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Abstract

A more flexible and nuanced view of space and objects that are inherently ambiguous or inaccurate is made possible by
soft nano topology. Connectivity concepts play an major role in topological spaces. The classification and comprehension of the
various topological space structures is aided by connectivity. The main aspect of this article is to introduce new types of soft nano
connected space known as soft nano ic-pre generalized connected space and discuss its properties. Further, we introduce new
type of hyper connected space known as soft nano ic-pre generalized hyper connected space and look over its characteristics.
This idea makes it instinctive to comprehend topological structures and some difficult theorems, and it aids in the development
of concepts like compactness and separation axioms in soft nano topology.
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1. Introduction

The study of space, dimensions and transformation is known as topology in mathematics. In various
field, researchers lack both assurance and ambiguity about their data. To address these issues Russian
mathematician Molodtsov [3], introduced soft set theory.Nano topological space was inroduced by Lellis
thivagar [8], with respect to a subset X of the universe which is described in terms of X’s lower and upper
approximation. Benchalli S.S et al [2], developed the concept of soft nano topology. He combines the con-
cepts ofsoft sets, which deal with ambiguity, with nano topology, which deals with nano scale structures,
to provide a strong foundation for researching nano scale phenomena and their applications. In order to
comprehend the structures of soft nano topological space and examine its qualities, he also proposed a
various soft nano open sets. In topology, connectedness is one of the prominent ideas. Classifying and
comprehending the many topological space structures as well as how they relate to other mathematical
concepts applications, is made easier by connectedness. Also Connectivity allows us to gain insight into
the qualitative nature of space by focusing on properties that remain constant throughout continuous
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deformation rather than exact shapes or sizes. P. G Patil and S.S Benakanawari [4] introduced soft nano
compactness and soft nano connectedness in soft nano topological spaces. Recently, the authors [6, 7] of
this paper introduced soft nano ic-pre generalized open sets and analyzed its characteristics. We have also
introduced soft nano ic —pre generalized continuous function and its contra version. The main aspect of
this article is to introduce new types of soft nano connected space known as soft nano ic-pre generalized
connected space and discuss its properties. Further, we introduce new type of hyper connected space
known as soft nano ic-pre generalized hyper connected space and look over its characteristics.

2. Preliminaries

Definition 2.1. [3] Let U be an initial universe and M be a set of parameters. Let P(U) denote the power
set of U and A be a non empty subset M. A pair (G, A) is called a soft set over U, where G is a mapping
given by G : A — P(U). In other words, a soft set over U is a parameterized family of subsets of of the
universe U. For m € A, G(m) may be considered as the set of m—approximate elements in soft set (G, A).
Clearly, a soft set need not be a set.

Definition 2.2. [2] Let U be a non- empty finite set of objects called the universe and M be a set of param-
eters. Let S be a soft equivalence relation on U. The triplet (U, S, M) is said to be the soft approximation
space. Let X C .

(i) The soft lower approximation of X with respect to S and the set of parameters M is the set of all
objects, which can be for certain classified as X with respect to S and it is denoted by (Lgy (X), M).
that is (Lsn(X), M) = U{S(x) : S(x) C X} , where S(x) denotes the equivalence class determined bt
x e W

(ii) The soft upper approximation of X with respect to S and the set of parameters M is the set of all
objects, which can be possibly classified as X with respect to S and it denoted by (Usn (X), M). that
is (Usn(X),M) =U{S(x) : S(x) N X # &}.

(iii) The soft boundary region of X with respect to S and the set of parameters M is the set of all
objects, which can be classified neither inside X nor as outside X with respect to S and is denoted
by (Bsn(X), M) = (Usn(X), M) — (Lsn(X), M).

Definition 2.3. [2] Let U be a non-empty universal set and M be a set of parameters. Let S be a soft equiv-
alence relationon U. Let X C Uand (tsn, U,M) = {U, 2, (Lsn(X), M), (Usn(X),M), (Bsn(X), M)}
Then (tsn(X),U,M) is a soft topology on (U, M), called as the soft nano topology with respect to
X. Elements of the soft nano topology are known as the soft nano open and (tsn(X), U, M) is called soft
nano topological space. The complements of soft nano open sets are called as soft nano closed sets in
(Tsn(X), U, M).

Definition 2.4. [4] A soft nano topological spaces (tsn(X), U, M) is said to be soft nano connected if
(tTsn(X), U, M) cannot be expressed as union of two disjoint nonempty soft nano open sets in
(TSN (X)/ u/ M)

Definition 2.5. [5] A soft subset (V, M;) of soft nano topological space (tsn (X1), U, My ) is said to
(1) SN dense if Nic — PGcl (V, M) = (Uy, M1).
(i1) SN nowhere dense if Nic — PGcl (Nic — PGint (V,M;)) = (&, My).

