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Abstract

The thermal diffusion coefficient in radioactive materials is not a constant value, and this makes the heat transfer problem
different in such materials and materials that are not homogeneous and have been destroyed or are disintegrating in some way.
In the problem under discussion, the heat diffusion coefficient is time-dependent and satisfies a nonlinear integral equation.
The existence and uniqueness of the solution to the integral equation in question are discussed in detail in Chapter 13 of the
Book "Encyclopedia of the One-Dimensional Heat Equation” by Cannon, J. R. The integral equation in question is not a standard
Volterra integral equation and therefore has not been studied much from a numerical perspective. For example, if we apply
the fixed point method, which is a powerful tool in the analysis of existence and uniqueness, discussed in Chapter 13 of the
aforementioned Book, to a numerical solution, we cannot go even one step forward with this method. Since the unknown
function is located at the kernel of a nested integral, applying canonical methods becomes difficult. Therefore, in this paper, we
have discussed a hybrid method of numerical integration and iterative methods that solves the problem with sufficient accuracy.
In Section 5, we have extracted several sample problems using the properties of the heat equation in the case where the thermal
diffusivity is Time-dependent. The numerical solution of these sample problems in the Section 6 demonstrates the efficiency and
accuracy of the proposed method.
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1. Introduction

In this paper, we consider the problem of determining the thermal diffusivity of a radioactive conduc-
tor, which is changing with time. More presisely, we consider the determination of a positive continuous
function a(t) defined on the interval 0 < t < T and a function u = u(x, t) definedon0 < x < o0, 0 <t < T,
such that the pair (a, u) satisfies

= a(t)uyxy, O<x<oo, 0<t<T,
u(x,0) =0, 0<x <o,
u(0,t) =P(t), 0<t<T, $(0)=0, (1.1)
—a(t)ux(0,t) =¢g(t), 0<t<T,
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where 1 and g are given functions that are defined respectively on 0 < t < Tand 0 <t < T. A
Physical example giving rise to a system of this form is a heat conduction situation in which the medium
is undergoing radioactive decay, so that its thermal conductivity varies with the degree of decay. In turn,
the degree of decay may be related to the time, so that the thermal conductivity may be considered a
function of time alone [12]. To state the problem precisely, we present a definition and a lemma regarding
this issue.

Definition 1.1. By a solution (a,u) of (1.1), we mean that

1. a(t) is positive and continuous on 0 <t < T;

2. u(x,t) is continuous for 0 <t < T, 0 < x < o0;

U, uy and u,, exists and are continuous for 0 < x < oo, 0 <t < T;
limy oux(x,t) exists for0 <t < T;

a and u satisfy (1.1), and

Foranyt,0<t< T, uand uy cannot grow faster than C exp(x%),
o < 2, as x tends to infinity.

SARRS LI

According to Definition 1.1, we have the following lemma.

Lemma 1.2. Under the assumption that \p is continuously differentiable and \»(0) = 0, problem (1.1) possesses a
unique solution if and only if the nonlinear integral equation

_ n'/2g(t)
R[¢%ﬂ/0ﬁa@k@)ujdw

a(t)

, 0<t<T, (1.2)

possesses a unique positive solution a(t) that is continuous for 0 <t < T.
Proof. See Lemma 13.4.1 of [8]. O

Before turning to obtain the numerical solution of the integral equation (1.2), it is convenient to list
the following restrictions upon the data.
Assumption A
We assume that

1. 1 is continuously differentiable on every compact subset of 0 <t < T;
2. 9(0) =0;

3. p(0)>0,0<t<T;

4. gis continuous for 0 <t < T, and positive for 0 <t < T ; and

5. The function

m'/2g(t)

v/ -0 ae

h(t) , O0<t<T,

satisfies
Pf% h(t)=hp >0
Theorem 1.3. Under Assumption A, there exists a solution to the nonlinear integral equation (1.2).
Proof. See Theorem 13.4.1 of [8]. dJ

Theorem 1.4. Under Assumption A, the solution to the nonlinear integral equation (1.2) is unique.

