
Math. & Comput. Sci., 7(1) 2026, 45–55

Online: ISSN 2717-2708

Journal Homepage: http://mcs.qut.ac.ir/mcs

Characterizations of Neutrosophic nano β-Continuous
functions in Neutrosophic nano topological spaces

Panimayam Anbarasi Rodrigo
 

 

a, Johnson Charlet Jenisha
 

 

a,∗

aDepartment of Mathematics, St, Mary’s College(Autonomous), (Affliated to Manonmaniam Sundaranar University, Abishekapatti,
Tirunelveli), Thoothukudi-628001, TamilNadu, India.

Abstract

This paper introduces neutrosophic nano β-continuous functions and explores their defining characteristics in neutro-
sophic nano topological spaces. The study establishes their role in extending continuity concepts for handling uncertainty and
indeterminacy.
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1. Introduction

The study of broadened forms of continuity has played a central role in advancing modern topology
and its applications. In recent years, neutrosophic theory has emerged as a strong instrument for handling
ambiguity, vagueness, and insufficient information within mathematical structures. When combined with
nano topological concepts, it provides a refined framework for analyzing spaces that arise in uncertain
or granular settings. The concept of neutrosophic nano β-continuous functions is presented as a logical
extension of continuity that incorporates both the neutrosophic approach to indeterminacy and the nano
perspective of refinement. Such functions preserve the structure of β-open sets under inverse mappings,
thereby creating opportunities to explore new relationships between classical continuity, nano continuity,
and other generalized forms. This investigation not only broadens the theoretical foundation of neutro-
sophic topology but also sets the stage for potential significance for systems, analysing data, as well as
decision-making characterized by uncertainty.
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2. Preliminaries

Definition 2.1. [3] Let X be a non-empty set. A Neutrosophic (Neut.). set A ⊆ X is specified as A = {< x,
µA(x), σA(x), γA(x)> x ∈ X } such that µA(x), σA(x), γA(x) denote respectively the degree of membership,
indeterminacy & non-membership of each object x in A.

Definition 2.2. [5]
Let U be the universe, R an equivalence relation on U & τR(X) = { U, ϕ, LR(X), UR(X), BR(X)} , X ⊆ U.

The collection τR(X) holds the below properties:

(i) U and ϕ ∈ τR(X)

(ii) The union of any sub-collection of τR(X) is also in τR(X).
(iii) The intersection of any finite subcollection τR(X) is in τR(X).

Hence τR(X) defines a nano topology on U on X. The pair (U, τR(X)) as the nano topological space
and the members of τR(X) are referred to as nano-open sets.

Definition 2.3. [4]
The non-empty set U and the equivalence relation R on U are assumed to exist. With the membership

function µH, the indeterminacy function σH, and the non-membership function γH, let H be a neut. set
in U. The neutrosophic nano border of H in the approximation (U, R), the neutrosophic nano lower ap-
proximation, and the neutrosophic nano higher approximation are indicated by NN(H), NN(H), BNN

(H)
are respectively classified as follows:

NN(H) = {
⟨
x,µR(ζ)(x),σR(ζ)(x),γR(ζ)(x)

⟩
/ yϵ[x]R, x ∈ U}

NN(H) = {
⟨
x,µR(ζ)(x),σR(ζ)(x),γR(ζ)(x)

⟩
/ yϵ[x]R, x ∈ U}

BNN
(H) = NN(H) −NN(H)

where µR(ζ)(x) =
∧

yϵ[x]R
µ ζ(x), σR(ζ)(x) =

∧
yϵ[x]R

σζ(x), γR(ζ)(x) =
∨

yϵ[x]R
γζ(x)

µR(ζ)(x) =
∨

yϵ[x]R
µζ(x), σR(ζ)(x) =

∨
yϵ[x]R

σζ(x), γR(ζ)(x) =
∧

yϵ[x]R
γζ(x)

Definition 2.4. [4] Let U & R denotes universe & equivalence relation on U and H refers a neut. set in U
and if the class τN(H) = {0N , 1N , NN(H), NN(H), BNN

(H) } creates a topology, it is referred to as a NN

topology. We call (U, τN(H)) as the NN TS. The objects of τN(H) are symbolized NN open sets.

Definition 2.5. [4]
Let (U, τN(H)) be a NN TS and S = < x, µS(x), σS(x), γS(x)> be a Neut. set in X. Then the NN closure

and NN interior of S are specified by
NNcl (S) = ∩ { K :K is a NN CSs in X and S ⊆ K}
NN int (S) = ∪ { G : G is a NN OSs in X and G ⊆ A}

Definition 2.6. [3]
Let U ̸= ϕ and the neutrosophic subsets (briefly, Neut subs’s) P & Q in the form P = {x : µP(x), σP(x),

γP(x), x ∈ U }, Q = { x : µQ(x), σQ(x), γQ(x), x∈ U }. Thus the statements are hold:
(i) 0N = {x, 0, 0, 1 : x ∈ U }.
(ii) 1N = {x, 1, 1, 0 : x ∈ U }.
(iii) P ⊆ Q ⇔ µP(x) ⩽ µQ(x), σP(x), ⩽ σQ(x), γP(x) ⩾ γQ(x) ∀ x ∈ U }.
(iv) P = Q ⇔ P ⊆ Q and Q ⊆ P

(v) Pc = {x, γP(x), 1-σP(x), γP(x) : x ∈ U }
(vi) P∩Q = {x, µP(x) ∧ µQ(x) , σP(x) ∧ σQ(x), γP(x) ∨ γQ(x) ∀ x ∈ U }.
(vii) P∪Q = {x, µP(x) ∨ µQ(x) , σP(x) ∨ σQ(x), γP(x) ∧ γQ(x) ∀ x ∈ U }.

Definition 2.7. [1]
Let (U, τN(S)) symbolise an NN Topological Space (TS). The NN subset K of U is called the Neutro-

sophic Nano β - open(notated by NN β-open) if K ⊆ NNcl(NNint(NNcl(K))).
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Definition 2.8. [1]
(i) The NNβ-interior is the culmination of all NNβ-OSs included in A & is represented by NNβ -int.
(ii) The intersection of all NNβ-CSs containing A is called the NNβ-closure and it is notated by NNβ-cl.

Definition 2.9. [2]

(i) If P = {⟨z,µP(z),σP(z),γP(z)⟩ : z ϵ Z} is a neut. set in Z, then the pre-image of P under f , notated by
f−1(P), is the neut. set in Y specified by

f−1(P) = {
⟨
y, f−1(µP)(y), f

−1(σP)(y), f
−1(γP)(y)

⟩
: y ϵ Y}.