Definition 2.6. [1] A topological space (X, T) is said to be hyper connected if V is dense for every non
empty open set V in(X, 1)

Definition 2.7. [6] A soft subset (V, M) of a soft nano topological space (tgy(X), U, M) is said to be
soft nano ic-pre generalized open set if there is a soft nano closed set (H,M) # (U, M), @ such that
[(V,M)N(H,M)] € Ngcl (Nint (Ncl(V,M))) and it is denoted by SN ic — PGO(U, M).
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Theorem 2.8. [6] Arbitrary union of SN ic — PG open sets is also SN ic — PG open.
Theorem 2.9. [6] In any soft nano topological space (tsn(X), U, M),

(i) Every SN open is SN ic — PG open.

(ii) Every SN pre open is SN ic — PG open.
(iif) Every SN regular open is SN ic — PG open.
(iv) Every SN «-open is SN ic — PG open.

(v) Every SN ic —PG openis SN 3 —open.

Remark 2.10. [6] The above theorem is also true for SN ic — PG closed.

Theorem 2.11. [6] Let (V, M) be any soft subset of (tsn(X),U,M). Then, (V,M) is the soft nano ic- pre
generalized closed if and only if Nic — PGcl(V, M) = (V, M).

Definition 2.12. [7] Let (tsn (X1), U1, My ) and (T (X2), Uz, M3 ) be soft nano topological spaces. Then
the function fsn : (tsn (X1), U, M1 ) — (tgn’ (X2), Uz, My ) is said to be soft nano ic- pre generalized
continuous if fg]lV (V, M) is soft nano ic- pre generalized open in (tsn (X;1),U;, My ) for every soft nano
open set (V, M) in (tgn’ (X2), Uz, M3 ).

Definition 2.13. [7] Let (tsn (X1), U1, M1 ) and (tgn (X2), Uz, M3 ) be soft nano topological spaces. Then
the function fsn : (tsn (X1), U, M1 ) — (tgn’ (X2), Uz, My ) is said to be soft nano ic- pre generalized
irresolute if fglll (V, M) is soft nano ic- pre generalized open in (tsn (X1),U;, My ) for every soft nano ic-
pre generalized open set (V, M) in (tgn (X2), Uz, My ).

3. Soft Nano ic - Pre Generalized Connected Spaces

Definition 3.1. A soft nano topological spaces (tsn(X), U, M) is said to be soft nano ic - pre generalized
connected if (tsn(X), U, M) cannot be expressed as union of two disjoint nonempty soft nano ic — pre
generalized open sets in (tsn(X), U, M).

Example 3.2. Let U={9,,v}, M ={{,C, ¢} ,U/S=S(X)= {{3},{v}}, X=PICU, (Lsn(X),M) =
{(Cll{ﬁ}) ’ (CZ/ {8}) ’ (C3/ {8})} - (USN (X)/ M) ’ (BSN (X)/ M) - {(gl M)}

Now, (tsn(X),U,M) = {U, @, (Lsn(X), M)} is the soft nano topology on U. Here SN open sets
are U, @, (Lsn(X),M) and SN closed sets are U 2, (Lsn(X),M)" where (Lsn(X),M)" =
{(Cll{lv}) ’ (CZ/ {/ U}) 7 (C3/ {/U})} Here SN ic — PGO(UI M) = {u/ g, (All M) s (AZI M) s (A?)/ M)}
where (All M) - {(Cll{ﬁ}) ’ (CZ/ {ﬁ}) ’ (C3/ {8})}1 (AZI M) - {(Cl/{al U}) s (CZ/ {8/ U}) ’ (63/ {ﬁlv})}/ (ASI M) -
{(Cll{ﬁl }) ’ (CZ/ {19r }) ’ (CS/ {19/ })} Hence (TSN (X)/ u/ M) is SN ic — PG connected.

Definition 3.3. A subset (V, M) of soft nano topological space (tsn(X), U, M) is said to be soft nano ic —
pre generalized connected set in (tsn (X), U, M) if (V, M) cannot be expressed as the union of two disjoint
non empty soft nano ic — pre generalized open sets in (Tsn(X), U, M).

Theorem 3.4. Every SN ic — PG connected space is SN connected.

Proof. Let (tsn(X),U,M) be SN ic — PG connected. Suppose (tsn(X), U, M) is not SN connected,
then there exists disjoint non empty SN open sets (V, M) and (G, M) such that (tsn(X), U, M) = (V,M) U
(G, M). By theorem 2.9,(V, M) and (G, M) are SN ic — PG open sets. This is contradiction to (tsn (X), U, M)
is SN ic — PG connected. Hence (tsn(X), U, M) is SN connected. O

Remark 3.5. The above theorem does not imply their reverse part by the following example.
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Example 3.6. Let U = {J,,v,u}, M = {(1,0, G} ,U/S = S(X) = {8}, {},{v, u}}, X ={du C
U, (Lsn(X), M) ={(¢1, {3}, (¢, 1O}, (G, {dN}, (Usn(X), M) ={(C1, {9, v, 1)), (C2, (8,0, 1}), (G5, {9, v, u})},

(Bsn(X), M) ={(¢1,{v, 1u}), (2, {v, 1), (G5, {v, uh )

Now (tsn(X), U,M) = {U, g, (Lsn(X), M), (Usn(X), M), (Bsn(X), M)} is the soft nano topology on
U. Here SN open setsare U, @, (Lsn(X),M), (Usn(X),M), (Bsn(X),M) and SN closed sets are
U, @, (Lsn(X), M), (Usn(X), M), (Bsn(X),M)’

where (Lsn (X), M)’ ={(G1, {,v, 1)), (G2, Lo, 1), (G, v, ),

(Usn(X), M) ={(¢1, {1, (G2, {1, (G, D}, Bsn(X), M) ={(¢1,{8,1), (C1, {9, 1), (G, {9, D).

