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Abstract
This paper introduces a novel operational matrix approach for addressing a class of fractional-order optimal control prob-

lems, where the derivative is taken in the regularized Prabhakar sense. The method employs Bernoulli polynomials and utilizes
their operational matrix of regularized Prabhakar derivative and inherent properties to convert the original problem into a
finite-dimensional optimization problem. Using the Lagrange multiplier approach, the required optimality conditions are de-
rived, yielding an algebraic system from the original problem. Solving this system yields an approximate fractional optimal
solution. The practicality and efficiency of the proposed approach are confirmed via a series of numerical examples.
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1. Introduction

Optimal control problems constitute a significant class of infinite-dimensional optimization problems
in which the objective is to find a control function that minimizes (or maximizes) a performance index,
subject to dynamic constraints typically formulated as differential equations. These problems naturally
arise in a wide range of disciplines, including engineering, economics, biology, and physics. A notable
subclass is the linear-quadratic control problem, characterized by linear system dynamics and a perfor-
mance index quadratic in both the state and control variables. This type of problem has broad applications
across various domains such as aeronautics [14], robotics [22], economics [42], and engineering [5, 12]. In
recent years, fractional optimal control problems have attracted growing attention due to their ability to
model systems with memory and hereditary properties. In this context, the classical differential operator
in the dynamic equations is replaced by a fractional operatorsuch as the Caputo [4, 3], RiemannLiouville
[2, 1], CaputoFabrizio [13, 44], or AtanganaBaleanu operator [41]which enables a more accurate repre-
sentation of complex phenomena with long-term memory effects. These formulations are particularly
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relevant in applications including viscoelastic materials [6, 25], battery dynamics [36, 21], anomalous dif-
fusion [26, 27], and biological systems [18, 24]. In this study, we focus on the regularized Prabhakar
operator, a generalization of the Caputo and RiemannLiouville operators that offers greater flexibility
for modeling such systems. Optimal control problems are typically approached using one of two main
strategies: analytical or numerical methods. The analytical approachrelying on indirect methods such as
Pontryagins Minimum Principle or Bellmans Dynamic Programmingcan yield exact solutions. However,
in practice, solving the resulting differential systems is often highly complex or even intractable. As a
result, numerical methods are widely adopted, offering approximate solutions with satisfactory accuracy.

Among these, operational matrix methods stand out for their ability to convert differential or inte-
gral operators into matrix products. This transformation reduces the problem to a finite-dimensional
optimization problem. These matrices are typically constructed from families of basis functions or poly-
nomials. Such techniques have been successfully applied to both classical and fractional control problems,
using bases like Legendre polynomials [35, 23, 29], Boubaker polynomials [32, 33], Genocchi polynomials
[39, 40], Bernoulli polynomials [20, 34, 11] and B-spline functions [38].

In this work, we introduce a novel approach to solving a class of linear-quadratic optimal control
problems using an operational matrix constructed from Bernoulli polynomials. Specifically, we develop
this matrix for the regularized Prabhakar operator, which generalizes both Caputo and RiemannLiouville
operators. By leveraging the product matrix and key properties of Bernoulli polynomials, the original
problem is reduced to a finite-dimensional optimization problem. The resulting algebraic system can
then be solved efficiently, either through direct solvers or by applying the method of Lagrange multipli-
ers. Several numerical examples are provided to validate the efficiency and practicality of the proposed
method.

To the best of our knowledge, this is the first work addressing the approximate solution of optimal
control problems involving the regularized Prabhakar operator. To further validate our approach, we
compare it with solutions obtained using the Caputo operatora special case of the regularized Prabhakar
operator when ξ = 0.

The paper is structured as follows: Section 2 provides a review of key concepts in fractional calculus
and Bernoulli polynomials. Section 3 presents the derivation of the regularized Prabhakar operational
matrix and its corresponding product matrix. Section 4 presents the error analysis and discusses conver-
gence results. In Section 5, the considered optimal control problem is presented, along with a detailed
outline of the method used to compute an approximate solution. Section 6 showcases several numerical
examples that illustrate the accuracy and effectiveness of the proposed approach. Finally, concluding
remarks are offered in the last section.

2. Preliminaries

For clarity, the following paragraphs present essential preliminaries, including key definitions, funda-
mental concepts, and important properties of the Prabhakar fractional operator.

Definition 2.1. The left-sided Riemann-Liouville fractional integral (RLIµ0+) of a given function W of order
(µ > 0) is defined as [37]:

RLI
µ
0+W (t) =

1
Γ (µ)

∫t
0

W (τ)

(t− τ)1−µ
dτ, t > 0. (2.1)

Definition 2.2. The left-sided Caputo fractional derivative (CDµ
0+) of order (µ > 0) for a sufficiently

smooth function (W ) is defined as [8]:

CD
µ
0+W (t) =


1

Γ(p− µ)

∫t
0
(t− τ)p−µ−1W (p)(τ)dτ, if p− 1 < µ < p,

dp

dtp
W (t), if µ = p,

where p = ⌈µ⌉ ∈ N and Γ(·) is the Gamma function.
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Definition 2.3. The 1-parameter MittagLeffler function is defined by [15]

Eσ (ω) =

∞∑
r=0

ωr

Γ (σr+ 1)
, ω,σ ∈ C, Re(σ) > 0 (2.2)

The 2- parameter MittagLeffler function reads [43]

Eσ,µ (ω) =

∞∑
r=0

ωr

Γ (σr+ µ)
, ω,σ,µ ∈ C,Re (σ) > 0 (2.3)

