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sophic nano topological spaces. The study establishes their role in extending continuity concepts for handling uncertainty and
indeterminacy.

Keywords: Neutrosophic Nano 3-continuous mapping, Neutrosophic Nano (3-open, Neutrosophic continuous function, Nano
continuous function, Neutrosophic Nano open sets, Neutrosophic open sets, Nano open sets, Neutrosophic (3-open sets, Nano
[3-open sets

2020 MSC: 54A40, 03E72, 54C08.
©2026 All rights reserved.

1. Introduction

The study of broadened forms of continuity has played a central role in advancing modern topology
and its applications. In recent years, neutrosophic theory has emerged as a strong instrument for handling
ambiguity, vagueness, and insufficient information within mathematical structures. When combined with
nano topological concepts, it provides a refined framework for analyzing spaces that arise in uncertain
or granular settings. The concept of neutrosophic nano (3-continuous functions is presented as a logical
extension of continuity that incorporates both the neutrosophic approach to indeterminacy and the nano
perspective of refinement. Such functions preserve the structure of 3-open sets under inverse mappings,
thereby creating opportunities to explore new relationships between classical continuity, nano continuity,
and other generalized forms. This investigation not only broadens the theoretical foundation of neutro-
sophic topology but also sets the stage for potential significance for systems, analysing data, as well as
decision-making characterized by uncertainty.
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2. Preliminaries

Definition 2.1. [3] Let X be a non-empty set. A Neutrosophic (Neut.). set A C X is specified as A ={< x,
HA(X), 0A(X), YA (x)>x € X } such that pa (x), 0a(X), YA (x) denote respectively the degree of membership,
indeterminacy & non-membership of each object x in A.

Definition 2.2. [5]
Let U be the universe, R an equivalence relation on 4 & T (X) = { Y, ¢, Le(X), Uxr(X), B(X)}, X C 4.
The collection tx(X) holds the below properties:

(1) Yand ¢ € tx(X)
(ii) The union of any sub-collection of tx(X) is also in Tx (X).
(iii) The intersection of any finite subcollection T (X) is in Tx (X).

Hence 1 (X) defines a nano topology on 4 on X. The pair (4, Tx(X)) as the nano topological space
and the members of T (X) are referred to as nano-open sets.

Definition 2.3. [4]

The non-empty set 4l and the equivalence relation R on 4l are assumed to exist. With the membership
function py, the indeterminacy function oy, and the non-membership function yy, let H be a neut. set
in Y. The neutrosophic nano border of H in the approximation (4, i), the neutrosophic nano lower ap-
proximation, and the neutrosophic nano higher approximation are indicated by 9y (H), 9 (H), By, (H)
are respectively classified as follows:

N (H) ={{x, uo (o) (X), O (0) (%), Yor (o) (%)) / yelxly, x € U}

Non (M) = (%, bigz ) (X), O30y (¥), Vo) (¥) )/ el x € W)

B, (H) = 9 (H) — N (H)

where ux (¢)(x) = /\ eixdo B ¢¥), 0o (0) (X)) = Ayepa, 9c¥) Yor(o)(¥) =V yepn,, Ye(X)

Uﬁ(c)(x) =V yelxly He\X), Gﬁ(c)(x) =V yelxly o¢(x), Yﬁ(c)(x) = /\ye[ 1w YC X)

Definition 2.4. [4] Let { & PR denotes universe & equivalence relation on Y and H refers a neut. set in {{
and if the class Tn(H) = {On , In, 9 (H), N (H), B, (H) } creates a topology, it is referred to as a 9Ny
topology. We call (4, Tn(H)) as the 9ty TS. The objects of T (H) are symbolized 91y open sets.

Definition 2.5. [4]

Let (U, T~n(H)) be a Dy TS and S = < x, us(x), os(x), vs(x)> be a Neut. set in X. Then the Dty closure
and 9y interior of S are specified by

Nyl (S) =N { K :Kisay CSsin X and S C K}

‘ﬁmmt(S) U{G:GisaMyn OSsin Xand G C A}

Definition 2.6. [3]

Let 4l # ¢ and the neutrosophic subsets (briefly, Neut subs’s) P & Q in the form P = {x : up(x), op(x),
Yp(x), x € U}, Q={x: ug(x), 0a(x), Yya(x), x€ U }. Thus the statements are hold:

H)O0Nn=1{x,001:xeil}.

(i) In=1{x,1,1,0: x e U }.

(iii) P € Q & pp(x) < Ho(x), 0p(X), < 09(X), Y(x) 2 vo(x) Vx € U }.

(iv)P=Q&PCQand QC?

(V) P€ = {x, yp(x), 1-0p(x), yp(x) : x € U}

(Vi) PNQ = {x, pp(x) A no(x) , 0p(x) A 0a(x), yp(x) V yo(x) Vx € L }.

(vil) PUQ = {x, pp() V 1a(x), 03(x) V 00(x), Yp() A ya(x) ¥ x € 8L }.

Definition 2.7. [1]
Let (&, T2(S)) symbolise an gy Topological Space (TS). The 9y subset K of U is called the Neutro-
sophic Nano {3 - open(notated by 9l 3-open) if K € Iycl(MNyrint (N, cl(K))).
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Definition 2.8. [1]
(i) The 9y B-interior is the culmination of all 91y 3-OSs included in A & is represented by 91y 3 -int.
(ii) The intersection of all 91y 3-CSs containing A is called the 1y 3-closure and it is notated by 9o 3-cl.