Proof. See Theorem 13.4.2 of [8]. O
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According to Theorem 1.4, for the known functions g and 1, the unique solution to Eq. (1.2) gives us
the function a(t), which is in fact the thermal diffusivity of the system under study. Many heat transfer
problems involve integral equations or, equivalently, a system of integral equations [1, 2, 3, 4]. Some
of these nonlinear integral equations, which are in the form of nonlinear Volterra integral equations or
Similar ones, can be solved by linearizing the system of governing equations [1, 2]. However, for singular
Kernels, the fractional variation method is also suitable [11, 15].

Given that Eq. (1.2) is not in standard Volterra form or similar, the methods mentioned above, En-
counter algorithmic complexity, so that if the same fixed point method relied on in [8] in the analysis of
stability, existence, and uniqueness of the solution is used as a numerical method; not even a single Step
is taken forward. Most authors who have worked on such equations have analyzed the problem from a
theoretical perspective, examining existence, uniqueness, and stability [8, 6, 7, 12]. In one case, Douglas,
J. Jr. and Jones, B. F., presented ideas about numerical solutions that did not lead to any sample problems
to be compared [9]. With some sample problems that we will design in Section 5, we will see that the
presented method is an efficient tool with a high degree of accuracy in numerically solving the problem
in question. Therefore, we organize the paper as follows: In Section 2, we present a high-precision tool.
For numerically computing the definite integral when the integrand is known over the entire integration
interval, but the analytical solution of the integral is not available. In Section 3, we present a numerical
integration method for computing improper integrals. Section 4, using Sections 2 and 3, presents a hybrid
method for solving the problem, which ultimately leads to a numerical algorithm for solving the problem.
In Section 5, we design samples of problems that have analytical solutions for a range of functions, 1\, and
g. Finally, in Section 6, we show the applicability and accuracy of the method in some sample problems.

2. Gaussian integration quadrature procedure

Suppose f is a given function on the interval [a, b], then the Gaussian integration quadrature reads as
follows:

Jb ft)dt ~ Y cif(ty), (2.1)
@ i=1

where the nodes ty,...,t; in the interval [a,b] and coefficients c¢q, ¢y, ..., cn are chosen to minimize
the expected error obtained in the approximation (2.1). Since for every interval [a, b] and n € IN the pairs

{(ti,ci):1=1,2,...,n}, (2.2)

can be obtained by any mathematical programming software. We denote the nodes in (2.2) by

GaussianQuadratureWeights(n, a, b) and the approximation value in (2.1) by Ig(f(t),{t, a, b}). These
notations are similar to the symbols and procedure definitions in the Mathematica programming lan-
guage. For example, GaussianQuadratureWeights[n, a, b] is exactly a Mathematica command. In this
language, [ ] should be used instead of () for functions. Note that this is a programming command and
words should not be written separately. This rule is constructed in such away that it is exact for any
polynomial of degree 2n — 1. This high convergence speed, combined with the high accuracy provided
by the iteration applied to the composite Simpson and trapezoidal methods mentioned in Section 4, leads
to excellent numerical results in the numerical output. The convergence analysis of such methods for
Eq. (1.2) is given in detail in [9]. For further information about Gaussian integration quadrature, see
[5, 10, 13, 14].

3. Numerical solution of an improper integral

Suppose a,b € R, 0 < ¢ <1, then

b dt (b—a)l—¢
Ja (b_t)c B 1-c '
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If f is a function that can be written in the form

where g is continuous on [a, b] , then the improper integral [ 2 f(x)dx also exists. We will approximate
this integral using the Gaussian rule. We can construct the first Taylor polynomial, P(x) , for g about b,

P(t) = g(b)+g (b)(t—b) = g(b) —g (b)(b—1),

and write . . .
_[C9lt) —P(t) J P(t)
L f(t)dt_L TEE dt + ) (b—t)cdt'
Since P(t) is a polynomial, we can exactly determine the value of
b p(t) (b—a)l—¢ , o (b—a)?c
|| et = g0 P g () 2

Suppose g € C?[a, b] and define
(t)—P(t)
Gi)=] e ast<b
t="0.

Since g € C%[a, b], then for all t € [a, b) there exists some &; € [a,b) such that g(t) — P(t) = %(b —t)2.
Hence G(t) = #(b —1)27¢, and so lim;_,,,- G(t) = 0 = G(b). This means that G is continuous at t = b,

and hence G € Cla, b]. So we can approximate fz G(t)dt ~ Ig(G(t),{t, a,b}) and obtain

b —c _ —C
J 9t) 4~ (b)m ’ w—i—lg(G(t),{t,a,b}). (3.1)

. (b—1)r T 95

We denote the approximation formula (3.1) by Improper(g(t),{t, a, b, c}).