Note that Eσ,1 (ω) = Eσ (ω) .
A variant of the Mittag-Leffler function involving three parameters is denoted by Eξ

σ,µ (ω) and is
defined as follows [31, 10]:

Eξ
σ,µ (ω) =

∞∑
r=0

1
Γ (ξ)

Γ (ξ+ r)

Γ (σr+ µ)

ωr

r!
,ω,σ,µ, ξ ∈ C, Re (σ) > 0. (2.4)

In practical applications, a further generalization of Eq. (2.4) is often employed, given by:

eξσ,µ,ω (t,ω) = tµ−1Eξ
σ,µ (ωtσ) , (2.5)

Definition 2.4. [31] Let W ∈ L1[0,b] with 0 < t < b ⩽ ∞. The Prabhakar integral operator is defined as

Eξ
σ,µ,ω,0+W (t) =

∫t
0
(t− τ)µ−1Eξ

σ,µ
(
ω(t− τ)σ

)
W (τ)dτ =

(
W ∗ eξσ,µ,ω

)
(t), (2.6)

where σ,µ, ξ,ω are complex parameters, and R(σ),R(µ) > 0.

Theorem 2.5. [19] Let σ,µ, ξ,υ,ω ∈ C(ℜ (σ) ,ℜ (µ) ,ℜ (υ) > 0), then∫t
0
(t− τ)µ−1

Eξ
σ,µ [ω (t− τ)σ] τυ−1dτ = Γ (υ) tµ+υ−1Eξ

σ,µ+υ(ωtσ).

It is worth recalling that the Prabhakar derivative serves as the left-inverse of the integral operator
defined in Eq. (2.7).

Definition 2.6. [31] Let W ∈ L1[0,b], with 0 < t < b ⩽ ∞, and assume that W ∗ e−ξ
σ,p−µ,ω(·) ∈ Wp,1[0,b],

where p = ⌈µ⌉ is the smallest integer greater than or equal to µ. The Prabhakar fractional derivative is
then defined by:

Dξ
σ,µ,ω,0+W (t) =

dp

dtp

[
E−ξ
σ,p−µ,ω, 0+W (t)

]
, (2.7)

where σ,µ, ξ,ω are complex parameters and ℜ(σ) > 0, ℜ(µ) > 0.

The classical RiemannLiouville fractional integral of order p− (µ+ θ) is a particular case of the Prab-
hakar integral operator when ξ = 0 [17].

I
p−(µ+θ)
0+ W (t) = E0

σ,p−(µ+θ),ω, 0+W (t), (2.8)

where σ,µ, θ,ω ∈ C are the parameters of the Prabhakar kernel, and p = ⌈µ+θ⌉ ensures that the fractional
order is properly defined.

Note that the operator E0
σ,p−(µ+θ),ω, 0+ is convergent under the conditions σ > 0, p−(µ+θ) > 0, W ∈

L1[0, T ], and |ω| tσ < 1. By applying equation (2.8), the Prabhakar fractional derivative D{σ,µ,ω,0+},ξW (t)
can be expressed as follows [9]:

Dξ
σ,µ,ω,0+W (t) =

dp

dtp

[
E−ξ
σ,p−µ,ω, 0+W (t)

]
, (2.9)

where D
µ+θ
0+ denotes the RiemannLiouville fractional derivative of order µ+ θ.
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Definition 2.7. [16] Let W ∈ AC [0,b] ,0 < t < b ⩽ ∞, and p = ⌈µ⌉ . The regularized Prabhakar’s
derivative is defined by

CDξ
σ,µ,ω,0+W (t) =

∫t
0+
(t− τ)p−µ−1E−ξ

σ,p−µ

(
ω(t− τ)σ

)
W (p)(τ)dτ. (2.10)

where σ,µ, ξ,ω ∈ C, ℜ (σ) ,ℜ (µ) > 0.

Remark 2.8. [17] If ξ = 0, the regularized Prabhakar derivative becomes the Caputo fractional derivative.

Remark 2.9. [30] Let W ∈ ACp(0,b), with 0 < t < b ⩽ ∞ and µ > 0. Then:

CDξ
σ,µ,ω,0+W (t) = Dξ

σ,µ,ω,0+

(
W (t) −

p−1∑
k=0

tk

k!
W (k)(0+)

)
.

This result illustrates the link between the standard and regularized versions of the Prabhakar deriva-
tive. In particular, when certain parameters vanish, the regularized form coincides with the classical
Caputo derivative, as also shown by Garra et al., who introduced the regularized Prabhakar operator and
discussed its properties.

Theorem 2.10. [28] Let σ,µ, ξ > 0, n ∈ N. Then:

Eξ
σ,µ,ω,0+t

n =
n!
Γ(ξ)

∞∑
r=0

Γ(ξ+ r)ωr tσr+µ+n

r! Γ(σr+ µ+n+ 1)
. (2.11)

Proof. Let us consider the function W (t) = tn. By applying Definition 2.4 together with Theorem 2.5, we
obtain

Eξ
σ,µ,ω,0+t

n =

∫t
0
(t− τ)µ−1Eξ

σ,µ
(
ω(t− τ)σ

)
τn dτ = Γ(n+ 1) tµ+n Eξ

σ,µ+n+1

(
ωtσ

)
.

Then, using relation (2.4), we directly arrive at the desired result (2.11), which completes the proof.