Here SN ic — PGO(U, M) = {U, o, (Al, M) , (Az, M) ey (Alg, M)}

where (A1, M) = {((,{0}), (¢, {9}), (G5, (BN}, (Ao, M) ={(C1, {}), (G2, ), (G5, (1)),

(Az, M) = {(C1,{t}), (G Aub), (G, {uh)} (Ag, M) ={(C1,{, v}, (G, {,v}), (G5, {, v})},

(As, M) = {(C, {0}, (0, {9,1), (G0N (A, M) = {(C,{v,1}), (G, {v,ub), (G, {v, 1D} (A7, M) =
{(G, {9,v}), (C, (8,01, (G5, {9, vN}, (As, M) = {(C1,{, 1)), (G, {, D), (G, {, uh)}

(Ag, M) = {(C1, {0, u}), (G2, 1O, 1}, (G5, {0, 1)},

(A10, M) ={(G,{9,,v}), (C,{9,,v}), (G5, {D,,v})},

(A1, M) ={(G, (v, 1), (G v, 1), (G {v, uh) (A, M) ={(G, A9, , 1), (G2, 19, 1), (Ga, {9, D)), (Ags, M) =
{(¢G1,{8,v,u}), (&, {B,v, 1)), (G5,{9, v, u})} is SN connected, But not SN ic PG connected.

Definition 3.7. The soft sub sets (V, M) and (G, M) in a soft nano topological space (tsn(X), U, M) are
said to be soft nano ic — pre generalized separated if (V, M) N Nic — PGcl(G, M) = Nic — PGcl(V,M) N
(G,M) = 2.

Theorem 3.8. For the soft nano topological spaces (tsn (X1), U1, My ) and (tgyn (X2), Uz, My ) the following
statements are equivalent

i) (tsn (X1),Uq1, M1 ) is SN ic — PG connected.
ii) (tsn (X1), Uy, My ) cannot be expressed as the union of two disjoint nonempty SN ic — PG closed set in
(tsn (X1), Uy, My ).
iii) The only soft subsets which are both SN ic — PG open and SN ic — PGclosed are Uy and &
iv) Every SN ic — PGcontinuous function of (tsn (X1), U1, My ) into a SN discrete space (tgn (X2), Uz, My )
is constant.
v) (tsn (X1), Uy, My ) cannot be expressed as the union of two non empty SN ic — PG separated sets.

Proof. (i) = (ii) Let (tsn (X1), U, My ) be SN ic — PG connected space. Suppose (tsn (X1),U;, My ) =
(V,M;1) U (G, M) where (V,M;) and (G, M) are disjoint non empty SN ic — PG closed sets. Then
(V,M;) = (G,M;)’ and (G,M;) = (V,M;)’ are disjoint non empty open sets in (tsn (X1), U, My ).
This is a contradiction to (tsn (X1), Uy, M1 ) is SN ic — PG connected. Hence (ii) holds.

(il) = (i) Assume that (tsn (X1),U;, M ) cannot be expressed as the union of disjoint non empty
SN ic — PG closed sets. Suppose (tsn (X1),U1, My ) = (V,M1) U (G, M;) where (V,M;) and (G, M)
are disjoint non empty SN ic — PG open sets. Then (V,M;) = (G, M;)" and (G,M;) = (V,M;)’ are
disjoint non empty SN ic — PG closed sets in (tsn (X1),U;, My ). This is a contradiction to (ii). Hence
(tsn (X1),Uq, My ) is SN ic — PG connected.

(i) = (iii)Suppose (tsn (X1), U, M1 ) be SN ic — PG connected space. Let (V, M;) be non empty
proper soft subset of (tsn (X1),U;, My ) that is both SN ic — PG open and SN ic — PG closed. Then
(V,M;)’ is non empty SN ic — PG open and (tsn (X1), U, M1 ) = (V, M) U(V, M;)’. This is a contradic-
tion to (tsn (X1), Uz, M7 ) is SN ic — PG connected.

(iii) = (i) suppose (tsn (X1), U, My ) = (V,M1) U (G, M) where (V,M;) and (G, M;) are disjoint
non empty SN ic — PG open sets. Then (V,M;) = (G, M;)’ is SN ic — PG closed. Thus (V, M;) is non
empty proper subset that is both SN ic — PG open and SN ic — PG closed. This is a contradiction to (iii) .
Hence (tsn (X1), U1, My ) is SN ic — PG connected.