4. Composite Simpson-trapezoidal iteration procedure with Gaussian integration iteration

We divide the interval [0, T] in to Np subintervals, with common length h = NLP Suppose Np =2n; +1
is an odd positive integer, where n; € IN. Let t; =1ih, i=0,1,...,Np, and substitute t = t; in Eq (1.2) to
obtain

alty) = VIt i=1,... Np. (4.1)

ty 11)/ (t) dt
O VI aly)dy
For i = 1 we approximate a(y) by po,(y), where p;;41(y) = aj + y_h—jh(ajﬂ —aj), tj <y < tjyq is the
linear interpolation of a(y) passes through the two points (t;, aj), (tj+1, aj+1) and a; is the approximation
of a(t;) j =0,1,...,Np, — 1. Let

T
bl t) = ?7() 4.2)
V0 ply)dy
where p(y) is a piecewise polynomial of linear and quadratic interpolations. So
a vrglt) vrglt) (4.3)

T entdr v WO g
IO [ por(y)dy
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which is an equation with the only unknown a;. This is a nonlinear equation in terms of a;. To solve

this equation, we assume that ny is a natural number, which is the number of iterations of an iterative
process and assume that a§0) = qg is the initial estimate of a;. After nj iterations, agm) = q is the
final estimated value for a;. To avoid these complex notations, we have algorithmized this issue in Step
4.1 of Subsection 4.1 with an "If" statement. The same is repeated in Steps 6.1, 7.1, 8.3, and 9.1 of the
algorithm of Subsection 4.1 to solve the corresponding nonlinear equations using an iterative technique.
These equations are described later in this Section. For i > 2 suppose pi—2i-1i(y), (i—2)h <y < ih be
the quadratic interpolation of a(y) passes through the three points ((i —2)h, a;i_2), ((i—1)h,a;—1), and

(ih, a;). Fori =2k, k=1,...,1n1 we obtain

Jih é(t,th)d JZkh é(t,2kh)d Z rjh d(t,2kh)d
T,ih)dTt = T, T= T, T
(G—1)h

0 0 o192

2kh (4.4)

| [t (r,2n)dr k=1,
S G bt 2kh)dT+ [350 ), bl 2kh)dT 2 <k <y

And fori=2k+1, k=1,...,n1 we have

ih (2k+1)h

L cb(T,ih)dT:L $(t, (2k +1Dh)dt (4.5)
[t 3h)dT+ 3 (T, 3h)dt k=1

T Lol 2k DT+ R bl 2K+ Dh)de [ gl 2k F Dhdt 2 <k <y

Fori=2k+1, k=0,1,2,...,n1 in the last integral of Eq. (4.5) and Eq. (4.3), we obtain

(2k+1)h ’
P (1) dt

(2k+1)h
J o(T, (2k+ 1)h)d’r:J

Zkh Zkh \/ﬁZkH)hpzk,zkH (y)dy
(2k+1)h KT(T i) 1
= 4 dt = Improper | K1(71,1),< T,2kh, 2k+1)h, = ¢ |, 4.6
Lkh (2k+1)h—7 prop ( T(wl) { ( ) 2}) (46)
where ,
V2y (1)

Kr(T, 1) = .
riw Vi +2—-1ai+ £(ag—ai—1)

For k =1,...,n1, we see that
Pak—22k—12k (Y) = oy + By + Vi,

where
1
ak = oy (G2k—2 + az) — 7 a2k,
1 /1—4k 3 —4k
By = h ( 5 02k—2— (2—2k)aok—1 + 5 02k> ,
2k —1)(2k —2)

Yk = k(2k — D) agk—2 — 2k(2k — 2)azk—1 + > azk.
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Hence for T € [2(k — 1)h, 2kh], we have
O (41212 2, Pk
(4k“h” + 2kht+1°) + 7(2kh+’c) + Yk