(ii) If D = {⟨x,µD(x),σD(x),γD(x)⟩ : x ϵ X} is a neut. set in X, then image of D under f, notated by f(D)
is the neut. set in Y specified by f(D) = ⟨y, f(µD)(y), f(σD)(y), (1 − f(1 − γD)(y)⟩ : y ϵ Y} , where

f (µD) (y) =
{

supxϵf−1(y) µD(x), if f−1(y) ̸= ∅
0, otherwise

,

f (σD) (y) =
{

supxϵf−1(y) σD(x), if f−1(y) ̸= ∅
0, otherwise

,

(1 − f(1 − γD)(y) =
{

infxϵf−1(y) γD(x), if f−1(y) ̸= ∅
1, otherwise

3. Neutrosophic Nano β-Continuous function

Definition 3.1. A function k:( U , τNN
(U)) → (B , τNN

(B)) is called Neutrosophic Nano β-continuous(NN

β - cts) function if k−1(R) is NN β-open in U for each NN OS R in B.

Example 3.2. Consider U = {c1, c2, c3, c4} and U \ R = {{c1, c2}, c3, c4}. Define an Neut. subset H ⊆ U ∋
H =

{⟨
c1

0.2,0.4,0.7

⟩
,
⟨

c2
0.3,0.4,0.6

⟩
,
⟨

c3
0.2,0.5,0.8

⟩
,
⟨

c4
0.4,0.4,0.7

⟩}
Then NN(H) =

{⟨
c1,c2

0.3,0.4,0.6

⟩
,
⟨

c3
0.2,0.5,0.8

⟩
,
⟨

c4
0.4,0.4,0.7

⟩}
, NN(H) =

{⟨
c1,c2

0.2,0.4,0.7

⟩
,
⟨

c3
0.2,0.5,0.8

⟩
,
⟨

c4
0.4,0.4,0.7

⟩}
and BNN

(H) =
{⟨

c1,c2
0.3,0.4,0.6

⟩
,
⟨

c3
0.2,0.5,0.8

⟩
,
⟨

c4
0.4,0.4,0.7

⟩}
.

Thus τNN
(U) = {0N, 1N, NN(H) , NN(H) , BNN

(H)}.
Also B = {d1,d2,d3, d4} and B \ R = {{ d1, d4}, d2,d3}
Define an Neut. subset T ⊆ B ∋ T =

{⟨
d1

0.4,0.7,0.3

⟩
,
⟨

d2
0.5,0.7,0.4

⟩
,
⟨

d3
0.3,0.7,0.5

⟩
,
⟨

d4
0.3,0.6,0.4

⟩}
Then NN(T) =

{⟨
d1,d4

0.4,0.7,0.3

⟩
,
⟨

d2
0.5,0.7,0.4

⟩
,
⟨

d3
0.3,0.7,0.5

⟩}
, NN(T) =

{⟨
d1,d4

0.3,0.6,0.4

⟩
,
⟨

d2
0.5,0.7,0.4

⟩
,
⟨

d3
0.3,0.7,0.5

⟩}
and BNN

(T) =
{⟨

d1,d4
0.4,0.7,0.3

⟩
,
⟨

d2
0.5,0.7,0.4

⟩
,
⟨

d3
0.3,0.7,0.5

⟩}
.

Thus τNN
(B) = {0N, 1N, NN(T) , NN(T) , BNN

(T)}.
Then k:( U , τNN

(U)) → (B , τNN
(B)) is a function specified by k(ci) = di , i = 1, 2, 3, 4.

Consider the set B =
{⟨

d1,d4
0.4,0.7,0.3

⟩
,
⟨

d2
0.5,0.7,0.4

⟩
,
⟨

d3
0.3,0.7,0.5

⟩}
,

then k−1(B) =
{⟨

c1,c4
0.4,0.7,0.3

⟩
,
⟨

c2
0.5,0.7,0.4

⟩
,
⟨

c3
0.3,0.7,0.5

⟩}
is a NN β - open set.

Hence k:( U , τNN
(U)) → (B, τNN

(B)) is a NN β - cts function.

Theorem 3.3.

i. Every NN- cts function is NN β - cts function .
ii. Every NN - pre cts function is NN β - cts function.

iii. Every NN - semi cts function is NN β - cts function.
iv. Every NN - α cts function is NN β - cts function.
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v. Every NN - regular cts function is NN β - cts function.
vi. Every NN δ - cts function is NN β - cts function.

vii. Every NN g - cts function is NN β - cts function.

Proof:

The proof is clear.

Proposition 3.4. The afterwards examples shows that the previous theorem’s converse doesn’t have to be accurate.

Example 3.5. Take U = {c1, c2, c3, c4} and U \ R = {c1, {c2, c3}, c4}.
Define an Neut. subset H ⊆ U ∋ H =

{⟨
c1

0.1,0.4,0.8

⟩
,
⟨

c2
0.2,0.5,0.7

⟩
,
⟨

c3
0.1,0.5,0.8

⟩
,
⟨

c4
0.2,0.5,0.9

⟩}
Then NN(H) =

{⟨
c1

0.1,0.4,0.8

⟩
,
⟨

c2,c3
0.2,0.5,0.7

⟩
,
⟨

c4
0.2,0.5,0.9

⟩}
, NN(H) =

{⟨
c1

0.1,0.4,0.8

⟩
,
⟨

c2,c3
0.1,0.5,0.8

⟩
,
⟨

c4
0.2,0.5,0.9

⟩}
and BNN

(H) =
{⟨

c1
0.1,0.4,0.8

⟩
,
⟨

c2,c3
0.2,0.5,0.7

⟩
,
⟨

c4
0.2,0.5,0.9

⟩}
.

Thus τNN
(U) = {0N, 1N, NN(H) , NN(H) , BNN

(H)}.
Also B = {d1,d2,d3, d4} and B \ R = { d1, {d2,d3}, d4}}. Define an Neut. subset T ⊆ B ∋
T =

{⟨
d1

0.1,0.5,0.7

⟩
,
⟨

d2
0.2,0.6,0.7

⟩
,
⟨

d3
0.3,0.7,0.4

⟩
,
⟨

d4
0.2,0.4,0.6

⟩}
Then NN(T) =

{⟨
d1

0.1,0.5,0.7

⟩
,
⟨

d2,d3
0.3,0.7,0.4

⟩
,
⟨

d4
0.2,0.4,0.6

⟩}
, NN(T) =

{⟨
d1

0.1,0.5,0.7

⟩
,
⟨

d2,d3
0.2,0.6,0.7

⟩
,
⟨

d4
0.2,0.4,0.6

⟩}
and BNN

(T) =
{⟨

d1
0.1,0.5,0.7

⟩
,
⟨

d2,d3
0.3,0.7,0.4

⟩
,
⟨

d4
0.2,0.4,0.6

⟩}
.

