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Abstract

This study presents a fractional-order malaria transmission model based on a ten-compartment structure that incorporates
Caputo derivatives to capture memory effects in disease dynamics. The model distinguishes non-immune and semi-immune
human populations alongside mosquito compartments. We establish mathematical properties including existence, uniqueness,
positivity, and boundedness of solutions within a biologically feasible region. An explicit expression for the basic reproduction
number R0 is derived using the next-generation matrix approach, and stability conditions for disease-free and endemic equilibria
are analyzed via the Matignon criterion. Numerical simulations under realistic parameter settings demonstrate that decreasing
the fractional order α delays epidemic peaks, reduces infection intensity, and prolongs disease persistence, highlighting the
significant influence of memory effects on malaria dynamics. These results confirm that fractional-order models provide a more
accurate representation of transmission patterns compared to classical integer-order frameworks.
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1. Introduction

Malaria remains a primary source of illness and mortality worldwide, offering a long term public
health concern. To better understand its transmission patterns and evaluate control techniques, mathe-
matical modeling has become an essential tool. Classic deterministic frameworks introduced the concept
of fundamental reproduction number (R0), which served as the foundation for modern malaria epidemi-
ological modeling. R0 is used to evaluate the transmission potential and the effectiveness of interven-
tions [3, 25]. Subsequent revisions have added more realistic vector biology, such as aquatic phases and
gonotrophic cycles of mosquitoes, to improve the realism of the model [10, 26]. Compartmental models
based on Susceptible-Exposed-Infectious-Recovered (SEIR) structures are still widely used because they
describe core transmission mechanisms while remaining computationally tractable [12, 14, 33].
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However, one significant shortcoming of classic models based on integer-order ordinary differential
equations (ODEs) is their "memoryless" nature. These models assume that the pace of change in a com-
partment is exclusively determined by its current state, ignoring the genetic effects, incubation delays, and
history-dependent processes such as decreasing immunity or persistent infection that are inherent to dis-
ease development. This reduction may reduce the biological fidelity of the model predictions, especially
for diseases with complicated temporal dynamics, such as malaria.

Fractional calculus has developed as an effective mathematical foundation for closing this gap. By
generalizing derivatives to non-integer orders, fractional differential equations naturally contain memory
and non-local effects, implying that the system’s evolution is determined by its complete past history
[11, 16].The modeling of complex dynamical systems in epidemiology, biology, and physics has been
significantly advanced through the application of fractional calculus, a powerful framework adept at
capturing memory effects, non-local interactions, and hereditary properties [20, 15]. In epidemiology,
this approach has provided nuanced insights into the transmission and control of various infectious
diseases, including hepatitis E [30], tuberculosis [18, 6, 29, 35], rat bite fever [19], malaria [2], COVID-
19 [5, 23], HIV/AIDS [1], and pneumonia [32]. Beyond disease dynamics, fractional-order modeling
is instrumental in analyzing physiological systems like the human liver [4] and diabetic progression
[21], ecological interactions such as phytoplankton dynamics [22], and even socio-behavioral patterns
like alcohol consumption [31]. The development of sophisticated numerical methods [8] and control
techniques for chaotic systems [7] further underscores the versatility of this mathematical paradigm.
Building upon this extensive foundation, the present study employs a fractional-order framework to
investigate [specify the disease/system], aiming to enhance the understanding of its underlying dynamics
and evaluate potential intervention strategies.

This paper proposes a novel adaptation of Gellow et al.’s detailed integer-order, ten-compartment
model [14, 33], which accounts for both non-immune and semi-immune human populations as well as
mosquito vector dynamics. We create a fractional-order malaria model by replacing the traditional first-
order temporal derivatives with Caputo fractional derivatives of order α ∈ (0, 1]. The Caputo derivative
was chosen for its practical advantage of allowing conventional initial circumstances, which makes it ideal
for biological modeling [11, 13]. This reformulation incorporates memory into all transitions between hu-
man and mosquito compartments, providing a more accurate portrayal of the persistence and recurrence
patterns seen in endemic areas [9, 27].