Definition 2.9. [2]

(i) P ={(z,up(z),0p(2),vp(z)) : z € Z} is a neut. set in Z, then the pre-image of P under f, notated by
f~1(P), is the neut. set in Y specified by

f1P) = {(y, f U up)y), fHop)y), Fvr)y)):y eVl

(i) I D ={(x,up(x),op(x), YD (X)) : X € X} is a neut. set in X, then image of D under f, notated by (D)
is the neut. set in Y specified by (D) = (y, f(up)(y), flop)(y), 1 —f(1 —vp)(y)) :y € Y}, where

PP |

_ [sup, gy p(x), if fH(y) # @
f — XE€ y )
(ko) (y) { 0, otherwise

7

eoe—1
_ [suPyepayy oD(X), if T(y) # @
flop) (y) { 0, otherwise

o _ [infy ey v (), if FlY) # 2
1-f1-vplly) = { 1, otherwise

3. Neutrosophic Nano 3-Continuous function

Definition 3.1. A function k:( 4, Ty, (&) = (B, T:,,(2B)) is called Neutrosophic Nano -continuous(9x
B - cts) function if k" }(R) is My B-open in i for each Ny OS R in B.

Example 3.2. Consider 4 = {cy, ¢y, c3,ca} and U \ R = {{c1, c2}, c3,ca}. Define an Neut. subset H C 4 5
H= () (i) (mafis )« (o)}
02,0407 03,0406 /7 \ 020508/’ \ 040407
Then Oy (H) = { < 030405 > < 020508 > / < 080407 > } Nn(H) = { < o.zc,(l).z,zo.7> < 020508 > / < o.4,oc.i,o.7> }

and Boyy, (H) = {<o.3c,<l).2,0.6> <0.2,0C.35,0.8> ‘ <0‘4,0.4,o.7>}
Thus T, (L) = {On, In, Nn(H) , Ne(H) , Bory, (H)}
Also B = {dj, dp, d3, dg} and B \ R = {{ dy, d4}, do, d3}

- d d d d
Define an Neut. subset TC B > T = {<0.4,0.§,0.3> ’ <o.5,0.%,0.4> ’ <0.3,o.;,0.5 > ’ <0,3,0.46,0.4 > }
di,dy d ds dy,dy d ds
Then (T) = { < 0207,03 > ’ < 050.7,04 > ’ < 0.3,0.7,05 > } Nn(T) = { < 03,0604 > < 0.5,0.7,0.4> ’ < 030.7,05 > }
dy,dy d ds
and Bony, (T { < 04,0.7,03 > ’ < 05,0.7,04 > ’ < 03,0705

Thus Tmm(%) = ON/ 1N/ sﬁ‘ﬁ(T) s m‘ﬁ(T) ’ B‘ﬁm (T)}
Then k:( 4, Ty, (L)) = (B, T™:,(B)) is a function specified by k(ci) =d; ,i=1,2,3, 4.

; - dy,dy dy ds
Consider the set B = {<0.4,0.7,0.3> ’ <0.5,0.7,0.4 +\ 030705/ J

then k~'(B) = {<0.4(f(1)f;,40.3> , <0.5,g.27,0.4> ’ <0.3,(():.?§,0.5 >} is a Ny B - open set.
Hence k:( 4, T, (L) — (B, T, (*B)) is a Ny P - cts function.

Theorem 3.3.

i. Every Mx- cts function is Ny B - cts function .

ii. Every My - pre cts function is Ny B - cts function.
iii. Every My - semi cts function is Ny P - cts function.
iv. Every Ny - o cts function is Ny P - cts function.
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vi.
Vii.

Every Ny - reqular cts function is Ny B - cts function.
Every M b - cts function is Ny P - cts function.
Every My g - cts function is M B - cts function.

Proof:

The proof is clear.

Proposition 3.4. The afterwards examples shows that the previous theorem’s converse doesn’t have to be accurate.

Example 3.5. Take 4 = {c1, ¢y, c3,¢ca} and U \ R = {cq,{c2, c3}, ca}.

. _ c c c [d
Define an Neut. subset H C 44 5 H = {<0.1,0.}1,0,8> ’ <o.2,of=,,0.7> ’ <o.1,0.35,0.8> ’ <0.2,o.§,0.9 > }
_ c Cy,C c _ c Cy,C c
Then Ny (H) = { < 010408 > ‘ < 0.2,(2).5,30.7> ’ < 02,0509 > }/ N (H) = { < 01,0408 > ’ < 01,0508 > ’ < 020509 > }
— c C2,C ¢
and Bary, (H) —{ < 010408 > ’ < 0.2,(2).5,30.7> ’ < 020509 > }

Thus Tmm(u) = {ON/ 1N/ m‘ﬁ(H) ’ m‘ﬁ(H) s B‘ﬁm(H)}
Also B ={d;,dy, d3, dg} and B \ R ={ d;, {dy, d3}, d4}}. Define an Neut. subset T C 8 >

T = d; dp ds dy
0.1,0.5,0.7 / 7\ 0.2,0.6,0.7 / 7 \ 0.3,0.7,0.4 / 7 \ 0.2,0.4,0.6
_ dq d,ds dy _ dq d»,ds dy
Then N (T) = { < 0.1,0,5,0.7> , < 03,0704 > ’ < 02,0406 > }, N (T) = { < 0,1,0.5,0.7> 4 < 0.2,0.6,0.7> 4 < 02,0406 > }

