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Abstract
The Birkhoff polytope graph can be considered as the Cayley graph of the symmetric group S,, with respect to Cr,, the

set of cycles in Sy,. Since the degree of every Cayley graph is a natural bound on several parameters of the graph, in this
note by presenting a formula for |Cy,|, the degree of the Birkhoff polytope graph, we prove that it is bounded from above by
le((n—1)!+ (n—2)!4+ (n—23)!+---1)], where e is the Neper number.
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1. Introduction and the preliminary results

Throughout this note, by a graph we mean a finite undirected graph without multiple edges and
without loops, unless it is explicitly mentioned. The Cayley graph Cay(G, C) of G with respect to an inverse
closed generating set C of G is defined as the graph with vertex set G and edge set E(Cay(G, C)) consisting
of {g, g’} such that gc = g’, for some c € C.

For every natural number n > 3 by S,, we mean the symmetric group on the set [n] ={1,...,n}. Recall
that a permutation in Sy, for which there exist aj, ..., ax € [n] such that the permutation sending a; to
ai1 fori =1,...,k—1, sending ax to aj, and fixing all other numbers in [n] is called a cycle and it is
denoted by (ay,...,ax). Recall that a square matrix with exactly one "1” in each row and column, and
zeros everywhere else is called a permutation matrix. The group of all n x n permutation matrices is
denoted by Sym(n) and it is known that it can be regarded as the symmetric group S,,.. From now on, we
denote the set of cycles in Sym(n) by ¢,,.

By a doubly stochastic matrix we mean a matrix with non-negative entries where both the row sums
and column sums are equal to 1. By Birkhoff’s theorem we know that the convex hull of the set Sym(n) of
n x n permutation matrices is the set O, where ), is the set of doubly stochastic matrices (equivalently,
any doubly stochastic matrix can be expressed as a weighted average of permutation matrices, where the
weights are non-negative and sum to 1). The set Q,, is called the Birkhoff polytope or the assignment

polytope (see [3]).
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The Birkhoff polytope graph G(Q,) is the skeleton of QO,,, whose vertex set is Sym(n) and two vertices
in G(Qy,) are adjacent if their convex hull is an edge of Q,, (equivalently, two permutations o; and o3
are adjacent if T = o} !0y is a cycle). Therefore G(Q,) is the Cayley graph Cay(Sym(n), ¢,) which is
isomorphic to Cay(Sy, Cr ), where C,, denotes the set of cycles in Sy,. From now on, to study the Birkhoff
polytope graph, without lose of generality we assume that it is equal to Cay(Sn, Cn). Note that by [2,
Theorem 4] it is known that the degree of this graph is equal to |Cn| = Y 15 (n—=k—=1!x(})).

The Birkhoff polytope graph and its properties have been studied by many authors (e.g., see [1]-[4]).
As the main result of this note, we focus on the degree of the Birkhoff polytope graph and in Theorem 2.2
we present a formula for the number of cycles in Si,. Then using this formula we present the following
upper bound for the number of cycles in S;;, which is a natural bound for several parameters of G(Q,).

Proposition 1.1. For every natural number n, the cardinal of Cy, is bounded from the above by

Cal < lex (n—1)!+m—2)1+Mn—3)!+---+1)]

2. The number of cycles in symmetric group S,

To prove Theorem 2.2 using [2, Theorem 4], first we need to present the following recursive formula
n

which is the foundation of our approach for simplifying (k —1)! x (k) in Equation (1).
Lemma 2.1. Let n € Nand 1 <k <n—2. Then n(n—1)--- (n—X) is equal to

m—1)n-2)---m—k—-1)+(k+1)(n—-2)---(n—k—1)
+(k+Dkn—=3)---m—=k—=1)+ -+ (k+1)! x (n—k—=1)+ (k+1)!

Proof. First note that for every n € IN we have
(¥) nn—1)=n—-1)(n—-2)+2(n—2)+2.

Induction (I): We prove the assertion by induction on n. For n = 3 and k = 1, by the above equality we
have 3 x 2 =1 x 242 x 14 2. We suppose that the assertion holds for n —1; and use this assumption to
prove it for n.

Induction (II): First note that by equality (*), for every natural number n and k =1 the assertion holds.
Suppose that the assertion holds for n and k —1, where k < n —2. We prove the assertion for n and k. By
the assumption of Induction (II), for n and k — 1 we know that n(n —1)--- (n —k+1)(n —k) is equal to

(n=1)(n=2)---(n—Kk)+k(n—2)--- (n—k)+k(k—1)(n=3)--- (n=k) +---+kl(n—Kk)+ k) (n—k—1)+1).

Now by multiplying and applying the assumption of Induction (I) we conclude that n(n —1)--- (n —k +
1)(n —k) is equal to
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((n—l)(n—2)~~-(n—k—l)Jrk(n—Z)---(n7k71)+k(k71)(n73)--~(nfkfl)+~~~+k!(nfk)(n7kfl)
+k!(nfk71))

+((n—l)(n—Z)-~(n—k)+k(n—2)~-~(n—k)+k(k—1)(n—3)-~~(n—k)+-~~+k!(n—k)+k!)

m-1)n-2)---m—k—-1)+kn—-2)---m—k—1)+k(k—1)n—=3)---(n—k—1)+---+klI(n—k)(n—k—1)
FKIn—k—1)
+n-2)n-3)---m—k—-1)+k(n=3)---n—k—-1)+k(k—1)(n—4)---n—k—-1)+---+kI(n—k—1)+ k!
Fkn—=3) - (n—k—1)+k(k—1D(n—4) - (n—k—1)+k(k—1)(k—2)(n—=5) - (n—k—1) +---
+k!l(n—k—1)+k!