Thus τNN
(B) = {0N, 1N, NN(T) , NN(T) , BNN

(T)}.
Then k : (U, τNN

(U)) → (B , τNN
(B)) is a function specified by k(ci) = di , i = 1, 2, 3, 4. Consider the

set B =
{⟨

d1
0.1,0.5,0.8

⟩
,
⟨

d2
0.3,0.6,0.4

⟩
,
⟨

d3
0.2,0.6,0.4

⟩⟨
d4

0.1,0.4,0.6

⟩}
, then k−1(B) =

{⟨
c1

0.1,0.5,0.8

⟩
,
⟨

c2
0.3,0.6,0.4

⟩
,
⟨

c3
0.2,0.6,0.4

⟩⟨
c4

0.1,0.4,0.6

⟩}
is a NN β - OS but not NN OS.

Hence k:( U , τNN
(U)) → (B , τNN

(B)) is a NN β - cts function but not NN - cts function.

Example 3.6. Consider U = {c1, c2, c3, c4} and U \ R = {{c1, c2}, c3, c4}. Define an Neut. subset H
⊆ U ∋ H =

{⟨
c1

0.2,0.4,0.5

⟩
,
⟨

c2
0.1,0.5,0.7

⟩
,
⟨

c3
0.3,0.4,0.5

⟩
,
⟨

c4
0.1,0.5,0.8

⟩}
Then NN(H) =

{⟨
c1,c3

0.3,0.4,0.5

⟩
,
⟨

c2
0.1,0.5,0.7

⟩
,
⟨

c4
0.1,0.5,0.8

⟩}
, NN(H) =

{⟨
c1,c3

0.2,0.4,0.5

⟩
,
⟨

c2
0.1,0.5,0.7

⟩
,
⟨

c4
0.1,0.5,0.8

⟩}
and BNN

(H) =
{⟨

c1,c3
0.3,0.4,0.5

⟩
,
⟨

c2
0.1,0.5,0.7

⟩
,
⟨

c4
0.1,0.5,0.8

⟩}
.

Thus τNN
(U) = {0N, 1N, NN(H) , NN(H) , BNN

(H)}.
Also B = {d1,d2,d3, d4} and B \ R = {{d1, d4}, d2,d3} Define an Neut. subset T ⊆ B ∋
T =

{⟨
d1

0.4,0.7,0.3

⟩
,
⟨

d2
0.5,0.7,0.4

⟩
,
⟨

d3
0.3,0.7,0.5

⟩
,
⟨

d4
0.3,0.6,0.4

⟩}
Then NN(T) =

{⟨
d1,d4

0.4,0.7,0.3

⟩
,
⟨

d2
0.5,0.7,0.4

⟩
,
⟨

d3
0.3,0.7,0.5

⟩}
, NN(T) =

{⟨
d1,d4

0.3,0.6,0.4

⟩
,
⟨

d2
0.5,0.7,0.4

⟩
,
⟨

d3
0.3,0.7,0.5

⟩}
and BNN

(T) =
{⟨

d1,d4
0.4,0.7,0.3

⟩
,
⟨

d2
0.5,0.7,0.4

⟩
,
⟨

d3
0.3,0.7,0.5

⟩}
.

Thus τNN
(B) = {0N, 1N, NN(T) , NN(T) , BNN

(T)}.
Then k:( U , τNN

(U)) → (B , τNN
(B)) is a function specified by k(ci) = di , i = 1, 2, 3, 4.

Consider the set B =
{⟨

d1,d4
0.3,0.3,0.4

⟩
,
⟨

d2
0.4,0.3,0.5

⟩
,
⟨

d3
0.5,0.3,0.3

⟩}
,

then k−1(B) =
{⟨

c1,c4
0.3,0.3,0.4

⟩
,
⟨

c2
0.4,0.3,0.5

⟩
,
⟨

c3
0.5,0.3,0.3

⟩}
is a NN β - OS but not pre- OS.

Hence k:( U , τNN
(U)) → (B , τNN

(B)) is a NN β - cts function but not pre - cts function.

Example 3.7. Consider U = {c1, c2, c3} and U \ R = {{c1, c2}, c3}. Define an Neut. subset H
⊆ U ∋ H =

{⟨
c1

0.2,0.5,0.7

⟩
,
⟨

c2
0.1,0.4,0.8

⟩
,
⟨

c3
0.4,0.5,0.6

⟩}
Then NN(H) =

{⟨
c1,c2

0.2,0.5,0.7

⟩
,
⟨

c3
0.4,0.5,0.6

⟩}
, NN(H) =

{⟨
c1,c2

0.1,0.4,0.8

⟩
,
⟨

c3
0.4,0.5,0.6

⟩}
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and BNN
(H) =

{⟨
c1,c2

0.2,0.5,0.7

⟩
,
⟨

c3
0.4,0.5,0.6

⟩}
.

Thus τNN
(U) = {0N, 1N, NN(H) , NN(H) , BNN

(H)}.
Also B = {d1,d2,d3} and B \ R = { d1, {d2,d3}}. Define an Neut. subset T ⊆ B ∋
T =

{⟨
d1

0.1,0.2,0.8

⟩
,
⟨

d2
0.4,0.5,0.6

⟩
,
⟨

d3
0.3,0.5,0.7

⟩
,
}

Then NN(T) =
{⟨

d1
0.1,0.2,0.8

⟩
,
⟨

d2,d3
0.4,0.5,0.6

⟩
,
}

, NN(T) =
{⟨

d1
0.1,0.2,0.8

⟩
,
⟨

d2,d3
0.3,0.5,0.7

⟩}
and BNN

(T) =
{⟨

d1
0.1,0.2,0.8

⟩
,
⟨

d2,d3
0.4,0.5,0.6

⟩}
.

Thus τNN
(B) = {0N, 1N, NN(T) , NN(T) , BNN

(T)}.
Then k : (U , τNN

(U)) → (B , τNN
(B)) is a function specified by k(ci) = di , i = 1, 2, 3, 4.

Consider the set B =
{⟨

d1
0.1,0.2,0.8

⟩
,
⟨

d2,d3
0.4,0.5,0.6

⟩}
,

then k−1(B) =
⟨

c1
0.1,0.2,0.8

⟩
,
⟨

c2,c3
0.4,0.5,0.6

⟩
is a NN β - OS but not NN semi -OS .

Hence k:( U , τNN
(U)) → (B , τNN

(B)) is a NN β -cts function but not NN semi - cts function.

Example 3.8. Consider U = {c1, c2, c3} and U \ R = {{c1, c2}, c3}. Define an Neut. subset H ⊆ U

∋ H =
{⟨

c1
0.2,0.5,0.8

⟩
,
⟨

c2
0.3,0.5,0.6

⟩
,
⟨

c3
0.4,0.5,0.9

⟩}
Then NN(H) =

{⟨
c1,c2

0.3,0.5,0.6

⟩
,
⟨

c3
0.4,0.5,0.9

⟩}
, NN(H) =

{⟨
c1,c2

0.2,0.5,0.8

⟩
,
⟨

c3
0.4,0.5,0.9

⟩}
and BNN

(H) =
{⟨

c1,c2
0.3,0.5,0.6

⟩
,
⟨

c3
0.4,0.5,0.9

⟩}
.