— dy dp,ds dy
and Boyy, (T) = < 0.1,0.5,0.7> / < 030.7,04 > , < 02,0406 > }

Thus T, (B) = {On, In, Nn(T) , Nn(T) , By (T}
Then k : (4, T, (L) — (B, ™1,,(B)) is a function specified by k(ci) = d; ,i=1, 2, 3, 4. Consider the

— dy d, ds dy
set B = { < 0.1,0.508 > / < 03,0.6,04 > ’ < 02,0.6,04 > < 01,0406 > }

, then k~'(B) = {<0.1,5.§,0.8> ’ <0.3,5%,0.4> ’ <0.2,(():%,0.4> <0.1,(§.31,0.6 >} is a Ny B - OS but not Ny OS.
Hence k:( 4, T, (&) — (B, ™1,,(B)) is a N B - cts function but not Ny - cts function.

—

Example 3.6. Consider 4 = {cq,cp, c3,ca} and L \ R = {{c1, c2}, c3,c4}. Define an Neut. subset H

— C1 Co C3 Cyq
< UsH= {<0.2,0.4,0.5> 4 <O.1,0.5,0.7> 4 <0.3,0.4,0.5> 4 <0,1,0.5,0.8 >}

c1,C _ Cc1,C
Then Ny (H) = { < 03,0405 > ’ < 0.1,0C.25,0.7> ’ < 0.1,00,30.8 > }' N (H) = { < 02,0405 > ’ < 0.1,(?.25,0.7> ’ < 0.1,0%,0.8 > }

and By, (H) = { (530505 ) - (010507 ) - <0.1,0c.it3,0.8 :
Thus Ty, (L) = {On, In, N(H) , Nn(H) , By, (H)}

Also B ={dy,dy, d3, ds} and B \ R = {{d;, d4}, dp, d3} Define an Neut. subset T C B >

T= di dp ds dy
0.4,0.703 / 7\ 05,0.7,04 /7 \0.3,0.705 /7 \ 0.3,0.6,0.4
_ di,dy d, ds _ di,dy dy ds
Then Myx(T) = { < 0407,03 > ’ < 050.7,04 > / < 03,0.7,05 > }, N (T) = { < 03,0.604 > 4 < 0.5,0.7,0.4> 4 < 030.7,05 > }

— d1/d‘4 d, d3
and By, (T) —{ < 04,0703 > ’ < 0.5,0.7,0.4> ’ < 03,0.7,05 > }

Thus Ty, (B) = {On, In, Non(T) , No(T) , By, (T))
Then k:( L, Ty, (L0)) = (B, T, (B)) is a function specified by k(ci) =d;i ,i=1,2, 3, 4.

; - dy,dy dp ds
Consider the set B = { < 03,0.3,04 > / < 04,0305 > ’ < 050.303 > }'

then k~'(B) = {<0.3(f(1)f§:10.4> / <0.4,5:.§,0A5> / <o.5,oc.§,o.3 >} is a Ny B - OS but not pre- OS.
Hence k:( 4, T, (&) — (B, ™1,,(B)) is a Ny B - cts function but not pre - cts function.

Example 3.7. Consider 4 = {cq, cp, c3} and 4 \ R = {{cy, ¢z}, c3}. Define an Neut. subset H

CUsH= { < 0.2,§§,0.7> 4 < 010408 > , < 040506 > }
Then My (H) = { < 0.26,(])f§,20.7> ’ < 040506 > } , Nn(H) = { < 010408 > ’ < 040506 > }
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and Boyy, (H) = { <o.2c,<1).§,o.7> < 040506 > }
Thus T, (L) = {On, In, N (H) , ‘ﬁm(H) Bmm(H)}-

Also B ={d;,dy,d3} and B \ R = {dy, d3}}. Define an Neut. subset T C 8 >
T= { < 0.1,(()1.2,0.8 > < 0.4,(()1.5,0.6 > ’ < 030507 > }

Then n(T) = { < 010208 > < 0AR556 > } { < 010508 > < o,§8fé1,%.7> }

and Bon, (T <0.1,0.2,0.8> <0.£0.5c},%.6 }

Thus Tmm(%) = {ON/ 1N/ m‘ﬂ( ) s ‘JI(T) ’ B‘ﬁm (T)}
Then k: (4, T, (L) — (B, ¢, (°B)) is a function specified by k(c;) =d; ,i=1,2, 3, 4.

Consider the set B = { < 0'1&;’0.8 > , < o 2&;36 > },

then k~1(B) = <0.1’(§12,0.8> , <0. 4‘30_;30'6> is a My B - OS but not Ny semi -OS .
Hence k:( 4, T, (Y1) — (B, ™0, (B)) is a Nix B -cts function but not Ny semi - cts function.