Theorem 2.11. Let σ,µ, ξ > 0 and let s ∈ N. Then

CDξ
σ,µ,ω,0+t

q =


0, if q < ⌈µ⌉,
∞∑
j=0

q! Γ(−ξ+ j)ωj tjσ+q−µ

Γ(−ξ) Γ(σj+ q− µ+ 1) j!
, if q ⩾ ⌈µ⌉.

where ⌈·⌉ denotes the ceiling function.

Proof. We recall that for a real number q and an integer j, the following holds:

dj

dtj
tq =

0, if q < j,
q!

(q− j)!
tq−j, if q ⩾ j.

Let p = ⌈µ⌉. According to Definition 2.7, for q < p, the regularized Prabhakar derivative vanishes:

CDξ
σ,µ,ω,0+t

q = 0.

For q ⩾ p, we have:

CDξ
σ,µ,ω,0+t

q = E−ξ
σ,p−µ,ω,0+

(
dp

dtp
tq
)

=
q!

(q− p)!
E−ξ
σ,p−µ,ω,0+t

q−p.
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Applying the integral definition of the Prabhakar operator, we obtain:

CDξ
σ,µ,ω,0+t

q =
q!

(q− p)!

∫t
0
(t− τ)p−µ−1E−ξ

σ,p−µ (ω(t− τ)σ) τq−p dτ

=
q!

(q− p)!
Γ(q− p+ 1) tq−µE−ξ

σ,q−µ+1(ωtσ)

=

∞∑
j=0

q! Γ(−ξ+ j)ωj tjσ+q−µ

Γ(−ξ) Γ(σj+ q− µ+ 1) j!
.

This result follows directly from Theorem 2.5, and completes the proof.

2.1. Bernoulli Polynomials
The classical Bernoulli polynomials BN(t) are defined through the exponential generating function

xext

ex − 1
=

∞∑
N=0

BN(t)
xN

N!
.

In particular, the Bernoulli numbers correspond to the evaluation of these polynomials at zero: BN =
BN(0).

An explicit expression for the Bernoulli polynomial of degree N on the interval [0, 1] is given by

BN(t) =

N∑
r=0

(
N

r

)
BN−r t

r =

N∑
r=0

(
N

r

)
Br t

N−r.

Some fundamental properties of the Bernoulli polynomials include:

B ′
N(t) = NBN−1(t), N ⩾ 1, (2.12)

BN(1 − t) = (−1)N BN(t), (2.13)

BN(0) = BN, BN(1) = (−1)NBN, (2.14)∫ 1

0
BN(t)dt = 0, for N ⩾ 1. (2.15)

2.2. Function Approximation
Any function W (t), squareintegrable over the interval [0, 1], can be represented approximately as

W (t) ≈
N∑
r=0

cr Br(t),

where the coefficients cr are given by

cr = ⟨W (t), Br(t)⟩H−1,

where H ∈ R(N+1)×(N+1) is the Gram matrix defined by

H(t) = ⟨B(t), B(t)⟩ =
∫ 1

0
B(t)BT (t)dt. (2.16)

Let c = [c0, c1, . . . , cN] and B(t) = [B0(t), B1(t), . . . , BN(t)]T . Then

W (t) ≈ c B(t), c = H−1⟨f(t), B(t)⟩.
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3. Bernoulli Operational Matrix of the Regularized Prabhakar Derivative

In this section, we present a unified and original framework for constructing an operational matrix for
the Regularized Prabhakar fractional derivative based on the Bernoulli polynomial basis. The objective is
to express the action of this nonlocal operator in matrix form, thereby converting the underlying fractional
differential system into an equivalent algebraic system.

This construction offers a novel and efficient numerical tool for addressing fractional optimal control
problems involving Prabhakar-type dynamics. The use of Bernoulli polynomials provides a compact
representation with computational advantages, making the proposed scheme both accurate and suitable
for handling the memory-dependent behavior inherent in fractional models.

Theorem 3.1. Let B(t) = [B0(t), B1(t), . . . , BN(t)]T denote the vector of Bernoulli polynomials, and let 0 <

σ < 1. Then the regularized Prabhakar fractional derivative in the Caputo sense of order σ satisfies:

Dξ
σ,µ,ωB(t) = Pξ

σ,µ,ωB(t),

where Pξ
σ,µ,ω ∈ R(N+1)×(N+1) is the operational matrix defined by:

Pξ
σ,µ,ω(j, l) =


0, for 0 ⩽ j < ⌈µ⌉,

j∑
i=⌈µ⌉

ζξj,i,σ,µ,ω,l, for j ⩾ ⌈µ⌉,

with the coefficients ζξj,i,σ,µ,ω,l given by:

ζξj,i,σ,µ,ω,l =

(
j

i

)
Bj−i

∞∑
k=0

Γ(−ξ+ k)ωkΓ(i+ 1)g(k,i)
l

Γ(−ξ)Γ(σk− µ+ i+ 1)Γ(k+ 1)
,

and where g(k,i)
l are the coefficients obtained by projecting tσk−µ+i onto the Bernoulli basis:

tσk−µ+i ≈
N∑
l=0

g
(k,i)
l Bl(t), with g

(k,i)
l =

N∑
m=0

(
H−1)

l,m

〈
tσk−µ+i, Bm(t)

〉
,

where H ∈ R(N+1)×(N+1) is computed according to (2.16).