Thus τNN
(U) = {0N, 1N, NN(H) , NN(H) , BNN

(H)}.
Also B = {d1,d2,d3} and B \ R = { d1, {d2,d3}}.
Define an Neut. subset T ⊆ B ∋
T =

{⟨
d1

0.4,0.5,0.8

⟩
,
⟨

d2
0.2,0.5,0.1

⟩
,
⟨

d3
0.1,0.5,0.2

⟩
,
}

Then NN(T) =
{⟨

d1
0.4,0.5,0.8

⟩
,
⟨

d2,d3
0.2,0.5,0.1

⟩
,
}

, NN(T) =
{⟨

d1
0.4,0.5,0.8

⟩
,
⟨

d2,d3
0.1,0.5,0.2

⟩}
and BNN

(T) =
{⟨

d1
0.4,0.5,0.8

⟩
,
⟨

d2,d3
0.2,0.5,0.1

⟩}
.

Thus τNN
(B) = {0N, 1N, NN(T) , NN(T) , BNN

(T)}.
Then k : (U , τNN

(U)) → (B , τNN
(B)) is a function specified by k(ci) = di , i = 1, 2, 3, 4.

Consider the set B =
⟨

d1
0.4,0.5,0.8

⟩
,
⟨

d2,d3
0.2,0.5,0.1

⟩
,

then k−1(B) =
⟨

c1
0.4,0.5,0.8

⟩
,
⟨

c2,c3
0.2,0.5,0.1

⟩
is a NN β - OS but not NN α -OS .

Hence k:( U , τNN
(U)) → (B , τNN

(B)) is a NN β -cts function but not NN α - cts function.

Example 3.9. Consider U = {c1, c2, c3, c4} and U \ R = {{c1, c3}, c2, c4}. Define an Neut. subset H ⊆ U ∋
H =

{⟨
c1

0.2,0.4,0.5

⟩
,
⟨

c2
0.1,0.5,0.7

⟩
,
⟨

c3
0.3,0.4,0.5

⟩
,
⟨

c4
0.1,0.5,0.8

⟩}
Then NN(H) =

{⟨
c1,c3

0.3,0.4,0.5

⟩
,
⟨

c2
0.1,0.5,0.7

⟩
,
⟨

c4
0.1,0.5,0.8

⟩}
, NN(H) =

{⟨
c1,c3

0.2,0.4,0.5

⟩
,
⟨

c2
0.1,0.5,0.7

⟩
,
⟨

c4
0.1,0.5,0.8

⟩}
and BNN

(H) =
{⟨

c1,c3
0.3,0.4,0.5

⟩
,
⟨

c2
0.1,0.5,0.7

⟩
,
⟨

c4
0.1,0.5,0.8

⟩}
.

Thus τNN
(U) = {0N, 1N, NN(H) , NN(H) , BNN

(H)}.
Also B = {d1,d2,d3, d4} and B \ R = { d1, d2, {d3, d4}}.
Define an Neut. subset T ⊆ B ∋
T =

{⟨
d1

0.1,0.5,0.6

⟩
,
⟨

d2
0.4,0.5,0.7

⟩
,
⟨

d3
0.3,0.5,0.9

⟩
,
⟨

d4
0.4,0.5,0.7

⟩}
Then NN(T) =

{⟨
d1

0.1,0.5,0.6

⟩
,
⟨

d2
0.4,0.5,0.7

⟩
,
⟨

d3,d4
0.4,0.5,0.7

⟩}
, NN(T) =

{⟨
d1

0.1,0.5,0.6

⟩
,
⟨

d2
0.4,0.5,0.7

⟩
,
⟨

d3,d4
0.3,0.5,0.9

⟩}
,

and BNN
(T) =

{⟨
d1

0.1,0.5,0.6

⟩
,
⟨

d2
0.4,0.5,0.7

⟩
,
⟨

d3,d4
0.4,0.5,0.7

⟩}
.

Thus τNN
(B) = {0N, 1N, NN(T) , NN(T) , BNN

(T)}.
Then k : (U , τNN

(U)) → (B , τNN
(B)) is a function specified by k(ci) = di , i = 1, 2, 3, 4.
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Consider the set B =
{⟨

d1
0.1,0.5,0.6

⟩
,
⟨

d2
0.4,0.5,0.7

⟩
,
⟨

d3,d4
0.3,0.5,0.9

⟩}
,

then k−1(B) =
{{⟨

c1
0.1,0.5,0.6

⟩
,
⟨

c2
0.4,0.5,0.7

⟩
,
⟨

c3,c4
0.3,0.5,0.9

⟩}}
is a NN β - OS but not NN regular OS .

Hence k:( U, τNN
(U)) → (B , τNN

(B)) is a NN β -cts function but not NN - regular cts function.

Example 3.10. Consider U = {c1, c2, c3} and U \ R = {{c1, c2}, c3}. Define an Neut. subset H ⊆ U ∋
H =

{⟨
c1

0.2,0.5,0.8

⟩
,
⟨

c2
0.3,0.5,0.6

⟩
,
⟨

c3
0.4,0.5,0.9

⟩}
Then NN(H) =

{⟨
c1,c2

0.3,0.5,0.6

⟩
,
⟨

c3
0.4,0.5,0.9

⟩}
, NN(H) =

{⟨
c1,c2

0.2,0.5,0.8

⟩
,
⟨

c3
0.4,0.5,0.9

⟩}
and BNN

(H) =
{⟨

c1,c2
0.3,0.5,0.6

⟩
,
⟨

c3
0.4,0.5,0.9

⟩}
.

Thus τNN
(U) = {0N, 1N, NN(H) , NN(H) , BNN

(H)}.
Also B = {d1,d2,d3} and B R = { d1, {d2,d3}}. Define an Neut. subset T ⊆ B ∋
T =

{⟨
d1

0.3,0.2,0.8

⟩
,
⟨

d2
0.4,0.3,0.9

⟩
,
⟨

d3
0.5,0.3,0.9

⟩
,
}

Then NN(T) =
{⟨

d1
0.3,0.2,0.8

⟩
,
⟨

d2,d3
0.5,0.3,0.9

⟩
,
}

, NN(T) =
{⟨

d1
0.3,0.2,0.8

⟩
,
⟨

d2,d3
0.4,0.3,0.9

⟩}
and BNN

(T) =
{⟨

d1
0.3,0.2,0.8

⟩
,
⟨

d2,d3
0.5,0.3,0.9

⟩}
.