Example 3.8. Consider 4 = {c1, cp,c3} and U \ R = {{c1, c2}, c3}. Define an Neut. subset H C 4

>H= { < 020508 > , <0.3,(;:.25,0.6 > , < 040509 > }
Then 9y (H) ={ < 030506 > ’ < 040509 > } , N (H) = { < 020508 > ’ < 040509 > }
and Be,, (H) Z{ < 030506 > ’ < 020509 > }
Thus Tory (40) = (On, In, Nox(H), Mm(H) , By (H))
ds

Also B ={d;,dy,d3} and B \ R ={ d;, {dy, dsl}}.
Define an Neut. subset T C 8 >

T= {<0.4,51.é,0.8> <0.2,51.§,0.1 > ’ <0.1,51~5/0~ > }
Then Ny (T) = {<o_4,61.§,0.8> <0.§5€5-1> }
J-

dy,ds
and Bon, (T < 020508 > < 02,05,0.1 >

Thus Tmm(%) ={On, In, N (T) , Mm(T), Bomy, (T}
Then k: (4, T, () — (B, ¢, (B)) is a function specified by k(c;) =di ,i=1,2,3,4.

dq dp,ds
0.4,0.5,0.8 0.1,0.5,0.2

Consider the set B = < PREE > ’ < 033501 > '
then k~'(B) = (545555 ) (555507 ) i5 @ Mox B - OS but not Ny & -0S .

Hence k:( 4, tor,, () = (B, ™, (B)) is a Ny B -cts function but not Ny o - cts function.
Example 3.9. Consider 4 = {cy, ¢y, c3, 04} and U \ R = {{c1, c3}, ¢, c4}. Define an Neut. subset H C 4 >

H= { < 0.2,0C.};,0.5 > ’ < 0.1,5.?3,0.7> ’ < 0.3,0.4,0.5 > ’ < 0,1,0.5,0.8 > }

Then 9y (H) = { < 030405 > < 0.1,0C.25,0.7> ’ < 0T0508 > }, N (H { < 020405 > / < 0.1,0C.é,0.7> / < 00508 > }

and By, (H) { < 030405 > ’ < 010507 > ’ < 00508 > }

Thus Ty, () = {On, In, N(H) , Nn(H) , By, (H)}

Also B = {dl, dz, d3, d4} and B \ R = { dl, dz,{d3, d4}}.

Define an Neut. subset T C 8 >

T = di dy ds dy
0.1,0.5,0.6 0.4,05,0.7 /7\0.3,0.509 /7 \ 04,05,0.7

d d ds,d d d ds,d
Then Oy (T) = { < 0.1,0.5,0.6 > ’ < 0.4,0.§,0.7> ’ < 0.4,(3).5,?).7> } N (T) = { < 01,0506 > < 0.4,0.123,0.7> ’ < 03,0509 > }'

d ds,d
and Bon, (T < 010506 > < 0.4,0.%,0.7> ’ < 0.4,(3).5,6.7> }
Thus Tmm(%) ={0n, In, N (T) , Nn(T) , Bong (T))-
Then k: (4, T, (Y) — (B, Tmm(iB)) is a function specified by k(ci) =d; ,i=1, 2, 3, 4.
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; — d; dy ds,dy
Consider the set B = { < 01,0506 > ’ < 0.4,0.5,0.7> ’ < 03,0509 > }/

then k~1(B) = {{<0.1,0C.15/0.6> , <0.4,(§25,0.7> , <0.3C,8f§/40‘9 > }} is a 9y B - OS but not Ny regular OS .
Hence k:( 4, T, () — (B, ™, (B)) is a TNy B -cts function but not Ny - regular cts function.

Example 3.10. Consider 4 = {c1, ¢y, c3} and 4 \ R = {{c1, c2}, c3}. Define an Neut. subset H C 4 >

H= { < 0.2,5.15,0.8 > < 0.3,5.25,0.6 > < 0.4,5:.%,0.9 > }
Then Ny (H) { < 030506 > < 040509 > } N (H) = { < 020508 > < 040509 > }
and By, (H { < 030506 > < 00509 > }

Thus Ty, () = {On, In, N(H) , Nn(H) , By, (H)}
Also B ={dy, dy, d3} and B R ={ d;, {dy, d3}}. Define an Neut. subset T C 8 >

T={ (305 ) <>92 5) )
(8355s)  §» P

d dp,d d dy,d
Then N (T) = { < 030208 > 05,03,09 { < 030208 > < 04,03,09 > }
4 dy,d
and Boyy, (T) { < 03,0208 > < 05,0309 >

Thus T, (B) = {On, In, Mn(T) , Nn(T) , By (T}
Then k : (4, T, (L) — (B, T, (*B)) is a function specified by k(ci) =d; ,i=1, 2,3, 4.

Consider the set B = { <0.3,§§,0.8> , <0. f,(z)félf)g >} ,

then k(B) = (5555 ), {3555 ) is @ 9 B - OS but not N, & -08 .
Hence k:( 4, T, () = (B, ¢, (B)) is a Nix B -cts function but not Ny 6 - cts function.

Example 3.11. Consider 4 = {c1, ¢y, c3} and YR = {{c1, c3}, ca}. Define an Neut. subset H C 4l >

H= C1 C2 C3
0.4,0.7,0.2 0.4,0.7,0.4 0.3,0.7,0.5

Then 9y (H { < 00702 > ’ < 040704 > } N (H) = { < 030705 > < 0.4,(():.27,0.4> }
<

and Boyy, (H { 0.4,0.7,0.2> <0.4,(§.7,0.4>}
Thus Tor, () = {On, In, D (H) , Mn(H) , Boyy, (H)}
Also B = {d;, dy, d3} and B \ R = {{d;, d»}, d3}. Define an Neut. subset T C 8 >

T= dq dy ds
0.2,0.5,0.7 01,0408 /7 0.4,0.5,0.6

Then Nx(T) = { < 0.2(1,(1).5()1,6.7> < 0.4,0.5,0.6 } { < 0.&1).21,6.8 > < 0.4,(31.%,0.6 > }

and Boyy, (T < 0.2,0.5,0.7> < 020506 > }
Thus Tmm(%) ={On, In, N (T) , Mm(T), Bomy, (T}
Then k : (4, T, (L) — (B, ™, (B)) is a function specified by k(c;) =d; ,i=1, 2,3, 4.
; — di,dy ds —1 _ C1,C2 c3 ;
Consider the set B = {<0.7,o.5,o.2> ’ <0.6,0.5,0.4>} , then k™(B) = <0.7,0.5,0.2> <O.6,0.5,0.4> isa Ny f - 05
but not Ny g -OS
Hence k:(U, T, () — (B, T, (B)) is a Ny B -cts function but not Ny g - cts function.