2(k+1)h
J P2k 2k +1(y)dy = (2kh —T) {3
T
1 [axn—+ax 2
— (2kh— T){ T (2 - a2k_1) T 4.7)
—i—l 12k a + ﬁ—1 a + 5 _ 2 ax | T
nlz73 2k—2 3 2k—1 i3 2k
2k? k 4K? 2k? 3k ,
<3 - 2) Qgk—2 + (Zk— 3> zk—1 + <3 5 + 1> GZk} =: simp(T, k).
Now by defining
P (1)

Ks(T, k) :=
V% (4K2h2 4 2Kkhe 4 72) + BE (2kh +1) + v

we obtain
2kh
Ks (T, k 1
(6K 4t — tmproper (KS(T,k), {T,Z(k—l)h,Zkh,2}>,

2kh
J &(t,2kh)dt = J SR
2(k—Dh 2(k—=1)h V2kh —7

which are the improper integrals of (4.4).
=2,...,n1and let 1 <j < k—1, then we have

To compute the remaining integrals in (4.4), suppose k = 2

2jh 2jh /
J ¢@n2kthr::J v gy
2(j—Dh 2(j—1)h fikhp(y)dy

and for T € [2(j — 1)h, 2jh] we have

2kh 2jh k 2sh
J ply)dy :J P2j—22j—1,2i(y)dy + Z J P2s—22s—12s(y)dy
T T s=j+1 (2s—2)h
h k
= simp(T,j) § ; Aps—p +4ars_1 + axs),

where simp(7,j) is defined in Eq. (4.7). By defining

. T

ds(Tk,j) = klp 52 ,
\/Simp(’f,j) +4 2 s—ji1 (aas—2 +4aps—1 + as)

we obtain .
)
j (%, 2kh)d = Tg (s (1, k), (%, 26— 1)k, 25h))

2(j—1)h
and the associated integral equation is
Vg (2kh)
i), {t,2( — Dh,2jh})’

Qo = —
Improper (Ks(t,k), {T,2(k—1)h,2kh, 1}) + Z}(:f Ig (bs(T,K,j
< k—1, the integrals inside Z

where k = 1,...,ny. Similarly in the Eq. (4.5), fork =2,...,ny and 1 <j

are
2 V(1)

2jh
J d(T, (2k+1)h)dT—J . \/f o

2(j—1)h

dr.
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Hence for T € [2(j — 1)h, 2jh] we have

Jr(2k+1)h J(ZkJrl)h

2ih k
ply)dy ZJ P2j—22j—12j(y)dy + Z Jz . P2s—22s—12s(y)dy + Pak2k+1(y)dy
: S—

T 2kh

K
Z aps—2 +4aps—1 + axs) +

UJ\D‘

h
= simp(1,j) + 5 (@2ksn + azd),

where f 25 2)n P2s—22s—12s(Y)dy = B (aps—2+4azs1 + aps) and fz o Park2k+1(Y)dy = 5 (azes1 +
ary ) are the Slmpson’s and Trape201dal rules respectively. And by defining

/

Y (1)
\/Slmp(’f] By (anen +4aps 1 + ang) + B (aarqr + azi)

d)O(T/ k/ J) =

7

we obtain

2jh
J o1, 2k+1)h)dt ~ Ig (bo(T,k,j),{t,2(j — 1)h,2jh}).
2(j—1)h

For complete the computes, for k =1,...,n; we have

2kh 2kh W' (1)
J d(T, (2k+1)h)dT—J dT,
2(k—1)h 2(k—1)h \/f (2k+1)h
where for T € [2(k — 1)h, 2kh] we have
(2k+1)h 2kh (2k+1)h
J plyldy = J Pak—22k—12k (y)dy + J Pak2k+1(y)dy
T T 2kh
= simp(t, k) + E(a2k+1 + az),
and hence
2kh 2kh W' (1)
[ erm@erpnar=| dr
20-1)h 20-1n [simp(t, k) + B Qe + azd)

. P'(7
~lg
\/sunp(T k) + 2 (azk1 + az)
The associated integral equation for Eq. (4.5) is as follows

Vg((2k+1)h)
Dy ’

A1, 2(k—1)h, 2kh}) .