To clearly illustrate the structure of the matrix Pξ
σ,µ,ω ∈ R(N+1)×(N+1), we present its entries explicitly

by separating the cases j < ⌈µ⌉ and j ⩾ ⌈µ⌉ as follows:

Pξ
σ,µ,ω =



0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

⌈µ⌉∑
i=⌈µ⌉

ζξ⌈µ⌉,i,σ,µ,ω,0 · · · · · ·
⌈µ⌉∑

i=⌈µ⌉

ζξ⌈µ⌉,i,σ,µ,ω,N

⌈µ⌉+1∑
i=⌈µ⌉

ζξ⌈µ⌉+1,i,σ,µ,ω,0 · · · · · ·
⌈µ⌉+1∑
i=⌈µ⌉

ζξ⌈µ⌉+1,i,σ,µ,ω,N

...
. . .

...
N∑

i=⌈µ⌉

ζξN,i,σ,µ,ω,0 · · · · · ·
N∑

i=⌈µ⌉

ζξN,i,σ,µ,ω,N



.
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To highlight the sparse and structured nature of the matrix Pξ
σ,µ,ω, we express it in block form as follows:

Pξ
σ,µ,ω =

[
0⌈µ⌉×(N+1)

P̃ξ
σ,µ,ω

]
,

where P̃ξ
σ,µ,ω ∈ R(N+1−⌈µ⌉)×(N+1) is defined by

(
P̃ξ
σ,µ,ω

)
j,l =

j+⌈µ⌉∑
i=⌈µ⌉

ζξ
j+⌈µ⌉, i,σ,µ,ω, l.

Proof. We begin with the classical expansion of the Bernoulli polynomial Bj(t) in terms of monomials:

Dξ
σ,µ,ωBj(t) =

j∑
i=0

(
j

i

)
Bj−iD

ξ
σ,µ,ωti.

Next, we apply Theorem 2.11, which gives the regularized Prabhakar fractional derivative of the
monomial ti in the Caputo sense. Noting that this derivative vanishes for i < ⌈µ⌉, we obtain

Dξ
σ,µ,ωBj(t) =

j∑
i=⌈µ⌉

(
j

i

)
Bj−i

∞∑
k=0

Γ(−ξ+ k)ωk Γ(i+ 1) tσk−µ+i

Γ(−ξ) Γ(σk− µ+ i+ 1) Γ(k+ 1)
.

To express the result in terms of Bernoulli polynomials, we approximate the monomial tσk−µ+i by its
projection onto the Bernoulli basis, as described in Section 2.2:

tσk−µ+i ≈
N∑
l=0

g
(k,i)
l Bl(t).

Substituting this approximation back into the previous expression yields

Dξ
σ,µ,ωBj(t) ≈

j∑
i=⌈µ⌉

(
j

i

)
Bj−i

∞∑
k=0

Γ(−ξ+ k)ωk Γ(i+ 1)
Γ(−ξ) Γ(σk− µ+ i+ 1) Γ(k+ 1)

N∑
l=0

g
(k,i)
l Bl(t).

Interchanging the summation order, we obtain

Dξ
σ,µ,ωBj(t) ≈

N∑
l=0

 j∑
i=⌈µ⌉

(
j

i

)
Bj−i

∞∑
k=0

Γ(−ξ+ k)ωk Γ(i+ 1)g(k,i)
l

Γ(−ξ) Γ(σk− µ+ i+ 1) Γ(k+ 1)

Bl(t).

This shows that the action of the operator Dξ
σ,µ,ω on the Bernoulli polynomial Bj(t) can be approxi-

mated by a linear combination of Bernoulli polynomials. Therefore, the (j, l)-th entry of the operational
matrix Pξ

σ,µ,ω is given by

[Pξ
σ,µ,ω]j,l =

j∑
i=⌈µ⌉

ζξj,i,σ,µ,ω,l,

where

ζξj,i,σ,µ,ω,l =

(
j

i

)
Bj−i

∞∑
k=0

Γ(−ξ+ k)ωk Γ(i+ 1)g(k,i)
l

Γ(−ξ) Γ(σk− µ+ i+ 1) Γ(k+ 1)
.

Finally, for j < ⌈µ⌉, the fractional derivative vanishes and the corresponding row of the matrix is zero.
This completes the proof.
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4. Error Analysis

Lemma 4.1 ([20]). Let W ∈ CN+1[0, 1] and let XN be the linear space spanned by Bernoulli polynomials up to
degree N. If WN(t) is the best approximation of W in the L2-norm, then

∥W −WN∥L2[0,1] ⩽
K

(N+ 1)!

√
1

2N+ 3
, where K = sup

t∈[0,1]

∣∣W (N+1)(t)
∣∣.

Theorem 4.2. For any function W ∈ L2[0, 1] approximated by WN(t) = cTB(t), we have

lim
N→∞

∥∥W −WN

∥∥
L2[0,1] = 0.

Theorem 4.3. In a Hilbert space H with finite-dimensional subspace Y spanned by an orthonormal basis {y1, . . . ,yn},
the best approximation y0 ∈ Y to x ∈ H satisfies

∥x− y0∥2
2 = ∥x∥2

2 −

n∑
k=1

∣∣⟨x,yk⟩
∣∣2.

Equivalently, using Gram determinants,

∥x− y0∥2
2 =

G(x,y1, . . . ,yn)

G(y1, . . . ,yn)
,

where G denotes the Gram determinant of the specified set of vectors.

The approximation error for the Prabhakar fractional derivative is bounded by

ϵj(t) = Dξ
σ,µ,ωBj(t) −

N∑
l=0

j∑
i=⌈µ⌉

ζξj,i,σ,µ,ω,l Bl(t).