Theorem 3.12. A function k:(4l, T, () — (B, T, (B)) is Ny B - cts function < the inverse image of every
N closed in B is Ny B - closed in 4.

Proof. Letkbe a 9Ny B -cts and G is Ny OS in B = B - G is N closed in B. As kis Ny - cts, k" 1(GC)
is Ny B-open in U — k—1(G)] is My B-open in 4. Hence k~1(G) is Ny B-closed in 4. Conversely, let
the inverse image of every My closed is My P - closed. Let P be 91y open in B —> B-P is Nx- closed in
B = k1(P°) is M- closed in 4, Then by our assumption k~(P¢) is My B - closed in LU = k—1(P)]° is
Ny B - closed in &L Hence k~!(P) is My B - open in 4 which dictates k is a 9ty B - cts function. O

Theorem 3.13. Let k : (U, Ty, () — (B, T, (B)) be a function. Then
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kis My P - cts.

For each u in Y and each Moy OS N containing k(u), there is a Ny 3 OS M containing u such that k(M) C N.
k(9 B cl(M)) C N cl(k(M)) for each subset M of LL.

Ny B cl(k~1(N)) C Ny cl(k~1(N)) for each subset N of B.

(i
(i
(iii
(iv

~— ~— ~— ~—

Proof. (i)==(ii) Let u € {fand N be Ny OS containing k(u). Then by (i) k~1(N) is Ny B OS of & containing
u. If M = k" }(N), then k(M) = k(k"}(N)) C N .

(ii)==(ii) Let M C 4 and k(u) & Ny cl (k(M)). Then 3 a My OS N of B containing k(u) > N N k(M) =
(. Now by (ii), there is a 9t; B OS G containing u > k(u) € k(G) € N. Hence k(M) Nk(N) = 0. i. e. , kM N
N) = 0 which dictates M N N = (). Therefore, u & 9y B cl(k(M)). Therefore k(M B cl(M)) C Ny cl(k(M)).

(iii)==>(iv) Let N C B > M = k" {(N). By (iii), k(Oxn B cl(M)) C Ny cl(k(M)) for each subset M of L.
Therefore 9y B cl(k~1(N)) € N cl(k(kEN)). i. e. , kMg B (k" I(N)) € Ny cl(N) which dictates Dty B
c(kI(N)) € k(N cl(N)). O

Theorem 3.14. A function k is Ny B cts- < k(N B cl (G)) C NP cl (k (G)) for each subset G of B.

Proof. Let G refers a 9ty OS in B and k be 9ty B - cts function . Clearly k(G) C k(9tn B cl (G)). Now
G C k Hk(G)) C k1(k( Nn B cl (G)). Then NyuP cl (G) € NxP cl (k1 (Ny B cl k(G))). As k is Ny B
- cts function and Ny B cl(G) is Ny B - CS. Thus Ny B cl (kfl(‘)”(‘yt B cl (k(G)) = kK 1(Mn B cl (k(G))).
Therefore, k(9 B cl (G)) € NxP cl (k (G)).

Conversely , kMy B cl (G)) € Nnp cl (k (G)) for each subset G of B. Let M refers a Ny - CS in
B. As every Mgy CS is Ny B - CS, NyB cl (k(k~1(M))) € Ny B cl (M) = M. Then by our assumption, k
(M B cl (kK 1(k M)) € NP cl (k~1(k (M)) € M which dictates Mt cl (k=1 (M)) C k~1(M). But My P cl
(k~1 (M)) D k(M) dictates that My cl (k=1 (M)) = k1 (M). Hence k! (M) is 9ty B - CS in Y. Thus by
theorem 3. 12, k is Dy P - cts function. O

Theorem 3.15. Let k be a bijective function, then k is My P - cts function < Ny B int(k (N)) C k (N B int(N))
for each subset N of B.

Proof. Let N refers a 9y set in 9B and k be a bijective and 91y 3 - cts function . Let mapping k(N) = M,
Clearly, k! (My B int(N)) € k1(N). As k is an injective mapping k~!(M) = N, so that k™! (Ny B int(M))
C N. Therefore My B int(k~1 (N B int(M)) C N B int(N). As k is Mgy B - cts, kH(Ny B int(M) is N
B-OS in &, and k(DN B int(M)) C Ny B int(N) = k(k~1 (N B int(M))) € k(Myx B int(N)). Hence Ny B
int(k (N)) C k (DM B int(N)).