Qok+1 =

where

Dy = Improper (KT(T,2k+ 1), {T,Zkh (2k+1)h, ! }) + Z Ig (bo(T,k,7),{7,2(j — 1)h,2jh})

f_\

)

(agk41 + ak)

Tlg At 2(k—Dh2kh |, k=2,...,n,

v’
_|_

e

\/ simp(T, k)
and for k = 1, we have
Vg (3h)

¥ (1) 1y

asz =
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4.1. The iteration procedure

In this Subsection, we establish a procedure TGS(n, c¢) with inputs: integer n and a(0) = c. This pro-
cedure returns the vector [ag, aj, ..., axn+1] as the approximation of [a(0), a(h),..., a((2n + 1)h)], where
(2n+1)h =T and using ny times of iterations as mentioned after (4.3). We do the following Steps.

Step 1. Define a local environment with local variables v, h, K1, Ks, simp, ¢, ds;
Step 2. Set h = vl =1cc, - ,cl;
—_——

(2n+2)times
Step 3. Define the functions

2n+1’

KT (T l) fll) 7
\/1\"1 —1 Vl—l—l + % (Vi—l—l - Vi)
wherei=1,...,2n+1, and v; is the ith component of vector v. (Note that v; approximates a((i—
1)h));
' 2k k 42 2k* 3k
Ks(T, k) := —_—— = _ 2k — — — — —+1
s(T k) ¢(T)/{<3 2>V2k 1+< 3>V2k+<3 2+>V2k+1
T[/1 2k 4k 3 2k
+?1 13 Vok—1+ ?—1 Vo + 17 3 ) vkl
T (Vok—1 + Vak+1 2
g <2 “’%) } '
. 2k k 4K? 2k 3k
Slmp(’r, k) = (2kh.— T){ <3 — 2> Vok—1 + (2k— 3> Vo + <3 - 7 + 1> Vok+1
LTy (a3 %
h 1 3 2k—1 3 Vok 1 3 V2k+1
T (Vok—1 +Vars1
(),
o1, k,) P (7) . /
\/sunp (T,3) + 5 (Va2 + vart1) %Zs:j+1 (V2s—1 +4vas +Vas11)
wherek=1,---,n, 1 <j<k—1.Setl=1;
Step 4.
_ V7g(h) .
Step 4.1 If l <mpsetv2 = Tmproper(Kr (x 1) w01}’ else go to Step 5;
Step 4.2 Set 1 =141 and go to Step 4.1;
Step 5. Define
P (1)

d)S(T/ kr]) =

VSMP(T i)+ B T8 (vag 1+ v +vaei1)
Step 6. Set vz =v,, 1 =1;
_ V/1g(2h) .
Step 6.1 If | < mpsetv3 = Tmproper(Ks (x1){c02m 1)) else go to Step 7;
Step 6.2 Set 1 =141 and go to Step 6.1;

Step 7. Setvy =v3, 1 =1;
Step 7.1 If L < np set v4 = V7tg(3h) , else go to Step 8;

I
Ig - b (T)h At,02h} +Improper(KT(T,S),{T,Zh,3h,%})
\/51mp(T,l)+7(V4+v3)

Step 7.2 Set l =1+ 1 and go to Step 7.1;
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Step 8. Set k =2;
Step 8.1 If k < n set Vo1 = vax, else go to Step 10;
Step 8.2 Set |l =1;
tg(2
Step 8.3 If 1 S mysetv2k+1= Y IG(d)s(T,k,)'),{T,Z(jfl)h,Zjh;/);i;l];};lper(Kg(T,k),{T,Z(kfl)h,Zkh,%})' else go
to Step 9;
Step 8.4 Set 1 =141 and go to Step 8.3;
Step 9. Set Vok+2 = V2k+1, 1= 1;
Step 9.1 If | < mj set

v2k +2 = ﬁg((2k+1)h)/{lg v (0 (1,2(k —1)h, 2kh}
\/Simp(’f, K) + 5 (vax42 + vakt1)
k—1
+ Z Ig (do(T, k,j),{t,2(j — 1)h,2jh}) + Improper <KT(T, 2k +1), {T, 2h, (2k +1)h, ;}) },
j=1

else go to Step 9.3;
Step 9.2 Set 1 =1+ 1 and go to Step 9.1;
Step 9.3 Set k = k+1 and go to Step 8.1;
Step 10. Return v as the output of the procedure, and end the procedure.

4.2. Total algorithm

In accordance with Section 5, suppose we have a sample problem with exact solution a(t) for Eq.
(1.2). From the following flowchart, we obtain the approximated solution, v, and compare it with the
exact solution a.