(ii1) = (iv) let fsn be SN ic — PG continuous function from (tsn (X1),U;, M7 ) into a soft nano
discrete space (tsn (X2),Uz, My ). Then for each (G,My) € (tsn (X2),Uz, My ), fglll(G,Mz) is both



P. Vijayalakshmi, C. Reena, Math. & Comput. Sci., 6(4) 2025, 64-73 68

SN ic — PG open and SN ic — PG closed. Since by (iii), fg&, (G,My) = @ or U;. If fgﬁl (G,My) = &
for all (G, M) € (tsn (X2),Us, M5 ), then fgn fails to be function. Hence f§111 (V, M) = U for a unique
(V,M2) € (tsn (X2), Uy, My ).This implies fsn {(U1, M1)} = (V, M2) and hence fsy is a constant function.

(iv) = (iii) Let (A, Mj)be both SN ic — PG open and SN ic — PG closed set in (tsn (X1), Uy, My ).
Suppose (A, M;) # @, we claim that (A, M;) = (tsn (X1), Uy, My ). Otherwise, choose two fixed points a

. . a x€((AM
and b in Uz. Define fSN : (TSN (Xl),ul, M1 ) — (TSN/ (Xz),Uz, Mz ) by fSN(X) = { b Oth(,eTWiSl()B

. Then for any SN open set (V, M) in (tgn’ (X2), Uz, M3 ), f SN (V, M) equals (A, M) if (V, M;) contains
a but not b, equals (A, M;)" if (V, M;) contains b but not a, equals(tsn (X1), Uy, My ) if (V, M;) contains
a and b and equals @ otherwise. In all cases fgll, (V, M) is SN ic — PG open. Hence fsy is non constant
SN ic — PG continuous function of (tsn (X1),Us, My ) to (Tgn- (X2), Uz, My ). This is a contradiction to
our assumption. This proves that the only soft subsets which are both SN ic — PG open and SN ic —
PGclosed are U; and @.

(i) = (v) Suppose (tsn (X1), U, My ) = (V,M1) U (G, M1) where (V,M;) and (G, M) are disjoint
non empty SN ic — PG separated sets in  (tsn (X1),U;, My ). Since (V,M;) N Nic — PGcl (G, M) =
@ ,Nic —PGcl(G,M;) C (V,M1)" = (G,M;) and hence Nic — PGcl(G,M;) = (G, M;) and by Theorem
2.11, (G,My) is SN ic PG closed. Hence (V, M;) is SN ic PG open. Similarly (G, M;) is SN ic PG open.
Hence (tsn (X1),Uq, My ) is not SN ic — PG connected. This is a contradiction to (1).

(v) = (i) Suppsose (Tsn (X1),U;, My ) is not SN ic — PG connected. Then (tsn (X1), U, My )
can be written as  (tsn (X1), Uy, M1 ) = (V, M) U (G, M;) where (V,M;) and (G, M;) are disjoint non
empty SN ic — PG open sets. Now (V,M;) = (G,M;)’ is SN ic — PG closed and hence by theorem
2.11, Nic — PGcl (V,M;) = (V,M;) and so Nic —PGcl(V,M1) N (G, M) = @. Similarly, (V, M) N Nic —
PGcl (G, M) = @.Thus (V,M;) and (G, M) are SN ic — PG separated. This is a contradiction to (v). [

Theorem 3.9. SN ic PG separated sets are always disjoint.

Proof. Let (A,M) and (G, M) be two SN ic — PG separated sets. Then (A, M) N Nic —PGcl(G,M) =
@ = Nic—PGcl(A,M)N (G,M).Now (A,M)N(G,M) C (A,M)NNic—PGcl(G,M) = @&. Then(A,M)N
(G,M) = @, Hence (A, M) and (G, M) are disjoint.

O

Theorem 3.10. If (V,M) C (A, M) U (G, M) where (V, M) is SN ic — PG connected set and (A, M), (G, M) are
SN ic — PG separated set, then either (V, M) C (A, M) or(V,M) C (G, M).

Proof. Suppose (V,M) ¢ (A,M) and (V,M) ¢ (G,M). Let (V;, M) = (A, M)N(V,M) and (Vo, M) =
(G,M)N(V,M). Since (V,M) C (A, M) (G,M),(V1,M) and (V,, M) are non empty sets and (Vi, M) U
(Vo,M) = [(A,M) N (V,M)IU[(G,M)N(V,M]] = ( ,M)U(G,M)IN(V,M) = (V,M). Since (V;,M) C
(A,M) and (V,,M) C (G,M) and (A, M), (G,M) are SN ic — PG separated sets, Nic — PGcl(V;,M) N
(Vo,M) C Nic—PGcl(A,M)N(G,M) = & and

(Vi, M)NNic—PGcl(V,, M) C (A,M)NNic—PGcl(G,M) = @. Then (V1,M), (Vo, M) are SN ic — PG
separated sets such that (V, M) = (V;, M) U (V,, M). Hence by theorem 3.8(v), (V, M) is not SN ic — PG
connected which is a contradiction to (V,M) is SN ic — PG connected. Hence either (V,M) C (A, M)
or(V,M) C (G,M). O

Theorem 3.11. If (V, M) is SN ic — PG connected, then Nic — PGcl(V, M) is also SN ic — PG connected set.