Conversely, 9y f int(k (N)) € k (DM B int(N)) for each Dy set N in B. Let D be a 9ty OS in B. Then
D is Ny B - open in B. As k is surjective, and so D = My B int(D) =Ny B int(k(k~! (D)) C k (Nn B
int(k~! (D)) Then k~{(D) = Ny B int(k~1(D)) C k~}(MNy B int(D)) = k(D) C k! (MNn B int(D)) =
k(D) C Ny B int(k~1(D)), Thus k(D) is Ny B - OS in 4. Hence k is Mgy P - cts function. O

Theorem 3.16. A function k is My P -cts function < k1 (Mg B int(N)) C Ny B int(k~'(N)) for each subset N
of B.

Proof. Let N refers a 9Ny set in B and k be a Ny B - cts function . Clearly, k1 (Mg B int(N)) C k~1(N)
= Ny B int(k~ 1Ny B int(N)) € Ny B int(k~1(N)). As Ny B int(N) is is Ny B - OS in B and k is Nin
B - cts function, k1 (Mg B int(N)) is Ny B - OS in Y. Hence Ny B int(k (DM B int(N)) € k1 (Ny B
int(N)) C Dy B int(k—1(N)).

Conversely, k™! (My B int(N)) € Ny B int(k~I(N)) C k™1 (Ny B int(N)) for each My set N in B. Let
D be a 9ty B - OS in B. Then k(D) = Ny B int(k" (D)) € k1 (Ny B int(D)) = k(D) C k'(Nx B
int(D)) , but kYD) D k~1(Nyx B int(D)), hence k(D) = k1 (Nn B int(D)). Thus k(D) is Ny B - OS in
8. Hence k is Dty B - cts function. O

Theorem 3.17. A function k is Ny B - cts & NP ol (k" 1(H)) C k=1 Ny B cl (H)) for each subset of B.
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Proof. Let H refers a My OS in B and k be My B - cts function . Clearly k—1(H) C k(N B cl (H)). Then
NP ol (k1(H)) € NynP cl (k1H(MNy B cl (H))) As Ny B cl(H) is Ny B - CS. Thus NP cl (k1N B cl
(H))) = k1(MNn B cl (H)). therefore, NP cl (k~1(H)) C k(N B cl (H)). Conversely , Ny cl (k~1(H))
C k~1(Myn B cl (H)) for each subset H of B.

Let M refers a Ny B- CS in B. As every Ny CSis Ny B - CS, NP cl (k1(M)) C k1N B cl M)) =
k~1(M) which dictates k~1(M) is 9ty B - CS in L. Thus by theorem 3. 12, k is My P - cts function. O
R

Theorem 3.18. A function k is My P - cts function < k= (Ny int(R)) C Ny P int(k"1(R)) for each subset
of B.

Proof. The proof is clear O
Theorem 3.19. A function k is Ny B - cts < Ny Pel (k~1(H)) C k1N cl (H)) for each subset H of B.
Proof. The proof is clear. O

Definition 3.20. Let x(j 1) be a 9l pt of a Ny topological space (U, Ty, (L0). A Iy set B of il is called
the 91y neighborhood(nbhd) of xj i 1) if 3 a Ny OS C such that x5 1) € C C B.

Theorem 3.21. Let k: (4, T, () — (B, Tor,,, (°B)) be a function. Then the subsequent conditions are equivalent.

(i) kis My B - cts .
(ii) For each My pt. x(j,1) € L and every N nbhd B of k(x(5,x1)), 3a N B - OS C such that x5y € CC

k~1(B)
(iii) For each My pt. x(j 1) € U and every Moy nbhd B of k(x(511)), 3a Ny B - OS Cin L such that x5 1) €
C and k(C) = B.

Proof. ()= (ii) : Let x(j,,1) € U be a Ny pt in U and let B be a My nbhd of k(x(j,1)). Then 3 a Ny
OS C in B such that k(x(j 1)) € C € B. As kis 9Ny B -, therefore k~1(B) is My B OS in U and X k1) €
kfl(k(x(]-,kll))) C k~1(C) € k1(B). Hence the (ii).

(ii) = (iii) : Let x(j,,1) be Ny pt in l and let B be a Ny nbhd of k(x(j ,1))- the condition (ii) dictates
that 3 a Ny B - OS C such that x(j,1) € CC k~1(B). Thus X(j k1) € k(C) C k(k~1(B)) C B. This dictates
(ii) is true.

(iii) = (i) : Let C be 91y OS in B and let x(j 1) € CC k~1(B). As C is a 9ty OS, k(x(j 1)) € C and
so Cis My nbhd of k(x(;j 1)) It follows from (iii) that 3 a Mgy B OS B in U such that x(j 1) € B and k(B)
C Cso that x(j 1) € BC k~1(k(B)) C k1(C) which dictates that k—*(C) is a 9Ny p OS in L. Therefore, k
isa My B cts function. O

Theorem 3.22. Let k: (4, Ty, () — (B, T, (B)) be a function. Then the subsequent conditions are equivalent.

(1) kis Ny B - cts
(i) For each pt. x(j 1) € U each Ny OS P containing k(x(j 1)), 3a N B OS H C U containing x; 1) such
that k(H) C P.

Proof. (i)==(ii) Let P refers a 91y OS of B containing k(x(j x,1)), then k1(P) € 9 B OS of 4.

Then the set H = k—1(P) which containing X(j, k1) then k(H) C P.