Thus τNN
(B) = {0N, 1N, NN(T) , NN(T) , BNN

(T)}.
Then k : (U, τNN

(U)) → (B, τNN
(B)) is a function specified by k(ci) = di , i = 1, 2, 3, 4.

Consider the set B =
{⟨

d1
0.3,0.2,0.8

⟩
,
⟨

d2,d3
0.4,0.3,0.9

⟩}
,

then k−1(B) =
⟨

c1
0.3,0.2,0.8

⟩
,
⟨

c2,c3
0.4,0.3,0.9

⟩
is a NN β - OS but not NN δ -OS .

Hence k:( U , τNN
(U)) → (B , τNN

(B)) is a NN β -cts function but not NN δ - cts function.

Example 3.11. Consider U = {c1, c2, c3} and UR = {{c1, c3}, c2}. Define an Neut. subset H ⊆ U ∋
H =

{⟨
c1

0.4,0.7,0.2

⟩
,
⟨

c2
0.4,0.7,0.4

⟩
,
⟨

c3
0.3,0.7,0.5

⟩}
Then NN(H) =

{⟨
c1,c3

0.4,0.7,0.2

⟩
,
⟨

c2
0.4,0.7,0.4

⟩}
, NN(H) =

{⟨
c1,c3

0.3,0.7,0.5

⟩
,
⟨

c2
0.4,0.7,0.4

⟩}
and BNN

(H) =
{⟨

c1,c3
0.4,0.7,0.2

⟩
,
⟨

c2
0.4,0.7,0.4

⟩}
.

Thus τNN
(U) = {0N, 1N, NN(H) , NN(H) , BNN

(H)}.
Also B = {d1,d2,d3} and B \ R = {{d1, d2},d3}. Define an Neut. subset T ⊆ B ∋
T =

{⟨
d1

0.2,0.5,0.7

⟩
,
⟨

d2
0.1,0.4,0.8

⟩
,
⟨

d3
0.4,0.5,0.6

⟩
,
}

Then NN(T) =
{⟨

d1,d2
0.2,0.5,0.7

⟩
,
⟨

d3
0.4,0.5,0.6

⟩}
, NN(T) =

{⟨
d1,d2

0.1,0.4,0.8

⟩
,
⟨

d3
0.4,0.5,0.6

⟩}
and BNN

(T) =
{⟨

d1,d2
0.2,0.5,0.7

⟩
,
⟨

d3
0.4,0.5,0.6

⟩}
Thus τNN

(B) = {0N, 1N, NN(T) , NN(T) , BNN
(T)}.

Then k : (U, τNN
(U)) → (B , τNN

(B)) is a function specified by k(ci) = di , i = 1, 2, 3, 4.

Consider the set B =
{⟨

d1,d2
0.7,0.5,0.2

⟩
,
⟨

d3
0.6,0.5,0.4

⟩}
, then k−1(B) =

⟨
c1,c2

0.7,0.5,0.2

⟩
,
⟨

c3
0.6,0.5,0.4

⟩
is a NN β - OS

but not NN g -OS .
Hence k:(U, τNN

(U)) → (B , τNN
(B)) is a NN β -cts function but not NN g - cts function.

Theorem 3.12. A function k:(U, τNN
(U)) → (B , τNN

(B)) is NN β - cts function ⇔ the inverse image of every
NN closed in B is NN β - closed in U.

Proof. Let k be a NN β -cts and G is NN OS in B =⇒B - G is NN closed in B. As k is NN β - cts , k−1(Gc)
is NN β-open in U =⇒ [k−1(G)]

c is NN β-open in U. Hence k−1(G) is NN β-closed in U. Conversely, let
the inverse image of every NN closed is NN β - closed. Let P be NN open in B =⇒ B-P is NN- closed in
B =⇒ k−1(Pc) is NN- closed in U, Then by our assumption k−1(Pc) is NN β - closed in U =⇒ [k−1(P)]

c is
NN β - closed in U. Hence k−1(P) is NN β - open in U which dictates k is a NN β - cts function.

Theorem 3.13. Let k : (U, τNN
(U)) → (B , τNN

(B)) be a function. Then
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(i) k is NN β - cts .
(ii) For each u in U and each NN OS N containing k(u), there is a NN β OS M containing u such that k(M) ⊆ N.

(iii) k(NN β cl(M)) ⊆ NN cl(k(M)) for each subset M of U.
(iv) NN β cl(k−1(N)) ⊆ NN cl(k−1(N)) for each subset N of B.

Proof. (i)=⇒(ii) Let u ∈ U and N be NN OS containing k(u). Then by (i) k−1(N) is NN β OS of U containing
u. If M = k−1(N) , then k(M) = k(k−1(N)) ⊆ N .

(ii)=⇒(iii) Let M ⊆ U and k(u) /∈ NN cl (k(M)). Then ∃ a NN OS N of B containing k(u) ∋ N ∩ k(M) =
∅. Now by (ii), there is a NN β OS G containing u ∋ k(u) ∈ k(G) ⊆ N. Hence k(M) ∩ k(N) = ∅. i. e. , k(M ∩
N) = ∅ which dictates M ∩ N = ∅. Therefore, u /∈ NN β cl(k(M)). Therefore k(NN β cl(M)) ⊆ NN cl(k(M)).

(iii)=⇒(iv) Let N ⊆ B ∋ M = k−1(N). By (iii), k(NN β cl(M)) ⊆ NN cl(k(M)) for each subset M of U.
Therefore NN β cl(k−1(N)) ⊆ NN cl(k(k−1(N)). i. e. , k(NN β cl(k−1(N)) ⊆ NN cl(N) which dictates NN β

cl(k−1(N)) ⊆ k−1(NN cl(N)).

Theorem 3.14. A function k is NN β cts- ⇔ k(NN β cl (G)) ⊆ NNβ cl (k (G)) for each subset G of B.

Proof. Let G refers a NN OS in B and k be NN β - cts function . Clearly k(G) ⊆ k(NN β cl (G)). Now
G ⊆ k−1(k(G)) ⊆ k−1(k( NN β cl (G)). Then NNβ cl (G) ⊆ NNβ cl (k−1(NN β cl( k(G))). As k is NN β

- cts function and NN β cl(G) is NN β - CS. Thus NNβ cl (k−1(NN β cl (k(G)))) = k−1(NN β cl (k(G))).
Therefore, k(NN β cl (G)) ⊆ NNβ cl (k (G)).

Conversely , k(NN β cl (G)) ⊆ NNβ cl (k (G)) for each subset G of B. Let M refers a NN β- CS in
B. As every NN CS is NN β - CS, NNβ cl (k(k−1(M))) ⊆ NN β cl (M) = M. Then by our assumption, k
(NN β cl (k−1(k (M)) ⊆ NNβ cl (k−1(k (M)) ⊆ M which dictates NNβ cl (k−1 (M)) ⊆ k−1(M). But NNβ cl
(k−1 (M)) ⊇ k−1(M) dictates that NNβ cl (k−1 (M)) = k−1(M). Hence k−1 (M) is NN β - CS in U. Thus by
theorem 3. 12, k is NN β - cts function.