+k(k—1)(n—4) - --n—k—1)+k(k—1)(k—2)n—5)---(n—k—1)+---+kl(n—k—1) + k!

TK(n—k—1)+k!
4K

m—-1(n-2)---n—-k—-1)+(k+1)n—-2)---(n—k—1)+ (k(k—1)+2k)(n—=3)--- (n—k—1)
+ (k(k—1)(k—2)+3k(k—1))(n—4)---(n—k—1)
+oo+ (kK4 kDM —k—=1) + (k! + k! +--- 4+ k)
— —
k+1 k+1
=mn-1)--n—k=-1D+(k+1)(n—=2)---(n—k—=1)+ (k+Dk(n—=3)--- (n—k—1)+
(k+Dk(k—1)(n—4)---m—k—-1)+---+ (k+D!(n—k—1)+ (k+1)!

and so the assertion of Induction (IT) holds for k. Therefore the assertion in Induction (I) holds, too. O

Theorem 2.2. The number of cycles in Sy, is equal to

n n—1 n—2
1 1 1
= (n—1)! —2)! - —3)! SR R
Cnl=Mm—=11()_ (n_k)!) +m-2)1( ) (n—k—l)!) +m=3)1()_ (n_k_z)!) ++ 1
k=2 k=2 k=2
Proof. Recall that by [1, Theorem 4] we know that
n—2 n n n
€nl=) ((n—k-1)!x <k>):Z((k—1)!x <k>). (2.1)
k=0 k=2
To prove the assertion, we divide the above sum as follows
n n L] - n-2 -
|en|—Z(k—1)!<k> —Z(k—l)!<k>+( > (k—l)!<k>)+((n—2)!xn)—i—(n—l)!.
k=2 k=2 k=[2]+1

For every 2 < k < [}, we know that n —k > k, and we simplify (k —1)!(}) as follows.

n nxmh—1)x---(n—k)x---x(k+1)x(k—1)x---x1
> (n—%)!
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Now by Lemma 2.1 since

1ﬂn—D~-W+&Mk—Dx-~x1:(mfiﬂn—zyuk
+n—k)n—-2)---k+(n—k)n—k—1)(n—3)---k
+---+(n—k)!><k+(n—k)!>(k—1) X e x1

=m-1D+M-2)(n—k)+(n—=3)!xn—k)(n—k—1)
+--F+Mn—Kk)!'xkl+n—-k)!'x(k-1)!,

we have
(k—D!xGD-—Un—HFHn—ZMn—kH%n—SMXmfkﬂn—k—n+x+kﬂn—M!
F(k—1)(n— m)mn—m!

=(n—-1)!x

+(n—-2)!

(n—k)! (n—k-—1)!

o k4 (k=1L

On the other hand, if [3] +1 <k <n—2,thenn —k+1 < k and we have

— - — Y

Again by Lemma 2.1 since

n nn—-1)---m—k+1) nn—-1)---(k+1DKk—-1)---(n—k+1)
(k—l)!<k> - - .

nn—-1)-(k+1)=n—-1)(n—-2)---k+(n—k)(n—2)---k+ (n—k)(n—k—1)(n—3)---k
+- -+ M—KkK)!'xk+(n—Xk)!,

we have

(k—1)! x (“) nn—1)- (k+DKKk—-1)--- (n—k—1)
T \k

B X
= ((n—l)(n—Z)---k+(n—k)(n—2)---k Mm—k)n—-k—1)(n—3)---k

Fer (=) xk+111<jw 1) (n—k+1)

=n-1)--n—-k+1)+(n—-2)-- (n k+1)(n—X%k)
+Mm=-3)---m—k—1)(n—k)(n—k—1)
+Mn—4)---n—k+1)n—-k)n—-k—1)(n—k—2)

+(n—k)!xk(k=1)---(n—k+1)+(n—k)!'x (k—=1)---(n—k+1)
=m—-1)---n—-k+1)+n—-2)---(n—k)
+Mn—-3)---n—k—=1)+(n—4)---(n—k—-2)
ootk (k—1)!

(m—1)! (m—2)! (mn—3)!

T (n—k)! * (m—k—1)! * (n—k—2)! oo b kA (k=D)L
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Now by the above discussions we have

L%J n—2
enl = ( ((k—1)z<z)))+( Yy ((k—l)z@)))ﬂ(n—z)zxn)+(n—1)!
k=2 k=[2]+1
L%J n n—2 n
:(Z((k—l)!(k))>+( ((k—l)!(k))>+((n—2)!x((n—1)+1)>+(n—1)!
k=2 k=l7]+1 (n—1)14 (n—2)!
5]
B (n—1)! (n—2)!
_kzz((n_k)!Jr(n_k_l)!+---+k!+(k—1)!)
= (n—1)! (n—2)!
+k_%+l((n_k)!+(n_k_l)!+~~-+k!+(k—1)!)
:(n—l)!(iil )+(n—2)!(nZ11 )+(n—3)!(nz21 )41
= (n—k)! = (n—k—1) = (n—k—2)
and the result is clear. O

Finally note that as an immediate consequence of the above theorem since e = 5 _; 1, Proposition

1.1 holds.
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