(i))==(iii) Let P C B be Ny OS and let x(j 1) € k~'(P). Then k(x(jx1))€ P and thus 3 Hy € 9y B
OS of 4 such that k(x(j «,1))€ Ho and k(Ho)C P which dictates k(x(j 1,1))€ Ho C k~1(P) and so k" (P) =
Uoex-1(p) Ho but Uyer—1(p) Ho € M B OS of U which dictates k~1(P) € My B OS of L. Therefore k is
N P - cts . O

Theorem 3.23. Let k : (U, T, (W) — (B, T, (B)) be a function. Then the subsequent conditions are equivalent.
(1) kis 9Ny B - cts .
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(ii) The inverse image of each Ny CS in B is Ny B CS in 4.
(iii) Ny intNycl (k~1(P)) N NpelNen int (k—1(P)) C k1 (N cl(P)) for each P C *B.
(iv) k(Mg int(Nypcl(H)) N k(NN int(H))) C Npcl(k(H)) for each H C §L.

Proof. (i)==-(ii) Similar to the proof of Theorem 3. 12.

(ii)==(iii) Let P C B , then k~!(Mn cl(P)) is N B closed in i, i. e. , Ny int(Mypcl (k~1(P)) N
Nycl(Mey int (k~1(P))) C Ny int(Myrcl (k1 (Nl (P)))) N Nipcl(MNen int (k1 (N cl(P.)))) C kL (Norcl(P)).

(iii)==(iv) Let H C &, P = k(H) in (iii) then Dy int(Mxcl (K~ (k(H)))) N Nyl int (k1 (k(H))))
C k' Mycl(k(H))). This dictates Ny intMorcl(H)) N Nipcl(MNen int(H)) k1 (Mgrcl(k(H))). Hence k(Mg
int(NMycl(H))) N k(Nycl(Ney int(H))) € Nycl(k(H)).

(iv)==(v) Let C € B be 9Ny OS, R = B \ C and H = k" (R) in (iv), then k(N int(Mypcl(k—1(R)))) N
k(Nncl(My int(k~1(R)))) € Npcl(k(k~1(R))). € Nircl(R) = R which dictates k1 (R) is gy B closed in &, so
kis 9y B - cts . O

4. NEUTROSOPHIC NANO B-IRRESOLUTE FUNCTION

Definition 4.1. A function k:( &, To, () — (B, Tn,,(B)) is called Neutrosophic Nano B-irresolute(Dly
B - irres. ) function if k~'(R) is 9y -open in i for each Ny B- OSRin V.

Example 4.2. Consider &l = {cy,cp,c3,¢c4,¢5) and U \ R = {cy, {c2, c3},{cy, c5}}. Define an Neut. subset H
CUsSH= { < 0.4,0c.15,0.7 > ’ < 0.5,0%,0.8 > ’ < 0.6,06.35,0.7 > ’ < 0.6,00.47,0.8 > ’ < 0.6,5.?3,0.8 > }
Then MNyw(H) = { < 0A4,(§.15,0.7> ’ < 0.6c,(z)ffc>,30.7> ’ < 06,0508 > }' N (H) = { < o.4,0c.15,o.7> ’ < 050508 > ’ < 06,0708 > }

and Bary, (H) :{ < 0.4,8.15,0.7> ’ < 0.6c,(z)f§,30.7> ’ < 06,0508 > }
Thus T, (L) = {On, In, Nx(H) , N(H) , Boyry, (H)}
Also B = {dy, dy, d3, dg, ds}and B \ R = {{dy, d2},{d;, d4}, ds}. Define an Neut. subset T C B >

T — d, do d3 dy d5
0.1,0.2,0.5 /7\0.20.2,04 /7 \0.1,02,0.7 /7 \ 02,0206 /7 \ 0.1,0.3,0.6
dy,d; dz,dy ds d,,dy ds,dy ds
Then Myx(T) = { < 0.2,0,2,0.4> < 02,02,056 > < 0.1,0.3,0.6 > } N (T) { < 0.1,02,05 > < 0.1,0.2,0.7> ’ < 01,0306 > }'

dy,dp ds,dy
and Bon, (T { < 02,0204 > ’ < 02,0206 > 0.1,0.3,0.6 > }

Thus me{(%) {ON/ 1N/ m‘ﬂ(T) s m‘)’t(T) B‘nm (T)}
Then k: (4, T, (L)) — (B, ™1,,(2B)) is a function specified by k(ci) =d; ,i=1,2,3,4,5.

; — dy d, ds dy ds
Consider the set B = { < 03,0.504 > / < 03,0404 > ’ < 03,0504 > ’ < 03,0503 > / < 0.4,0.5,0.4> }'

then k~'(B) = { < 030504 > / < 030404 > ’ < 030504 > ’ < 030503 > / < 0.4,5.55,0.4> } isa Ny - OS.
Hence k:( Y4, Ty, (M) = (B, ™0, (B)) is a N P - irres. function.

Theorem 4.3. Let j: (U, Tx, () — (B, T, (B)) and k : (B, T, (B)) — (N, T, (M) denote functions.
Then

(i) koj: (4, Ty, () = (N, Ty, (M) is Nen B - cts function if k is Ny cts function and j is Ny P - cts
function .
(i) koj: (U, T, () = (M, Ty, (M) is Nen B - irres. function if both k and j are Ny P - irres. functions.
(iil) koj: (U, T, () = N, Tor,, (M) is Ny B -cts function if k is Ny B - cts function and j is Ny B -
irres. function.