The L2-norm of this error satisfies

∥∥ϵj∥∥L2[0,1] ⩽
j∑

i=⌈µ⌉

(
j

i

)∣∣Bj−i

∣∣ ∞∑
k=0

∣∣Λk,i
∣∣ ∥∥∥tσk−µ+i −

N∑
l=0

g
(k,i)
l Bl(t)

∥∥∥
L2[0,1]

,

where

Λk,i =
Γ(−ξ+ k)ωk Γ(i+ 1)

Γ(−ξ) Γ(σk− µ+ i+ 1) Γ(k+ 1)

and g
(k,i)
l are the projection coefficients. As N → ∞, each approximation error term vanishes and thus

lim
N→∞

∥∥ϵj∥∥L2[0,1] = 0.

5. The Numerical Method

The general form of the regularized Prabhakar fractional optimal control problems considered in this
study is given by

min J =

∫ 1

0

(
x2(t) + u2(t) +w(t)x(t) + z(t)u(t)

)
dt, (5.1)

subject to: CDξ
σ,µ,ω,0+x(t) = g

(
t, x(t),u(t)

)
, (5.2)

x(0) = a. (5.3)
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To solve (5.2)(5.3), we approximate x(t) and u(t) using Bernoulli polynomial expansions:

x(t) = XTB(t), (5.4)

u(t) = UTB(t), (5.5)

where X = [x0, x1, . . . , xN]T and U = [u0,u1, . . . ,uN]T are unknown coefficient vectors, and B(t) is the
Bernoulli basis vector.

Using the operational matrix Pξ
σ,µ,ω for the regularized Prabhakar derivative (Theorem 3.1), we have

CDξ
σ,µ,ω,0+x(t) ≈ XTPξ

σ,µ,ωB(t). (5.6)

Substituting (5.4), (5.5), and (5.6) into (5.2) yields

XTPξ
σ,µ,ωB(t) = g

(
t,XTB(t),UTB(t)

)
. (5.7)

We expand the known functions in the Bernoulli series:

w(t) = WTB(t), z(t) = ZTB(t), (5.8)

where W and Z are known coefficient vectors.
The initial condition becomes

XTB(0) = a. (5.9)

The cost functional (5.1) is approximated as

J ≃
∫ 1

0

(
XTB(t)BT (t)X+UTB(t)BT (t)U

+WTB(t)BT (t)X+ZTB(t)BT (t)U
)
dt. (5.10)

Then we obtain

J[X,U] = XTHX+UTHU+WTHX+ZTHU, (5.11)

where H ∈ R(N+1)×(N+1) is computed according to (2.16). We formulate the constrained optimization
problem using Lagrange multipliers Λ = [λ0, λ1, . . . , λN]T :

J = J[X,U] +ΛT
(
XTPξ

σ,µ,ω −G(X,U)
)
, (5.12)

where G(X,U) encodes the dynamical constraint (5.7).
The optimality conditions are

∂J

∂X
= 0,

∂J

∂U
= 0,

∂J

∂Λ
= 0. (5.13)

Solving this nonlinear algebraic system yields the coefficients X and U, from which we reconstruct x(t)
and u(t) via (5.4) and (5.5).

6. Illustrative Examples

To validate the proposed method outlined in Section 5, we apply it to several illustrative numerical
examples.
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Example 6.1. Consider the following fractional optimal control problem:

min J =
1
2

∫ 1

0

(
x2(t) + u2(t)

)
dt, (6.1)

subject to: CDξ
σ,µ,ω,0+x(t) + x(t) − u(t) = 0, (6.2)

x(0) − 1 = 0. (6.3)

For the particular case where ξ = 0 and µ = 1, the exact solution is given by

x(t) = cosh(
√

2 t) + v sinh(
√

2 t),

u(t) = (1 +
√

2 v) cosh(
√

2 t) + (
√

2 + v) sinh(
√

2 t),

v = −
cosh(

√
2)√

2 cosh(
√

2) + sinh(
√

2)
+

√
2 sinh(

√
2)√

2 cosh(
√

2) + sinh(
√

2)
.

The corresponding optimal cost is J∗ = 0.192909.
Following the numerical scheme detailed in Section 5, the solution procedure begins by construct-

ing the regularized Prabhakar operational matrix, approximating the state and control functions using
Bernoulli polynomials, and formulating the optimality conditions via Lagrange multipliers. The resulting
algebraic system yields the coefficients of the approximate solution.

Table 1: Cost functional error ∆J for σ = 1,µ = 1, ξ = 0,ω = 0.25 and different polynomial degrees N.
N 2 3 4 5 6
∆J 1.387 × 10−3 2.231 × 10−5 1.469 × 10−7 8.171 × 10−10 4.483 × 10−11

In Table 1, the cost functional error ∆J is reported for increasing degrees N of the Bernoulli polynomial
basis. The results show clear exponential decay in ∆J with increasing N, confirming the strong conver-
gence of the proposed numerical method. For instance, the error decreases from 1.387× 10−3 for N = 2 to
less than 10−10 for N = 5, indicating that the approximate solution closely approaches the exact one. This
trend confirms the efficiency and high accuracy of the Bernoulli operational matrix approach in approx-
imating the optimal control and the associated cost functional within the framework of the regularized
Prabhakar derivative. Figure 1 displays the absolute errors of the approximate state x̃(t) and control ũ(t)
for various degrees N of the Bernoulli polynomial basis. Each curve corresponds to a distinct value of
N ∈ {2, 3, 4, 5, 6}.

