncertainty, incomplete information, or conflicting criteria. In the future, these concepts
can be applied in areas such as decision-making processes, medical diagnosis, and GIS modeling.
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