Proof. (i) Let T be a 9ty OS in (9N, Ton,, (M)). As k is Np-cts function, k= H(T) is Ny OSin (B , Ty, (B)).
As jis My P - cts function , iTTkHT)) =ko j_l(T) is N B - OSin (U, Tor,, (L1)). Therefore koj is
Ny B - cts function.
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(ii) Let T be a 9y B - OS in (M, Ton,, (M)). As k is Ny P - irres. function , k~1(T) is Ny B - OS in
(B, ™1,(3B)). Asjis Nx P - irres. function, Yk HT)) = koj XT) is My B - OS in (4, Ty, (H)).
Therefore ko j is 9y B - cts function.

(iii) Let T be a My OS in (I, Ton,, (M)). As k is Ny B - cts function, k1(T) is Ny B - OS in (B, Ton,, (B)).
As jis My P - irres. function , ITHkHT)) = koj UT) is Ny B - OSin (4, Ty, (U)). Therefore k o
is Ny B - cts function.

O
Theorem 4.4. Letk: (Y, T, () — (B, Ty, (B)) be a function. Then the subsequent conditions are equivalent.

(1) kis gy B irres.
(i) k" 1(H) is My B CSin (YU, Tong, (W) for each Ny CS in (B, T, (B)).
(iil) k(DM B cl(H1)) C Ny Pel(k(Hy)) for all Hy C L1
(iv) My Bel(k1(Hy) C k1 (N Bcl(Hy)) for all Hy C B,
(v) kK 1Ny B int(Hy)) C N B int(k~'(Hy)) for all Hy C B.

)

(vi) kis Ny B irres. for each v € (U, Ty, (U)).

Proof. (i)==-(ii) It is obvious.

(ii)=>(iii) Let H; C 4. In that case, My B cl(k(Hy)) is a Ny P CS of (B, T, (B)). By (i), k(N
Bcl(Hy)) is a My B CS in (8, Ty (41) and N B cl(k(H1)) C N B clk'k((H1)) € Noe B (k' (N B
cl(k(Hp))) = k™' (e B cl(k(Hy)) . So k(N B cl(k(H1)) € Noe B cl (k((H1)))-

(iii)==(iv)Let Hy C B . By (iii)) kMnPBcl(k~1(Hy)) C NynPcl(kk 1(Hy)) € NnPcl(Hz)) . So NnP
clk 1 (Hz) € k1N B cl(Hy)).

(iv)==(v) Let Hy C B. By (iv), k" 1(Mn B cl(B —Hy)) D Ny B cl(k~1(B — Hy)) = Ny B cl(th-k~1(Hy)). As
U-Nx B cl(tl-Hp) = Ny B int(Hy)) subsecuently, k1M B int(Hp)) = k(B N p cl(B-Hy)) = Uk 1Ny
cl(B-Hy)) C U-Nyp cl(tl-k 1 (Hy)) = Noy B int(k ! (Hy)).

(v)==(vi) Let H refers a M OS of (B, Ty, (B)), subsecuently H = Ny B int(H)). By (v), k1(H) =
kK~ 1(Myn B int(H)) C Nn B int(k—1(H)) € k1 (H). So, k1 (H) = Ny B int(k~1(H)) . Thus k' (H) is a Ny B
OS of (U, T, (Y)). Therefore k is Dy B irres.

(i)==(vi) Let k be a 9ty B irres. , o € (L, T, (Y)) and any NP OS H of (B , t1,,(B))

k(o) C H . Then tv € k™ 1(H) = 9y B int(k "1 (H)). Let G = k! (H) where G is a Ny OS of (, To,, (L))
and so k(G) = k(k~}(H)) C H. Thus k is 9Nnp irres. for each o € (4, Ton,, (1))

(vi)==(i) Let O be a M OS of (B, Ty, (B)), v € k~1(O). Then k(N) € O. By hypothesis, 3 a Ny
OS P of (4, Ty, (W) 3 1o € P and k (P) € O which dictates o € P C k 1(k(P)) C k! (O) and v € P
= Ny P int (P) C Ny P int(k~! (0)= k~1(O) C NP int(k~! (O)). Hence k! (O) = Nnp int(k~! (0)).
Hence k is 9y B irres. O

Theorem 4.5. Let k be a bijective function, then k is My 3 - irres. function < Ny B int(k (N)) C k (N B int(N))
for each subset N of il.

Proof. Let N C (4, Tfﬁm (&0). By theorem 4. 4 and As k is bijective, k~1(My B int(N)) C

Ny B int(k(k—1(N))) . Hence k(k— (Mg B intM))) C k(M B int(N)). Therefore Ny B int(k (N)) C
k (DN B int(N)).

Conversely, let M be a 9inf3 OS of (U, T, (Y1) . Then M = Ny B int(M). By assumption k (9 B
int(k~1(M))) 2 Ny B int(k(k—1((M))) = N B int(M) = M which dictates k= (k (DN B int(k~1(M)))) D
k~1(M). Hence k™ 1(M) = Nz B int(k "1 (M)). Thus k= }(M) is a Ny B OS of (&, Ty, (L)). Thus k is Ny
irres. O
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5. Conclusion

This work introduces and studies neutrosophic nano 3 - continuous functions, extending continuity
concepts within neutrosophic nano topological spaces to better handle uncertainity and indeterminacy.
The findings enhance the theoretical foundation of neutrosophic nano topology and provide scope for
broader applications. As a continuation, further research will focus on the development and investigation
of neutrosophic nano (-open maps and (-closed maps, which are expected to enrich the structure of
neutrosophic mappings and offer deeper insights into topological properties under uncertainity.
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