The graphs clearly show that the errors decrease as N increases, confirming the convergence behavior
already observed in Table 1. Notably, the approximation of the control function u(t) shows a slightly
slower convergence compared to the state x(t), but both reach high accuracy for N ⩾ 5.
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Figure 1: Absolute errors in x(t) and u(t) for σ = 1,µ = 1, ξ = 0,ω = 0.25 and various values of N.
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Figure 2: State and control approximations for σ = 1, ξ = 0,ω = 0.25 and different fractional orders µ, with N = 4.

In Figure 2, the approximate solutions x̃(t) (top) and ũ(t) are displayed for ξ = 0 and different values
of the fractional order µ ∈ {0.5, 0.7, 0.9, 1}, using a Bernoulli polynomial basis of degree N = 4. As µ

approaches 1, the solutions tend to the classical case.
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Table 2: Cost functional for σ = 1, ξ = 0,ω = 0.25 and different µ, with N = 4.

µ 0.5 0.7 0.9 0.99 1

J 0.1496514212 0.1605231482 0.1799602266 0.1915355806 0.1929094450

Table 2 presents the numerical values of the cost functional J obtained for different values of the
parameter µ, with the approximation degree fixed at N = 4. It is clearly observed that the value of
J(µ) increases monotonically with µ. This trend reflects the fact that higher values of µ correspond to
dynamical regimes where the control u(t) has a stronger or more prolonged influence on the system, thus
resulting in a higher associated cost.

Moreover, the variations in J become more significant for µ ∈ [0.9, 1], which may indicate a stiffer
system behavior as µ approaches the classical integer-order case µ = 1.

Example 6.2. This example studies an optimal control problem involving the regularized Prabhakar frac-
tional derivative in place of the classical derivative. This formulation, inspired by the work of Barikbin
and Keshavarz [7], involves minimizing a cost functional subject to a fractional dynamic constraint:

min J =

∫ 1

0

(
0.625 x2(t) + 0.5u2(t) + 0.5 x(t)u(t)

)
dt. (2.1)

subject to
Dξ

σ,µ,ω,0+x(t) − 0.5 x(t) − u(t) = 0, (2.2)

with
x(0) − 1 = 0. (6.4)

For the special case ξ = 0 and µ = 1, the exact solution is known and given by

u∗(t) = −
(tanh(1 − t) + 0.5) cosh(1 − t)

cosh(1)
, (2.3)

x∗(t) =
cosh(1 − t)

cosh(1)
. (2.4)

The associated optimal cost is
J∗ = 0.3807971.
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Figure 3: Absolute errors for x(t) and u(t) with σ = 1,µ = 1, ξ = 0,ω = 0.25, and various N = 2, 4, 6, 8.

Figure 3 illustrates the evolution of the absolute errors in the state variable x(t) and the control function
u(t) as the approximation degree increases (N = 2, 4, 6, 8). The graphical results demonstrate a clear, rapid
decrease in error magnitude, confirming the convergence and effectiveness of the numerical scheme.

Table 3: Summary of absolute error norms for x(t) and u(t) with σ = 1,µ = 1, ξ = 0,ω = 0.25 at various values of N.

Errors on x(t) Errors on u(t)

N L∞(x) L2(x) L∞(u) L2(u)

2 3.010 × 10−3 1.915 × 10−3 3.537 × 10−2 1.668 × 10−2

4 8.402 × 10−6 5.344 × 10−6 2.291 × 10−4 1.072 × 10−4

6 1.185 × 10−8 7.334 × 10−9 5.561 × 10−7 2.648 × 10−7

8 1.056 × 10−11 6.897 × 10−12 6.979 × 10−10 3.160 × 10−10

Table 3 quantitatively demonstrates the accuracy and reliability of the developed numerical scheme.
As the polynomial degree N increases, the L∞ and L2 norms of the absolute errors for both the state vari-
able x(t) and the control function u(t) exhibit a substantial and consistent decrease, often by several orders
of magnitude. These results confirm the method’s high accuracy, efficiency, and spectral convergence, in
agreement with the graphical observations.

Table 4: Cost J∗ for each polynomial degree N (σ = 1, ξ = 0,ω = 0.25 and µ = 1).

N 4 6 8

J∗ 0.3807970803 0.38079707798 0.38079707797788

Table 4 presents the computed optimal values J∗ for different values of N. The results converge rapidly
to the exact value, demonstrating both the accuracy and numerical stability of the technique.
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Table 5: Absolute errors at selected time points for different polynomial degrees N = 4, 6, 8, with σ = 1, ξ = 0,ω = 0.25 and
µ = 1.