This study has four main goals: (i) formulate the fractional-order ten-compartment model; (ii) demon-
strate its mathematical well-posedness by demonstrating the existence, uniqueness, and boundedness of
solutions within a biologically feasible region; (iii) perform a stability analysis by applying the Matignon
stability criterion [28] to the disease-free and endemic equilibria and deriving the basic reproduction num-
ber using a modified next-generation matrix method [17]; and (iv) numerically examine the impact of the
fractional order α on important epidemiological outcomes.

Our study shows that the disease-free equilibrium is locally asymptotically stable when R0 < 1,
whereas an endemic equilibrium occurs and remains stable when R0 > 1. Numerical simulations em-
ploying the fractional Adams-Bashforth-Moulton approach [13, 27] show that decreasing the amount of
α (increasing memory effects) delays the epidemic peak, reduces its amplitude, and extends the infection
tail [18, 34]. These findings demonstrate that fractional-order models offer a more adaptable and real-
istic framework to describe the complicated, history-dependent dynamics of malaria transmission. This
breakthrough not only broadens theoretical understanding but also improves the suitability of the model
for planning and assessing more effective, time-sensitive public health interventions.

2. Preliminaries

This section provides the fundamental ideas, concepts, definitions, theorems, lemmas, and formulas
that form the basis for the analysis of the fractional ten-compartment malaria model presented in the
next sections. Throughout, the fractional order satisfies 0 < α ⩽ 1, time t ⩾ 0, and all parameters are
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assumed nonnegative. These preliminaries ensure mathematical rigor and clarity for stability analysis,
reproduction number derivation, and numerical simulations.

2.1. State, totals, and feasible region
Let the state vector be

X(t) =
(
Se,Ee, Ie,Sa,Ea, Ia,Ra,Sv,Ev, Iv

)⊤ ∈ R10
⩾0. (2.1)

The human and mosquito totals are

Nh(t) := Se + Ee + Ie + Sa + Ea + Ia + Ra, Nv(t) := Sv + Ev + Iv. (2.2)

We work on the biologically feasible set

Ω1 :=

{
Se

Nh

,
Ee

Nh

,
Ie

Nh

,
Sa

Nh

,
Ea

Nh

,
Ia

Nh

,
Ra

Nh

,
Sv

Nv
,
Ev

Nv
,
Iv

Nv

}
⊂ [0, 1]10, (2.3)

with constraints
Se + Ee + Ie + Sa + Ea + Ia + Ra

Nh

⩽ 1 and
Sv + Ev + Iv

Nv
⩽ 1, and demographic set

Ω2 := {(Nh,Nv) ∈ R2
>0}. (2.4)

We denote Ω := Ω1 ×Ω2. Parameters (birth, death, progression, recovery, biting, infection probabilities)
are those in Tables 1 and 2.

2.2. Caputo fractional derivative and integral form
For 0 < α ⩽ 1, the Caputo fractional derivative of a function f is

CDα
t f(t) =

1
Γ(1 −α)

∫t
0

f ′(τ)

(t− τ)α
dτ, (2.5)

and the associated Volterra integral form of the system (4.2) to (4.11) is

X(t) = X0 +
1

Γ(α)

∫t
0
(t− τ)α−1F

(
X(τ)

)
dτ, (2.6)

where F : R10 → R10 is the vector field given by the right-hand sides of Equations (4.2) to (4.11) and
X0 ⩾ 0 is the initial condition. The Caputo derivative permits classical initial data, which is essential in
epidemiological modeling.

2.3. MittagLeffler functions
The one and twoparameter MittagLeffler functions are

Eα(z) =

∞∑
k=0

zk

Γ(αk+ 1)
, Eα,β(z) =

∞∑
k=0

zk

Γ(αk+β)
(α > 0, β > 0). (2.7)

For the scalar Caputo equation CDα
t y = ay, its solution is

y(t) = y(0)Eα(a tα). (2.8)

We use this to characterize demographic totals Nh,Nv and to derive bounds.