Theorem 3.15. Let k be a bijective function, then k is NN β - cts function ⇔ NN β int(k (N)) ⊆ k (NN β int(N))
for each subset N of B.

Proof. Let N refers a NN set in B and k be a bijective and NN β - cts function . Let mapping k(N) = M,
Clearly, k−1(NN β int(N)) ⊆ k−1(N). As k is an injective mapping k−1(M) = N, so that k−1(NN β int(M))
⊆ N. Therefore NN β int(k−1(NN β int(M)) ⊆ NN β int(N). As k is NN β - cts , k−1(NN β int(M) is NN

β-OS in U, and k−1(NN β int(M)) ⊆ NN β int(N) =⇒ k(k−1(NN β int(M))) ⊆ k(NN β int(N)). Hence NN β

int(k (N)) ⊆ k (NN β int(N)).
Conversely, NN β int(k (N)) ⊆ k (NN β int(N)) for each NN set N in B. Let D be a NN OS in B. Then

D is NN β - open in B. As k is surjective, and so D = NN β int(D) =NN β int(k(k−1 (D)) ⊆ k (NN β

int(k−1 (D)) Then k−1(D) = NN β int(k−1(D)) ⊆ k−1(NN β int(D)) =⇒ k−1(D) ⊆ k−1(NN β int(D)) =⇒
k−1(D) ⊆ NN β int(k−1(D)), Thus k−1(D) is NN β - OS in U. Hence k is NN β - cts function.

Theorem 3.16. A function k is NN β -cts function ⇔ k−1(NN β int(N)) ⊆ NN β int(k−1(N)) for each subset N
of B.

Proof. Let N refers a NN set in B and k be a NN β - cts function . Clearly, k−1(NN β int(N)) ⊆ k−1(N)
=⇒ NN β int(k−1(NN β int(N)) ⊆ NN β int(k−1(N)). As NN β int(N) is is NN β - OS in B and k is NN

β - cts function, k−1(NN β int(N)) is NN β - OS in U. Hence NN β int(k−1(NN β int(N)) ⊆ k−1(NN β

int(N)) ⊆ NN β int(k−1(N)).
Conversely, k−1(NN β int(N)) ⊆ NN β int(k−1(N)) ⊆ k−1(NN β int(N)) for each NN set N in B. Let

D be a NN β - OS in B. Then k−1(D) = NN β int(k−1(D)) ⊆ k−1(NN β int(D)) =⇒ k−1(D) ⊆ k−1(NN β

int(D)) , but k−1(D) ⊇ k−1(NN β int(D)), hence k−1(D) = k−1(NN β int(D)). Thus k−1(D) is NN β - OS in
U. Hence k is NN β - cts function.

Theorem 3.17. A function k is NN β - cts ⇔ NNβ cl (k−1(H)) ⊆ k−1(NN β cl (H)) for each subset of B.
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Proof. Let H refers a NN OS in B and k be NN β - cts function . Clearly k−1(H) ⊆ k−1(NN β cl (H)). Then
NNβ cl (k−1(H)) ⊆ NNβ cl (k−1(NN β cl (H))) As NN β cl(H) is NN β - CS. Thus NNβ cl (k−1(NN β cl
(H))) = k−1(NN β cl (H)). therefore, NNβ cl (k−1(H)) ⊆ k−1(NN β cl (H)). Conversely , NNβ cl (k−1(H))
⊆ k−1(NN β cl (H)) for each subset H of B.

Let M refers a NN β- CS in B. As every NN CS is NN β - CS, NNβ cl (k−1(M)) ⊆ k−1(NN β cl (M)) =
k−1(M) which dictates k−1(M) is NN β - CS in U. Thus by theorem 3. 12, k is NN β - cts function.

Theorem 3.18. A function k is NN β - cts function ⇔ k−1(NN int(R)) ⊆ NN β int(k−1(R)) for each subset R
of B.

Proof. The proof is clear

Theorem 3.19. A function k is NN β - cts ⇔ NNβcl (k−1(H)) ⊆ k−1(NN cl (H)) for each subset H of B.

Proof. The proof is clear.

Definition 3.20. Let x(j,k,l) be a NN pt of a NN topological space (U, τNN
(U)). A NN set B of U is called

the NN neighborhood(nbhd) of x(j,k,l) if ∃ a NN OS C such that x(j,k,l) ∈ C ⊆ B.

Theorem 3.21. Let k : (U, τNN
(U)) → (B , τNN

(B)) be a function. Then the subsequent conditions are equivalent.

(i) k is NN β - cts .
(ii) For each NN pt. x(j,k,l) ∈ U and every NN nbhd B of k(x(j,k,l)), ∃ a NN β - OS C such that x(j,k,l) ∈ C ⊆

k−1(B)
(iii) For each NN pt. x(j,k,l) ∈ U and every NN nbhd B of k(x(j,k,l)), ∃ a NN β - OS C in U such that x(j,k,l) ∈

C and k(C) = B.

Proof. (i)=⇒ (ii) : Let x(j,k,l) ∈ U be a NN pt in U and let B be a NN nbhd of k(x(j,k,l)). Then ∃ a NN

OS C in B such that k(x(j,k,l)) ∈ C ⊆ B. As k is NN β - , therefore k−1(B) is NN β OS in U and x(j,k,l) ∈
k−1(k(x(j,k,l))) ⊆ k−1(C) ⊆ k−1(B). Hence the (ii).

(ii) =⇒ (iii) : Let x(j,k,l) be NN pt in U and let B be a NN nbhd of k(x(j,k,l)). the condition (ii) dictates
that ∃ a NN β - OS C such that x(j,k,l) ∈ C ⊆ k−1(B). Thus x(j,k,l) ∈ k(C) ⊆ k(k−1(B)) ⊆ B. This dictates
(ii) is true.

(iii) =⇒ (i) : Let C be NN OS in B and let x(j,k,l) ∈ C ⊆ k−1(B). As C is a NN OS, k(x(j,k,l)) ∈ C and
so C is NN nbhd of k(x(j,k,l)). It follows from (iii) that ∃ a NN β OS B in U such that x(j,k,l) ∈ B and k(B)
⊆ C so that x(j,k,l) ∈ B ⊆ k−1(k(B)) ⊆ k−1(C) which dictates that k−1(C) is a NN β OS in U. Therefore, k
is a NN β cts function.

Theorem 3.22. Let k : (U, τNN
(U)) → (B , τNN

(B)) be a function. Then the subsequent conditions are equivalent.