Proof. Let (V,M) be SN ic — PG connected set. Suppose Nic — PGcl(V, M) not SN ic — PG connected
set, then by theorem 3.8(v), there exist a SN ic — PG separated sets (A, M) and (G, M) such that Nic —
PGcl(V,M) = (A,M)U (G, M). Since (V, M) is SN ic — PG connected set and (V, M) C Nic—PGcl(V,M) =
(A,M) U (G,M). Then by theorem 3.10, either (V,M) C (A,M) or(V,M) C (G,M). If (V,M) C (A,M),
then Nic — PGcl(V,M) C Nic —PGcl(A,M). Since (A,M) and (G, M) are separated sets, by theorem
39, (ALM) # @, (G,M) # @ and Nic —PGcl(V,M)N(A,M) € Nic—PGcl(G,M)N (A,M) = @ and
hence (A,M) C (Nic—PGcl(V,M))". Also (A,M) C (A,M)U (G,M) = Nic — PGcl(V,M), (A,M) C
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(Nic —PGcl(V,M)) N (Nic — PGcl(V,M)) = @. This is contradiction to(A, M) # &. Similarly, if (V, M) C
(G, M) we get contradiction to (G, M) # @. Hence Nic — PGcl(V, M) is also SN ic — PG connected. O

Theorem 3.12. Let (V,M) be a SN ic — PG connected subset of (tsn(X), U, M ).If (G,M) is a subset of
(tsn(X), U, M) such that (V,M) C (G,M) C Nic—PGcl(V, M), then (G, M) is SN ic — PG connected.

Proof. Suppose (G, M)is not SN ic — PG conneced. By theorem 3.8(v), there exists two non empty SN ic PG
separated sets (A, M) and (B, M) such that (G,M) = (A, M) U (B, M). Since (V,M) C (G,M) = (A,M)U
(B,M) and by theorem 3.10, (V,M) C (A,M) or (V,M) C (B,M). If (V,M) C (A,M) implies that
Nic —PGcl(V,M) C Nic — PGcl(A, M). Now Nic —PGcl(V,M)N(B,M) C Nic —PGcl(A,M)N(B,M) =
@ which implies Nic — PGcl(V,M) N (B,M) = @. Also (A,M)U (B,M) = (G,M) C Nic —PGcl(V,M),

U (b,
(B,M) C (G,M) C Nic—PGcl(V,M). Hence Nic —PGcl( M)N(B,M) = (B,M). Then (B,M) =
which is contradiction to (B, M) is non empty. Similarly, (V, M) C (B, M), we get contradiction to (A, M)
is non empty. Hence (G, M) is SN ic — PG connected. O

Theorem 3.13. If (V,M) and (G, M) are SN ic — PG connected subset of (tsn(X), U, M ) such that (V,M) N
(G,M) # @ then (V,M) U (G, M) is a SN ic — PG connected subset of (tsn(X), U, M ).

Proof. Suppose that (V,M) U (G, M)is not SN ic — PG connected. Then by theorem 3.8(v), there exist
a two SN ic — PG separated sets (A, M) and(B, M) such that (V,M)U (G,M) = (A,M) U (B, M). Since
(A,M) and (B, M) are SN ic — PG separated, (A, M) and (B, M) are non empty sets and (A, M)N (B, M) C
Nic —PGcl (A,M)N (B,M) = @. Since (V,M) C (V,M)U (G,M) = (A,M)U(B,M), (G,M) C (V,M)U
(G,M) = (A,M)U(B,M) and (V,M) and (G, M) are SN ic — PG connected by theorem 3.10, (V,M) C
(A,M)or (V,M) C (B,M) and(G,M1) C (A,M;) or (G, M1) C (B, My).

Case (i) If (V,M) C (A,M) and (G,M) C (A,M) then (V,M)U (G,M) C (A,M) and so(V,M) U
(G,M) = (A,M). Since (A, M) and (B, M) are disjoint, (B, M) = @ which contradiction to (B, M) is non
empty. Similarly if (V,M) C (B, M) and (G, M) C (B, M) we get the contradiction.

Case (ii) If (V,M) C (A,M) and (G,M) C (B,M) then (V,M)N(G,M) C (A,M)nN (B,M) = @. Then
(V,M)N(G,M) = & which is contradiction to (V,M) N (G,M) # @. Similarly if (V,M) C (B,M) and
(G,M) C (A, M), we get the contradiction. Hence (V, M) U (G, M) is a SN ic — PG connected. O

Theorem 3.14. Let fsn : (Tsn (X1), U, M1 ) — (tgn7 (X2),Up, My ) be a SN ic — PG continuous surjection
and (tsn (X1), Uz, M1 ) be SN ic — PG connected. Then (tgn (X2), Uz, My ) is SN connected.