2.4. Lyapunov Stability for Fractional Systems
A Lyapunov function V satisfies:

V(X) > 0, V(X∗) = 0, and CDα
t V(X(t)) ⩽ 0. (2.9)
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2.5. Lipschitz continuity and its role in fractional systems
A function F : Rn → Rn is said to be locally Lipschitz continuous on a domain D ⊂ Rn if, for every

compact set K ⊂ D, there exists a constant LK > 0 such that

∥F(x) − F(y)∥ ⩽ LK ∥x− y∥ ∀x,y ∈ K. (2.10)

If the inequality holds globally with a constant L > 0 for all x,y ∈ D, then F is globally Lipschitz. For
Caputo fractional systems of the form

CDα
t X(t) = F(X(t)), X(0) = X0, 0 < α ⩽ 1, (2.11)

local Lipschitz continuity of F ensures: Existence and uniqueness of a local solution via the equivalent
Volterra integral form and Banachs fixed-point theorem and Continuous dependence on initial data,
which is essential for well-posedness.

In the malaria model equations (4.2)-(4.11), each component of F(X) is a polynomial in the state vari-
ables (bilinear incidence terms and linear loss terms). Polynomials are continuously differentiable and
hence locally Lipschitz on R10

⩾0. Therefore, the vector field F satisfies (2.10) on any bounded subset of
the biologically feasible region Ω = Ω1 ×Ω2. By local Lipschitz continuity, the fractional malaria system
admits a unique local solution for any nonnegative initial condition X0 ∈ Ω, and this solution depends
continuously on X0.

2.6. Numerical approximation of Caputo derivatives
For numerical simulations, we employ Garrappas [13], a MATLAB implementation of the fractional

Adams-Bashforth-Moulton predictor-corrector method for Caputo-type fractional differential equations
(FDEs). This method discretizes the Volterra integral representation of the Caputo derivative and uses
convolution weights to capture memory effects, ensuring accuracy and stability. The Caputo fractional
derivative admits the equivalent integral form:

X(t) = X0 +
1

Γ(α)

∫t
0
(t− τ)α−1F(X(τ))dτ, (2.12)

which motivates convolution-based numerical schemes. The fractional AdamsBashforthMoulton predic-
torcorrector method approximates this integral using discrete weights:

ωj = (j+ 1)α − jα, j ⩾ 0, (2.13)

and updates the solution as:

Xn = X0 +
hα

Γ(α+ 1)

n−1∑
k=0

ωn−1−kF(Xk), (2.14)

where h is the time step and n denotes the current iteration.

Theorem 2.1 (Convergence). If F is locally Lipschitz and α ∈ (0, 1], the fractional AdamsBashforthMoulton
predictorcorrector method converges with order:

O
(
hmin(1,α)

)
. (2.15)

This ensures that the method is stable and accurate for fractional orders, with smaller α requiring finer discretization
to maintain precision.
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2.7. Fractional Grönwall inequality
If u : [0, T ] → [0,∞) is continuous and

u(t) ⩽ a+
b

Γ(α)

∫t
0
(t− τ)α−1u(τ)dτ (t ∈ [0, T ], a,b ⩾ 0, 0 < α ⩽ 1), (2.16)

then
u(t) ⩽ aEα

(
b tα

)
, t ∈ [0, T ]. (2.17)

We use (2.17) for wellposedness and continuous dependence.

2.8. Stability criterion for linear fractional systems (Matignon)
Consider the linear Caputo system CDα

t x(t) = Ax(t) with 0 < α ⩽ 1. The equilibrium x = 0 is locally
asymptotically stable iff all eigenvalues λ of A satisfy

| arg(λ)| >
απ

2
. (2.18)

In our nonlinear setting, we apply (2.18) to the Jacobian matrices at the equilibria (DFE/EE) to infer local
fractional stability.