(i) k is NN β - cts
(ii) For each pt. x(j,k,l) ∈ U each NNOS P containing k(x(j,k,l)), ∃ a NN β OS H ⊂ U containing x(j,k,l) such

that k(H) ⊂ P.

Proof. (i)=⇒(ii) Let P refers a NN OS of B containing k(x(j,k,l)), then k−1(P) ∈ NN β OS of U.
Then the set H = k−1(P) which containing x(j,k,l) then k(H) ⊂ P.
(ii)=⇒(iii) Let P ⊂ B be NN OS and let x(j,k,l) ∈ k−1(P). Then k(x(j,k,l))∈ P and thus ∃ Ho ∈ NN β

OS of U such that k(x(j,k,l))∈ Ho and k(Ho)⊂ P which dictates k(x(j,k,l))∈ Ho ⊂ k−1(P) and so k−1(P) =∪
o∈k−1(P) Ho but

∪
o∈k−1(P) Ho ∈ NN β OS of U which dictates k−1(P) ∈ NN β OS of U. Therefore k is

NN β - cts .

Theorem 3.23. Let k : (U, τNN
(U)) → (B , τNN

(B)) be a function. Then the subsequent conditions are equivalent.

(i) k is NN β - cts .
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(ii) The inverse image of each NN CS in B is NN β CS in U.
(iii) NN int(NNcl (k−1(P))) ∩ NNcl(NN int (k−1(P))) ⊂ k−1(NNcl(P)) for each P ⊂ B.
(iv) k(NN int(NNcl(H))) ∩ k(NNcl(NN int(H))) ⊂ NNcl(k(H)) for each H ⊂ U.

Proof. (i)=⇒(ii) Similar to the proof of Theorem 3. 12.
(ii)=⇒(iii) Let P ⊆ B , then k−1(NN cl(P)) is NN β closed in U, i. e. , NN int(NNcl (k−1(P))) ∩

NNcl(NN int (k−1(P))) ⊂ NN int(NNcl (k−1(NNcl (P)))) ∩ NNcl(NN int (k−1(NNcl(P.)))) ⊂ k−1(NNcl(P)).
(iii)=⇒(iv) Let H ⊆ U, P = k(H) in (iii) then NN int(NNcl (k−1 (k(H)))) ∩ NNcl(NN int (k−1 (k(H))))

⊂ k−1(NNcl(k(H))). This dictates NN int(NNcl(H)) ∩ NNcl(NN int(H)) ⊂k−1(NNcl(k(H))). Hence k(NN

int(NNcl(H))) ∩ k(NNcl(NN int(H))) ⊂ NNcl(k(H)).
(iv)=⇒(v) Let C ⊆ B be NN OS, R = B \ C and H = k−1(R) in (iv), then k(NN int(NNcl(k−1(R)))) ∩

k(NNcl(NN int(k−1(R)))) ⊂ NNcl(k(k−1(R))). ⊂ NNcl(R) = R which dictates k−1(R) is NN β closed in U, so
k is NN β - cts .

4. NEUTROSOPHIC NANO β-IRRESOLUTE FUNCTION

Definition 4.1. A function k:( U , τNN
(U)) → (B , τNN

(B)) is called Neutrosophic Nano β-irresolute(NN

β - irres. ) function if k−1(R) is NN β-open in U for each NN β- OS R in V.

Example 4.2. Consider U = {c1, c2, c3, c4, c5} and U \ R = {c1, {c2, c3} , {c4, c5}}. Define an Neut. subset H

⊆ U ∋ H =
{⟨

c1
0.4,0.5,0.7

⟩
,
⟨

c2
0.5,0.5,0.8

⟩
,
⟨

c3
0.6,0.5,0.7

⟩
,
⟨

c4
0.6,0.7,0.8

⟩
,
⟨

c5
0.6,0.8,0.8

⟩}
Then NN(H) =

{⟨
c1

0.4,0.5,0.7

⟩
,
⟨

c2,c3
0.6,0.5,0.7

⟩
,
⟨

c4,c5
0.6,0.8,0.8

⟩}
, NN(H) =

{⟨
c1

0.4,0.5,0.7

⟩
,
⟨

c2,c3
0.5,0.5,0.8

⟩
,
⟨

c4,c5
0.6,0.7,0.8

⟩}
and BNN

(H) =
{⟨

c1
0.4,0.5,0.7

⟩
,
⟨

c2,c3
0.6,0.5,0.7

⟩
,
⟨

c4,c5
0.6,0.8,0.8

⟩}
.

Thus τNN
(U) = {0N, 1N, NN(H) , NN(H) , BNN

(H)}.
Also B = {d1,d2,d3, d4, d5} and B \ R = {{d1, d2}, {d3, d4}, d5}. Define an Neut. subset T ⊆ B ∋
T =

{⟨
d1

0.1,0.2,0.5

⟩
,
⟨

d2
0.2,0.2,0.4

⟩
,
⟨

d3
0.1,0.2,0.7

⟩
,
⟨

d4
0.2,0.2,0.6

⟩
,
⟨

d5
0.1,0.3,0.6

⟩}
Then NN(T) =

{⟨
d1,d2

0.2,0.2,0.4

⟩
,
⟨

d3,d4
0.2,0.2,0.6

⟩
,
⟨

d5
0.1,0.3,0.6

⟩}
, NN(T) =

{⟨
d1,d2

0.1,0.2,0.5

⟩
,
⟨

d3,d4
0.1,0.2,0.7

⟩
,
⟨

d5
0.1,0.3,0.6

⟩}
,

and BNN
(T) =

{⟨
d1,d2

0.2,0.2,0.4

⟩
,
⟨

d3,d4
0.2,0.2,0.6

⟩
,
⟨

d5
0.1,0.3,0.6

⟩}
.

Thus τNN
(B) = {0N, 1N, NN(T) , NN(T) , BNN

(T)}.
Then k : (U , τNN

(U)) → (B , τNN
(B)) is a function specified by k(ci) = di , i = 1, 2, 3, 4, 5.

Consider the set B =
{⟨

d1
0.3,0.5,0.4

⟩
,
⟨

d2
0.3,0.4,0.4

⟩
,
⟨

d3
0.3,0.5,0.4

⟩
,
⟨

d4
0.3,0.5,0.3

⟩
,
⟨

d5
0.4,0.5,0.4

⟩}
,

then k−1(B) =
{⟨

c1
0.3,0.5,0.4

⟩
,
⟨

c2
0.3,0.4,0.4

⟩
,
⟨

c3
0.3,0.5,0.4

⟩
,
⟨

c4
0.3,0.5,0.3

⟩
,
⟨

c5
0.4,0.5,0.4

⟩}
is a NNβ - OS .

Hence k:( U, τNN
(U)) → (B , τNN

(B)) is a NN β - irres. function.