___/ Input the integers ny, ny; reals T, a(0) and
the known functions VP (t), g(t), a(t).

PutNp = 2nq + 1;
In accordance with the Sections 2, 3 and Subsection 4.1, define the
procedures Ig(f(t),{t, a,b}), Improper(f(t),{t, a,b,c}), TGS(n,c);

I

Set v=TGS(Np,a(0))

Print v as the approximation of [a(0), a(h),---,a(Nph)]T;
Plot the lists {(t;, a(ti))}]i\lz"o and {(ti,vwl)}?l:}’o at the one diagram,
and compare them together;

Print [v; —a((j —1)h)[,j =1,--- ,Np +1 as the absolut errors;

T
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5. Some sample problems

We are trying to find a solution in the form of u = ®(A), A = A(x, t) for problem (1.1) such that a(t) is
a continuous non-constant function. Using the chain rule, we observe that

ou dO®oA

a I\ ot =0 7\t, (5.1)
au d® oA
ox  dA ox = ®'Ay,

2
g%:aax@)‘)

0 dod ;0
= <axd7\> A+ @ o (Ax)

0 dO\ oA /
= () 7}\x+ @ 7\xx

OA dA / ox
d2® /
= W O\X)z +@ )\xx (52)

By substituting (5.1) and (5.2) into uy = a(t)uyx, we have

/

DA = a(t) A)* D" + a(t) A D,

Or )
(D, _ a(t) (}\X) (D” n a(t)}\qu)/. (5.3)
At At
Therefore, function A = A(x, t) should be chosen such that
a(t)(Ax)?
{ i G4
- =h),
where f(A) and h(A) are functions of A and for A(x, t) z((:)) we have
a(t (( )(x)) _ f(p(x)),
qt) q(t) (5.5)
alt)p” () _ h(mm)
—p(x)q(t) — q(t) )’
where q(t) = %q(t). By choosing f(A) = —% in (5.5), we obtain
, 2
a0 (50)’ g
—p(x)q(t)  2p(x)’
and hence , D4t
/ t)q(t
(') =iy = (5.6)

where k is a constant. By choosing k =1, p'(x) = #1 and hence p(x) = +x + ¢, where c is the integration
constant. In this work, we choose p(x) = x+ 1. So p" = 0, and from Eq. (5.5) we obtain h(A) = 0. Thus

(5.3) reduces to o = —ﬁ(D” and we obtain —2A = CCII’)/ = (ln co|®/|) , where ¢y > 0 is the integration
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constant. The latter equation yields ® = cexp (—A?), where c is the integration constant. A choice for
D(A) is

2 o
O(A) = Erfe(h) = —= L exp(—p*)dp. (5.7)
a()a(t)
a(t

Now we evaluate function q(t) using Eq. (5.6) for k = 1. So “5 5~ = 1, and one solution to this equation

is q> = 4 fg a(t)dt. We show that for q(t) =24/ fg a(t)dr, the following function

1
wix,t) = Erfe | —= |, (5.8)
(ZN/IS a(T)dT)

is true for some functions \(t) and g(t) in equations (1.1). Initial condition u(x,0) = 0, is satisfies because

x+1
u(x,0) = lim Erfc [ ———] = lim Erfc(A) =0.

To verify the validity of the second condition of (1.1), we consider that

1

Zx/J‘S a(t)dt ’

u(0,t) = Erfc

so by defining

1
P(t) = Erfe (2“_[8 a(’t)d’l’) » <t (5.9)

0, Otherwise,

the second condition also holds for the continuous and positive function a(t), t € [0,T). To investigate
the correctness of the final condition, we consider that

(t) 1 1
(1) = —a(t)uy (0, 1) = = — ],
? o VT j; a(t)dt oF < 4% a(T)dT>

so we define

a(t) 1 1
Y e e — Tt N4 2 0 < t/

gt)i={ V& ammar ¥ ( 4] ade> (5.10)
0, Otherwise,

The functions P (t) and g(t) defined by relations (5.9) and (5.10) also satisfy Assumption A and, therefore,
for any given continuous and positive function a(t), t € [0, T), ranges of sample problems are generated.