Proof. Suppose that (tgn’ (X2), Uz, My ) = (V,M2) U (G, M3) where (V,M;) and (G, M3) are disjoint non
empty SN open sets of (Tgn (X2), Uz, My ). Since fsn is SN ic — PG continuous surjection,

fsn (Tsn (X1), Up, M1 ) = (Tt (X2), Uz, My ) implies (tsn (X1), Uy, My ) = fg3 (Tsn (X2), Up, My ) =
fg%, ((V,M2)U(G,M,)) = fgﬁl (V,My) U fglll (G, M3) where fgll\l (V,M;) and fgllw (G, My) are disjoint non
empty SN ic — PG open sets in (tsn (X1),U;, My ). This is a contradiction to (tsn (X1), U, My ) is
SN ic — PG connected so (tgpn- (X2), Uz, My ) is SN connected. O

Theorem 3.15. Let fsn @ (Tsn (X1), U, My ) — (tgn (X2), Uz, My ) be a SN ic — PG irresolute surjection. If
(tsn (X1), Uy, My ) is SN ic — PG connected so (tgn (X2), Uz, My ).

Proof. Suppose that (TN’ (X2), Uz, M3 ) = (V, M2) U (G, M) where (V, M;) and (G, M;) are disjoint non
empty SN ic — PG open sets of (tgn (X2), Uz, My ). Since fsn is SN ic — PG irresolute surjection,

fsn (Tsn (X1), U, My ) = (tonr (X2), Uz, M, ) implies (TSN (X1), Uy, My ) = ng (ton’ (X2), Uz, Mo ) =
fgll\J ((V,M2)U(G,M,)) = ng (V,M>) UfSN (G, M3) where fSN (V,M;) and ng (G, M) are disjoint non
empty SN ic — PG open sets in (tsn (X1),U;, My ). This is a contradiction to (tsn (X1), U1, My ) is
SN ic — PG connected and so (tgpn- (X2), Uz, M2 ) is SN ic — PG connected. O
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4. Soft Nano ic - Pre Generalized Hyper Connected Spaces

Definition 4.1. A soft subset (V, M) of soft nano topological space (tsn(X), U, M) is said to
(1) SN ic — PG dense if Nic — PGcl(V,M) = (U, M).
(i1) SN ic — PG nowhere dense if Nic — PGint (Nic — PGcl(V,M)) = (&, M).

Definition 4.2. A soft nano topological space (tsn(X), U, M ) is said to be soft nano ic — pre generalized
hyper connected if (V,M) is SN ic — PG dense for every non empty SN ic — PG open set (V,M) of
(TSN (X)/ um )

Example 4.3. Let U = {J,,v,u}, M = {(,Q, Gt ,U/S = S(X) = {8},{},{v, u}}, X =1{C
U, (Lsn(X), M) ={(¢1,{}), (&, (D), (G, P} = (Usn(X), M), (Bsn(X), M) ={(2, M)}.
Now, (tsn(X),U,M) = {U, o, (Lsn(X), M)} is the soft nano topology on U. Here SN open sets
are U, @, (Lsn(X),M) and SN closed sets are U, @, (Lsn(X),M)" where (Lsn(X),M)" =
{(C, {0,v,1}), (G2, {9, v, 1)), (G5, {9, v, u})}. Here SN ic—PGO(U,M) ={U, g, (A1, M), (A2, M) ..., (A7, M)}
where (A1, M) ={(C1,{}), (C,{}), (G, {1} (A2, M) ={(C1, {,v}), (G, {,v}), (G, {,vD} (As, M) = {(G, {9, }), (2, {9, }),
(Ag, M) = {(C1, {, 1)), (G D), (G, L nb),
(As, M) ={(¢1,{9,,v}), (¢, {D,,v}), (G, {D,, v},

(A6/ M) = {(Cl/{/ v, H}) s (CZ/ {/ v, H'}) s (CS/ {/ v, H})}/ (A7l M) = {(Cll{sll I'L}) s (CZI{{)// M}/ (C3/ {8// P-}))}
Here every nonempty SN ic — PG open set in (tsn(X), U, M ) is SN ic — PG dense in (tsn(X), U, M ).

Theorem 4.4. Let (tsn(X), U, M) be soft nano topological space. Then the following are equivalent

(i) (tsn(X),U,M ) is SN ic — PG hyper connected.

(ii) (V, M) is SN ic — PG dense or SN ic — PG nowhere dense for every soft subset (V, M) of (tsn(X), U, M ).
(iii) (V,M)N (G, M) # (&, M) for every non empty SN ic — PG open subsets (V, M) and (G, M) of
(Tsn(X), U, M ).

Proof. (i) = (ii) Let (tsn(X),U,M ) be SN ic — PG hyper connected and (V, M) be soft subset of
(tsn(X), U, M ). Assume (V, M) is not nowhere dense.

Then Nic — PGcl (Nic — PGel(V,M))’ = (Nic—PGint (Nic —PGcl(V,M)))’ # (U, M). Since Nic —
PGint (Nic — PGcl(V,M)) # (&, M), so by (i) ( Nic — PGcl (Nic — PGint (Nic — PGcl(V,M))) = (U, M).
Since Nic — PGcl( Nic — PGint (Nic — PGcl(V,M)) = (U,M) C Nic—PGcl(V,M).

Then Nic — PGcl(V,M) = (U, M). Hence (V, M) is SN ic — PG dense.