Time N = 4 N = 6 N = 8
|x− xexact| |u− uexact| |x− xexact| |u− uexact| |x− xexact| |u− uexact|

0.1 5.649 × 10−6 5.978 × 10−5 3.664 × 10−9 2.091 × 10−7 8.590 × 10−12 1.113 × 10−12

0.2 2.915 × 10−6 8.509 × 10−5 9.417 × 10−9 1.063 × 10−7 7.594 × 10−12 1.334 × 10−10

0.3 8.402 × 10−6 1.224 × 10−5 6.376 × 10−9 1.457 × 10−7 2.959 × 10−12 1.840 × 10−10

0.4 6.239 × 10−6 5.738 × 10−5 1.174 × 10−8 5.940 × 10−8 1.056 × 10−11 1.039 × 10−11

0.5 7.623 × 10−7 7.531 × 10−5 8.290 × 10−10 1.590 × 10−7 5.687 × 10−13 1.785 × 10−10

0.6 6.935 × 10−6 3.585 × 10−5 1.185 × 10−8 2.267 × 10−8 1.019 × 10−11 4.123 × 10−11

0.7 7.512 × 10−6 3.335 × 10−5 4.791 × 10−9 1.525 × 10−7 3.756 × 10−12 1.649 × 10−10

0.8 1.642 × 10−6 7.991 × 10−5 9.301 × 10−9 6.949 × 10−8 6.594 × 10−12 1.443 × 10−10

0.9 5.282 × 10−6 3.480 × 10−5 2.599 × 10−9 1.918 × 10−7 7.894 × 10−12 2.278 × 10−11

1.0 9.977 × 10−9 1.801 × 10−4 4.366 × 10−14 4.707 × 10−7 2.769 × 10−17 6.145 × 10−10

Table 6: Cost functional for different µ, with N = 6, σ = 1, ξ = 0,ω = 0.25.

µ 0.8 0.9 0.99 1

J 0.3524716686 0.366736173 0.3794075 0.380797078

Table 7: Cost functional for different σ, with N = 6, µ = 1, ξ = 1,ω = 0.25.

σ 0.01 0.02 0.1 0.2 1

J 0.38063693 0.380476720 0.379192629 0.3775817051 0.380797078

The influence of the fractional parameters µ, σ, and ξ is investigated in Tables 6 and 7. As ξ = 0
and µ → 1, σ → 1, the cost functional J tends toward its reference value obtained in the classical case,
highlighting the consistency of the fractional model with integerorder dynamics in the limiting case.
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Figure 4: Analysis of approximation accuracy for x(t) with ξ = 0 and varying µ.

Figure 4 supports this analysis, showing that smaller values of µ lead to larger deviations from the
classical behavior. This reflects the impact of memory effects induced by the regularized Prabhakar oper-
ator CDξ

σ,µ,ω,0+ , which generalizes the Caputo derivative by incorporating three fractional parameters.

Example 6.3. Consider the following fractional optimal control problem, as presented in [32]:

min
x,u

J[x,u] =
1
2

∫ 1

0

(
3x2(t) + u2(t)

)
dt, (6.5)

subject to
CDξ

σ,µ,ω,0+x(t) + x(t) − u(t) = 0, 0 ⩽ t ⩽ 1, (6.6)

with
x(0) = 0, x(1) = 2. (6.7)

The exact solution of this problem for ξ = 0 and µ = 1 is given by

x(t) = 2
sinh(2t)
sinh(2)

, u(t) = 2 sinh(2t) + 2
cosh(2t)
sinh(2)

. (6.8)

Table 8: Optimal cost J∗ for σ = 1, µ = 1, ξ = 0, ω = 0.25 and different values of N (exact: J = 6.149258882910192).
N 6 8 9 10
J∗ 6.149258884028549 6.149258882910215 6.149258882910193 6.149258882910193

Table 8 presents the computed optimal cost J∗ for various approximation degrees N = 6, 8, 9, 10,
compared against the exact value J = 6.149258882910192. The results demonstrate that the proposed
numerical method converges rapidly toward the exact solution as N increases. For N = 9 and N = 10, the
computed values are nearly identical to the exact cost up to machine precision, confirming the method’s
high accuracy and numerical stability.
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Table 9: Absolute errors in x(t) across degrees N for σ = 1, µ = 1, ξ = 0, and ω = 0.25.
t N = 6 N = 8 N = 9 N = 10

0.1 8.96 × 10−7 1.05 × 10−8 3.16 × 10−10 6.68 × 10−12

0.2 3.08 × 10−7 8.84 × 10−9 4.49 × 10−10 1.25 × 10−11

0.3 1.63 × 10−6 4.79 × 10−9 3.39 × 10−10 2.74 × 10−11

0.4 3.87 × 10−6 1.34 × 10−8 1.97 × 10−10 2.58 × 10−11

0.5 1.91 × 10−7 5.23 × 10−10 5.23 × 10−10 9.82 × 10−13

0.6 3.85 × 10−6 1.37 × 10−8 1.44 × 10−10 2.71 × 10−11

0.7 2.00 × 10−6 4.06 × 10−9 3.94 × 10−10 2.74 × 10−11

0.8 3.11 × 10−6 9.76 × 10−9 4.74 × 10−10 1.17 × 10−11

0.9 1.14 × 10−6 1.12 × 10−8 3.29 × 10−10 6.12 × 10−12

Table 9 displays the computed absolute errors for the state variable x(t) at selected time points and
for different values of N. A clear trend of decreasing error with increasing N is observed. For N =
10, the error is consistently reduced to the order of 10−12 or lower, highlighting the method’s spectral
convergence. Moreover, the error remains well distributed across the domain, including the central point
t = 0.5, where high precision is maintained.