Theorem 4.3. Let j : ( U , τNN
(U)) → (B , τNN

(B)) and k : (B , τNN
(B)) → (N , τNN

(M)) denote functions.
Then

(i) k ◦ j: (U, τNN
(U)) → (N , τNN

(M)) is NN β - cts function if k is NN cts function and j is NN β - cts
function .

(ii) k ◦ j: (U, τNN
(U)) → (N , τNN

(M)) is NN β - irres. function if both k and j are NN β - irres. functions.
(iii) k ◦ j : (U, τNN

(U)) → (N , τNN
(M)) is NN β -cts function if k is NN β - cts function and j is NN β -

irres. function.

Proof. (i) Let T be a NN OS in (M, τNN
(M)). As k is NN-cts function , k−1(T) is NN OS in (B , τNN

(B)).
As j is NN β - cts function , j−1(k−1(T)) = k ◦ j−1(T) is NN β - OS in (U , τNN

(U)). Therefore k ◦ j is
NN β - cts function.
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(ii) Let T be a NN β - OS in (M , τNN
(M)). As k is NN β - irres. function , k−1(T) is NN β - OS in

(B , τNN
(B)). As j is NN β - irres. function , j−1(k−1(T)) = k ◦ j−1(T) is NN β - OS in (U , τNN

(U)).
Therefore k ◦ j is NN β - cts function.

(iii) Let T be a NN OS in (M, τNN
(M)). As k is NN β - cts function, k−1(T) is NN β - OS in (B , τNN

(B)).
As j is NN β - irres. function , j−1(k−1(T)) = k ◦ j−1(T) is NN β - OS in (U , τNN

(U)). Therefore k ◦ j
is NN β - cts function.

Theorem 4.4. Let k : ( U , τNN
(U)) → (B , τNN

(B)) be a function. Then the subsequent conditions are equivalent.

(i) k is NN β irres.
(ii) k−1(H) is NN β CS in ( U , τNN

(U)) for each NN CS in (B , τNN
(B)).

(iii) k(NN β cl(H1)) ⊆ NN βcl(k(H1)) for all H1 ⊆ U.
(iv) NN βcl(k−1(H2)) ⊆ k−1(NN βcl(H2)) for all H2 ⊆ B.
(v) k−1(NN β int(H2)) ⊆ NN β int(k−1(H2)) for all H2 ⊆ B.

(vi) k is NN β irres. for each w ∈ ( U , τNN
(U)).

Proof. (i)=⇒(ii) It is obvious.
(ii)=⇒(iii) Let H1 ⊆ U. In that case, NN β cl(k(H1)) is a NN β CS of (B , τNN

(B)). By (ii), k−1(NN

βcl(H1)) is a NN β CS in (U, τNN
(U)) and NN β cl(k(H1)) ⊆ NN β clk−1k((H1)) ⊆ NN β cl(k−1(NN β

cl(k(H1))) = k−1(NN β cl(k(H1)) . So k(NN β cl(k(H1)) ⊆ NN β cl (k((H1))).
(iii)=⇒(iv)Let H2 ⊆ B . By (iii) k(NNβcl(k−1(H2)) ⊆ NNβcl(kk−1(H2)) ⊆ NNβcl(H2)) . So NNβ

clk−1(H2) ⊆ k−1(NN β cl(H2)).
(iv)=⇒(v) Let H2 ⊆ B. By (iv), k−1(NN β cl(B−H2)) ⊇NNβ cl(k−1(B−H2)) = NNβ cl(U-k−1(H2)). As

U-NNβ cl(U-H2) = NN β int(H2)) subsecuently, k−1(NN β int(H2)) = k−1(B -NNβ cl(B-H2)) = U-k−1(NNβ

cl(B-H2)) ⊆ U-NNβ cl(U-k−1(H2)) = NN β int(k−1(H2)).
(v)=⇒(vi) Let H refers a NNβ OS of (B , τNN

(B)), subsecuently H = NN β int(H)). By (v), k−1(H) =
k−1(NN β int(H)) ⊆ NN β int(k−1(H)) ⊆ k−1(H). So, k−1(H) = NN β int(k−1(H)) . Thus k−1(H) is a NNβ

OS of (U , τNN
(U)). Therefore k is NNβ irres.

(i)=⇒(vi) Let k be a NNβ irres. , w ∈ ( U, τNN
(U)) and any NNβ OS H of (B , τNN

(B)) ∋
k(w) ⊆ H . Then w ∈ k−1(H) = NN β int(k−1(H)). Let G = k−1(H) where G is a NNβ OS of ( , τNN

(U))
and so k(G) = k(k−1(H)) ⊆ H. Thus k is NNβ irres. for each w ∈ ( U , τNN

(U)).
(vi)=⇒(i) Let O be a NNβ OS of (B , τNN

(B)), w ∈ k−1(O). Then k(N) ∈ O. By hypothesis, ∃ a NNβ

OS P of ( U , τNN
(U)) ∋ w ∈ P and k (P) ⊆ O which dictates w ∈ P ⊆ k−1(k(P)) ⊆ k−1 (O) and w ∈ P

= NNβ int (P) ⊆ NNβ int(k−1 (O))=⇒ k−1(O) ⊆ NNβ int(k−1 (O)). Hence k−1 (O) = NNβ int(k−1 (O)).
Hence k is NNβ irres.

Theorem 4.5. Let k be a bijective function, then k is NN β - irres. function ⇔NN β int(k (N)) ⊆ k (NN β int(N))
for each subset N of U.

Proof. Let N ⊆ (U, τNN
(U)). By theorem 4. 4 and As k is bijective, k−1(NN β int(N)) ⊆

NN β int(k(k−1(N))) . Hence k(k−1(NN β int(M))) ⊆ k(NN β int(N)). Therefore NN β int(k (N)) ⊆
k (NN β int(N)).

Conversely, let M be a NNβ OS of (U, τNN
(U)) . Then M = NN β int(M). By assumption k (NN β

int(k−1(M))) ⊇ NN β int(k(k−1((M))) = NN β int(M) = M which dictates k−1(k (NN β int(k−1(M)))) ⊇
k−1(M). Hence k−1(M) = NN β int(k−1(M)). Thus k−1(M) is a NN β OS of ( U , τNN

(U)). Thus k is NNβ

irres.
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5. Conclusion

This work introduces and studies neutrosophic nano β - continuous functions, extending continuity
concepts within neutrosophic nano topological spaces to better handle uncertainity and indeterminacy.
The findings enhance the theoretical foundation of neutrosophic nano topology and provide scope for
broader applications. As a continuation, further research will focus on the development and investigation
of neutrosophic nano β-open maps and β-closed maps, which are expected to enrich the structure of
neutrosophic mappings and offer deeper insights into topological properties under uncertainity.
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