(il) = (iii) Suppose that (V, M) N (G, M) = @ for some nonempty SN ic — PG open sets (V, M) and
(G,M) of (tsn(X),U,M ). Then Nlc—PGcl( M)N(G,M) = @ and (V,M) is not SN ic — PG dense.
Since (V,M) is SN ic — PG open and non empty, (V,M) C Nic — PGint (Nic —PGcl(V, M)) which
implies Nic — PGint (Nic — PGcl(V,M)) # (&, M). Hence (V, M) is not SN ic — PG nowhere dense. This
is a contradiction.

(iii) = (1) Let (V,M) N (G,M) # (&, M) for every non empty SN ic — PG open sets (V,M) and
(G,M) in (tsn(X), U, M ). Suppose that (tsn(X), U, M ) is not SN ic — PG hyper connected, then there
is non empty SN ic — PG open sets (V, M) of (tsn(X), U, M ) such that (V, M) is not SN ic — PG dense,
thus Nic — PGcl(V, M) # (U, M). Hence (Nic —PGcl(V,M))’ and (V, M) are disjoint nonempty SN ic —
PG open sets in (tsn(X), U, M ). This is a contradiction. Hence (tsn(X), U, M ) is SN ic — PG hyper
connected. O

Theorem 4.5. Every SN ic — PG hyper connected space is SN ic — PG connected.

Proof. Let (tsn(X),U,M ) be a SN ic — PG hyper connected space. Suppose SN ic — PG disconnected.
Then, there exist SN ic — PG open sets (V, M) and (G, M) in (tsn(X), U, M ) such that (V,M)N (G,M) =
@ and (V,M)U (G,M) = (tsn(X), U, M ). This is a contradiction to above theorem. Hence (tsn(X), U, M )
is SN ic — PG connected. O
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Remark 4.6. The above theorem does not imply their reverse part by the following example.

Example 4.7. Let U={9,,v,1,p}, M ={C, (, G}, W/S={u}, {9,}, {v,pl},
X=,wcCu, (Lsn(X),M)={(C1, {8}, (G, {O}), (us, {9},
(Usn(X), M) ={(C1,{O,v,0}), (G, {dv,pb, (GO v, ph},
(Bsn(X), M) = {(¢1,{v, p}), (G2, {v, p}), (G5, {v, P})} .
Now, (tsn(X),U,M) ={U, 3, (Lsn(X), M), (Usn(X), M), (Bsn (X), M
Here SN opensetsare U, @, (Lsn(X), M), (Usn(X),M), (Bsn(X), M).
SN closed setare U, @, (Lsn(X),M)’, (Usn(X),M)’, (Bsn(X),M)" where
(Lsn(X), M) ={(C1, Lu, w01, (G, v i, 01, (Ga (v, 1, D)),
(Usn(X), M) ={(&1, {, D), (G2, (1)), (Ga,{, uh)),
(Bsn(X), M) ={(&1,{9,, 1)), (G2, {8, 1}), (G5, 19, uh)).
Here SN ic — PGO(U,M) ={U, &, (A1, M), (A, M) ,, ..o, .. , (A16, M)}
where (A1, M) ={((,{0}), (C2,{9}), (G5, (BN} (A2, M) = {(C1, {v}), (C2, {V}), (G5, {V])),
(Az, M) ={(C1,{p}), (G2, {p}), (C3, {PD}, (Ag, M) ={(C1,{D,V}), (2, {D,v}), (G5, {D,V])},
(As, M) ={(C1,{v, 0}, (G2, {v, p}), (G5, {v, P})},
(A, M) ={(C1, {9, 0}), (C2, {9, P}, (G5, {D, p})}
(A7, M) ={(C1,{9,,v}), (G2, {D,,v}), (G5, {D,,v})},
Ag, M) ={(C1, {O,v,11}), (G2, {B,v,1}), (G5, {9, v, ub)},
Ag, M) ={(¢1, {9, 1, p}), (C2, {0, 1, p}), (G5, {9, 1, P11,

)} are soft nano topology on U.

(

(

(A10, M) ={(¢1,{,, 0}, (G2, 9, 01, (T3, 19, p1)},
(A1, M) ={(G1, (v, 0}), (G2, (D0, 0}), (G5, (9,0, p1)},
(A, M) ={(¢1,19,,v,1u}), (G, (D,,v, 1)), (C3,{D,, v, u})},
(A3, M) ={(¢1,{9,, 1w, p}), (G2, {D,, 1, 0}), (G5, {D,, 1w, PP},

(A14/ ) - {(C]_/ {19/ /Y, p}) (CZ/ {Br /Y, p}) s (C3/ {19/ /Y, p})}/
(AlSI M) - {(Cll{ﬁl v, Y, p}) 7 (CZ/ {19/ v, Y, p}) ’ (C3/ {8/ v, Y, p})} is SN ic — PG ConneCted~ But not SN ic —
PG hyper connected.

Theorem 4.8. A soft nano topological space (tsn(X), U, M ) is SN ic — PG hyper connected then the intersection
of any two SN ic — PG open sets is also SN ic — PG open .