Table 10: Absolute error of u(t) for different N at σ = 1, µ = 1, ξ = 0, ω = 0.25.
t N = 6 N = 8 N = 9 N = 10

0.0 1.61 × 10−4 8.29 × 10−7 3.61 × 10−8 2.57 × 10−9

0.1 6.51 × 10−5 3.26 × 10−8 6.12 × 10−9 7.65 × 10−10

0.2 2.26 × 10−5 1.94 × 10−7 6.65 × 10−10 6.11 × 10−10

0.3 5.09 × 10−5 2.17 × 10−7 7.84 × 10−9 2.05 × 10−10

0.4 6.66 × 10−6 5.69 × 10−8 8.88 × 10−9 3.84 × 10−10

0.5 5.20 × 10−5 2.33 × 10−7 1.17 × 10−9 6.50 × 10−10

0.6 2.01 × 10−5 1.09 × 10−8 9.91 × 10−9 2.98 × 10−10

0.7 4.70 × 10−5 2.40 × 10−7 6.60 × 10−9 3.07 × 10−10

0.8 3.51 × 10−5 1.71 × 10−7 2.88 × 10−9 6.81 × 10−10

0.9 6.78 × 10−5 3.55 × 10−9 8.36 × 10−9 8.33 × 10−10

1.0 1.81 × 10−4 9.07 × 10−7 4.14 × 10−8 2.77 × 10−10

Table 10 provides the absolute errors of the control function u(t) over the interval [0, 1]. Similar to the
results for x(t), the errors decrease significantly with increasing N. For instance, the maximum error for
N = 6 is on the order of 10−4, while for N = 10 it drops to as low as 10−10. These results demonstrate
that the proposed method accurately captures both the state and control trajectories with high fidelity.

Table 11: Effect of ξ on J∗ for N = 6, µ = 1, σ = 1, ω = 0.25.

ξ 0.3 0.2 0.1 1.0

J∗ 5.9287752 6.0011659 6.07465838 6.149258884028549

Table 11 shows the influence of the fractional parameter ξ on the optimal cost J∗ for a fixed approx-
imation degree N = 6. As ξ increases, the optimal cost J∗ gradually increases, reaching its maximum
when ξ = 1. These results underline the importance of carefully tuning ξ in fractional optimal control
problems.

Figure 5 illustrates the evolution of the absolute error of the state function x(t) for different approx-
imation degrees N = 7, 8, 9, 10, with the parameters fixed at µ = 1, σ = 1, ξ = 0, and ω = 0.25. A clear
decrease in the maximum error is observed as N increases. More specifically, the accuracy improves by
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Figure 5: Absolute error of x(t) for σ = 1, µ = 1, ξ = 0, ω = 0.25, and different values N = 7, 8, 9, 10.

approximately one order of magnitude with each increment of N, indicating a rapid convergence of the
proposed method.

Example 6.4. Consider the following fractional optimal control problem:

J(x,u) =
1
2

∫ 1

0

(
x2

1(t) + x2
2(t) + u2(t)

)
dt,

subject to

Dξ
σ,µ,ω,0+x1(t) = −x1(t) + x2(t) + u(t),

Dξ
σ,µ,ω,0+x2(t) = −2x2(t),

with the initial conditions
x1(0) = 1, x2(0) = 1.

The optimal value of the cost functional is approximately J∗ ≈ 0.4319835548817479.

The table below presents the computed cost values J∗ for ξ = 0, µ = 1 and different approximation
degrees N:

N = 5 N = 7 N = 9 N = 10
0.432332 0.4319598 0.431996 0.43199338277

The following table displays the numerical values of x1(t), x2(t), and u(t) for various time points t ∈ [0, 1],
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using approximation degree N = 10:

t x1(t) x2(t) u(t)

0.1 1.3226 × 10−4 1.5615 × 10−6 8.63993 × 10−5

0.2 1.7742 × 10−4 2.2316 × 10−6 4.1975 × 10−4

0.3 1.7743 × 10−4 1.8082 × 10−6 1.330848 × 10−4

0.4 9.7656 × 10−5 4.9833 × 10−7 1.26691 × 10−3

0.5 1.0428 × 10−4 1.1618 × 10−6 2.773 × 10−3

0.6 4.2082 × 10−4 2.5103 × 10−6 3.9405 × 10−3

0.7 7.6343 × 10−4 3.0094 × 10−6 3.8118 × 10−3

0.8 9.5991 × 10−4 2.4480 × 10−6 1.4502 × 10−3

0.9 7.7539 × 10−4 1.0231 × 10−6 3.8458 × 10−3

It is observed that the functional value J∗ rapidly converges to the exact optimal value as the approx-
imation degree N increases. Additionally, the values of the state and control functions x1(t), x2(t), and
u(t) remain very small across the interval, indicating effective stabilization of the system by the control
strategy.

7. Conclusion

In this study, we first constructed the operational matrix of Bernoulli polynomials associated with the
regularized Prabhakar derivative. This matrix, in combination with the product matrix, was employed to
convert the original optimization problem into a finite-dimensional one, which can be efficiently solved
using the Lagrange multiplier method or dedicated numerical solvers. Through this process, the integro-
differential problem was transformed into an equivalent algebraic problem.

The numerical results clearly demonstrate that the approximate solution converges to the exact ana-
lytical solution as the number of Bernoulli polynomials increases, confirming the efficiency and reliability
of the proposed method. Moreover, the numerical experiments indicate that as the parameter ξ tends to
zero, the approximate control and state functions converge to those corresponding to the Caputo deriva-
tive. Similarly, when the parameter µ approaches one, the solutions converge to those of the classical
(ordinary) derivative case.

Future work will focus on extending the use of this operational matrix to design efficient numerical
schemes for general classes of optimal control problems and differential equations involving the Prab-
hakar derivative. Additionally, we plan to develop operational matrices for other families of functions
and polynomials to broaden the applicability of the proposed approach to a wider range of related prob-
lems.
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