6. Numerical results

Example 6.1. For a(t) =1+cost, t € [0,1), in relations (5.9) and (5.10), from Section 5, we have

1
ll)(t) _ Erfc (m) ’ 0< t,
0, Otherwise,
exp{fm}(lJrcostJ 0< ¢

gt) = VT trsint ’
0, Otherwise.
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Hence the integral equation (1.2) with the above data has the exact solution a(t) = 1+cost, t € [0,1).
Table 1 shows absolute and relative errors of a at t; = 10ith, 1 = 1,...,10,h = T/Np,T = 1,Np =
2n1 +1,ny =50, n; = 10, a is the exact solution, and a is evaluated by the proposed method. In this
Table, the second column is absolute and the third column is relative errors. Figure 1 shows the variation
of these solutions as functions of t for Example 6.1.

Table 1: Absolute and relative errors of a for Example 6.1.

i |Cl - a|t:t. a-da

' ¢ =ty
1 121x10°° 6.08x 107
2 963x1077 4.86x1077
3 784x107 4.01x1077
4 663x1077 345x1077
5 575x1077 3.06x 1077
6 5.05x107 2.76x10"7
7 448 x107 253x107
8 4.00x107 235x10°7
9 357x107 219x10°7
10 320x 1077 2.07x10°7

a(t)

Exact
oo Approximated

0.2 0.4 0.6 0.8 1.0 t

Figure 1: Variations of a(t) and a(t) as functions of t for Example 6.1.

Example 6.2. For a(t) =2+sint, t € [0,7), in relations (5.9) and (5.10), from Section 5, we have

1
P(t) = { Erfc (2\/2t+17cost) , 0<t,

0, Otherwise,

VTV/1+2t—cos t g
0, Otherwise.

exp{ —gsiiaces J(2Fsin t) 0<t
glt) = ’

Hence the integral equation (1.2) with the above data has the exact solution a(t) = 2 +sint, t € [0, 7).
Table 2 shows absolute and relative errors of a at t; = 30ih, i = 1,...,10,h = T/Np,T = ,Np =
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2ny + 1,1y = 150, n; = 10, a is the exact solution, and a is evaluated by the proposed method. In this
Table, the second column is absolute and the third column is relative errors. Figure 2 shows the variation
of these solutions as functions of t for Example 6.2.

Table 2: Absolute and relative errors of a for Example 6.2.

i Ja—ali— a=da

' =ty
1 190x10~7 825x10°8
2 210x107 8.14x10°8
3 217x107 7.72x10°8
4 214x107 725x10°8
5 203x1077 6.78x10°8
6 187x107 6.33x10°8
7 167x1077 592x10°8
8 144x107 554x10°8
9 121x107 520x10°8

984 x108% 4.89x10°8

—_
(@]

a(t)

Exact
LAY * Approximated

0.5 1.0 1.5 2.0 2.5 3.0 t

Figure 2: Variations of a(t) and a(t) as functions of t for Example 6.2.
Example 6.3. For a(t) =2+2t, t € [0,10), in relations (5.9) and (5.10), from Section 5, we have

0<t,

Otherwise,

W(t) = { g-”c (5751

2(t+1) 1 Ly
g(t) = VT V242t exp <_4t2+8t>’ 0< t,
0, Otherwise.

Hence the integral equation (1.2) with the above data has the exact solution a(t) = 2+2t, t € [0,10). Table
3 shows absolute and relative errors of a at t; = 10ith, i=1,...,10,h =T/Np, T =10,Np =21 +1,ny =
50, n; = 10, a is the exact solution and a is evaluated by the proposed method. In this Table, the second
column is absolute and the third column is relative errors. Figure 3 shows the variation of these solutions
as functions of t for Example 6.3.
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Table 3: Absolute and relative errors of a for Example 6.3.

i la—adl a=a

1 517x107° 130x10°°
2 405x10° 6.79 x 107
3 371x10°°% 4.67x10°7
4 355x107° 3.58x1077
5 346x107°% 291x10°7
6 340x10° 245x107
7 337x10°° 212x1077
8 334x10° 187 x107
9 332x10°° 1.68x10°7
10 331x10°% 152x107

a(t)

Exact
sioios Approximated

2 4 6 8 1[]t

Figure 3: Variations of a(t) and da(t) as functions of t for Example 6.3.
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