Proof. Let (tsn(X),U,M ) be SN ic — PG hyper connected space and (V, M) and (G, M) be SN ic — PG
open sets. Then by theorem 4.4,(V,M) N (G,M) # (&, M) for every non empty SN ic — PG open
sets (V,M) and (G, M) in (tsn(X),U,M ). Since (V,M) is SN ic — PG open set, [(V,M) N (H,M)] C
Ngcl (Nint (Ncl(V, M))) for any soft nano closed set (H, M) # (U, M), @ and also since (G, M) is SN ic —
PG openset, [(G, M) N (H,M)] € Ngcl (Nint (Ncl(G, M))) for any soft nano closed set(H, M) # (U, M), &
Then [(V,M)N (H,M)IN[(G,M) N (H,M)] C

Ngcl(Nint(Ncl(V,M))) N Ngcl(Nint(Ncl(G, M)))

[(V,M)N(G,M)]N(H,M) C Ngcl(Nint(Ncl(V,M)) N Nint(Ncl(G, M)))
C Ngcl(Nint(Ncl(V, M) N Ncl(G, M)))
C Ngcl(Nint(Ncl((V,M) N (G, M))))
which implies (V, M) N (G, M) is also SNic — PG open sets. O
Theorem 4.9. Let (tsn(X), U, M ) be soft nano topological space. Then the following are equivalent

(i) (tsn(X),U,M ) is SN ic — PG hyper connected.
(ii) (tsn(X), U, M ) has no proper disjoint SN ic — PG open sets (V, M) and (G, M)such that (U, M) = Nic —
PGcl(V,M)U (G,M) = (V,M) UNic—PGcl(G, M)
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(iii) (Tsn(X), U, M )does not have proper SN ic — PG closed sets (A, M) and (B, M)such that (U,M) =
(A,M)U (B,M) and Nic — PGint(A,M)N(B,M) = (A, M) N Nic — PGint(B,M) = (&, M).

Proof. (i) = (ii) Assume that there exists two proper disjoint SN ic — PG open sets (V, M) and (G, M)such
that (U,M) = Nic —PGcl(V,M)U (G,M) = (V,M)UNic—PGcl(G,M). Nic— PGcl(V,M) is non
empty SN ic — PG closed set. Since (V,M)N (G,M) = &, Nic — PGcl(V,M)N (G,M) = @. This im-
plies Nic — PGcl(V, M) # (U, M). This is contradiction to (tsn(X), U, M ) is SN ic — PG hyper connected.

(il) = (iii) Suppose there exists two proper non empty SN ic — PG closed sets (A, M) and (B, M )such
that (U,M) = (A,M)U (B,M), Nic — PGint(A,M) N (B,M) = (A,M) N Nic — PGint(B,M) = (&, M).
Then (V,M) = (A,M)’, (G,M) = (B,M)’ are non empty SN ic — PG open sets Then Nic PGcl(V,M) U
(G,M) = Nic—PGcl(A,M)'U(G,M) = (Nic — PGint(A,M))'U(G,M) = (Nic — PGint(A,M)) U(B,M)’ =
(U, M), which implies Nic — PGcl(V,M) U (G, M) = (V,M) U Nic — PGcl(G,M) = (U, M). This is a con-
tradiction to (ii).

(iii) = (i) Suppose (tsn(X), U, M ) is not SN ic — PG hyper connected. Then there exist proper
non empty SN ic — PG open sets (V, M) of (tsn(X), U, M ) such that Nic — PGcl(V,M) # (U, M). Then
Nic — PGint (Nic —PGcl(V,M)) # (U, M). Take Nic — PGcl(V,M) = (A, M) and

(Nic — PGint (Nic —PGcl(V,M)))’ = (B, M). This implies (A, M)U (B,M) = (Nic — PGcl(V,M)) U
(Nic —PGint (Nic—PGcl(V,M)))" = (Nic —PGcl(V,M)) UNic —PGcl ((Nic — PGcl(V,M))’) =

(Nic — PGel(V,M)) U Nic — PGcl(A,M)" = (A,M)U(A,M)’ = (U,M). Since (A,M) SN ic — PG
closed set, then Nic — PGint (Nic — PGel(V, M)) N (Nic — PGint (Nic — PGcl(V,M)))’ = (&, M).

This implies Nic — PGel(V, M) N Nic — PGint (Nic — PGint (Nic — PGel(V, M)))’ = Nic—PGel(V, M) N
Nic—PGint (Nic — PGel (Nic — PGel(V, M))’) = Nic—PGcl(V,M)NNic—PGint (Nic — PGcl(A,M)’) =
(A, M)N(A,M)" = (&,M). Since (A,M)’ is SN ic — PG open set. Thus (tsn(X), U, M ) has two proper
SN ic — PG closed set.(A,M),(B, M) such that (U, M) = (A,M)U (B,M) and Nic — PG int (A,M) N
(B,M) = (A,M) N Nic—PGint (B, M) = (&, M). This is contradiction to (iii). O

5. Conclusion

Connectivity makes it easier to categorize and understand the many topological space structures and
how they relate to other mathematical concepts and applications. In this work, we examined the features
of SN ic — PG connected space in soft nano topological spaces and also studied its properties. Also, we
introduced the idea of SN ic — PG hyper connected space and used relevant examples of its characteristics
to further support our findings. It may be feasible to develop this work and look into other concepts like
separation axioms and compactness.
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