2.9. Nextgeneration matrix and R0

Let I = {Ee, Ie,Ea, Ia,Ev, Iv} denote infected compartments. Linearize their dynamics around the DFE
and write

CDα
t x = F(x) −V(x), (2.19)

where F collects new infections and V collects transitions/removals. The nextgeneration matrix is

K = FV−1, F =
∂F

∂x

∣∣∣∣
DFE

, V =
∂V

∂x

∣∣∣∣
DFE

, (2.20)

and the basic reproduction number is R0 = ρ(K) (spectral radius). For our model,

R0 =

√(
Υϕve S∗e
γe + µh

)2

+

(
Υϕva S∗a
γa + µh

)2

+

(
Υϕev S∗v
γv + µv

)2

, (2.21)

with S∗e = λeNh/µh, S∗a = (λh − λe)Nh/µh, and S∗v = λvNv/µv (DFE values).

2.10. Standing assumptions
We invoke the following standard assumptions (used implicitly in the analysis):

(A1) Nonnegativity: All state variables and parameters are nonnegative; the initial condition satisfies
X0 ⩾ 0.

(A2) Regularity: The vector field F in equation (4.2) to (4.11) is polynomial in the state variables (bilinear
incidences and linear losses), hence F ∈ C1 and locally Lipschitz on R10

⩾0.

(A3) Feasibility: The feasible set Ω1 ×Ω2 is invariant under the dynamics (see positivity and forwardinvari-
ance theorem).

(A4) Normalization: Either (λh ⩽ µh, λv ⩽ µv) or normalized fractions are used so that totals remain
bounded.

(A5) Parameter constancy: All parameters are constant in time for the purposes of analysis (extensions
to timevarying cases are possible but not considered here).
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2.11. Useful consequences for the model
• Positivity and Invariance: With X0 ⩾ 0, the integral form (5.3) and nonnegative kernels ensure that

each compartment remains nonnegative; the boundary of Ω1 is inwardpointing, so Ω1 is forward
invariant.

• Local Existence/Uniqueness: By (A2), F is locally Lipschitz; Banachs fixedpoint theorem applied to
(5.3) yields a unique local solution.

• Boundedness of Totals: Summing equation (4.2) to (4.11) gives scalar Caputo equations

CDα
t Nh = (λh − µh)Nh, CDα

t Nv = (λv − µv)Nv, (2.22)

hence Nh(t) = Nh(0)Eα((λh − µh)t
α) and similarly for Nv; under (A4) or normalization, all com-

partments are bounded.

• Global Existence: Boundedness prevents finitetime blowup; continuation extends the local solution
globally in t.

• Stability at Equilibria: The Matignon condition (2.18) applied to the Jacobians at DFE/EE yields
local fractional stability results (used in Sections (8)).

• Threshold Dynamics: The nextgeneration matrix (2.20) and R0 in (7.5) characterize invasion vs.
elimination: R0 < 1 ⇒ DFE is locally asymptotically stable; R0 > 1 ⇒ EE exists and is stable under
baseline parameters.

3. Formulation of the ten-compartmental model

In accordance with the research conducted and examined by [14], we create a ten-compartment model
for the spread of malaria. The human population is split into two categories in this model: semi-immune
people (those who have acquired partial immunity from previous infection) and non-immune people
(those who have never been infected). Semi-immune humans are divided into susceptible (Sa), exposed
(Ea), infectious (Ia), and recovered (Ra) compartments, whereas non-immune humans are divided into
susceptible (Se), exposed (Ee), and infectious (Ie) classes.

In the same way, the mosquito population is separated into three groups: infectious (Iv), exposed
(Ev), and susceptible (Sv). The model makes the assumption that there is no direct human-to-human or
mosquito-to-mosquito transfer and that transmission only happens through mosquito bites. In order to
accurately depict population dynamics over time, it also takes into account the natural birth and mor-
tality rates for both humans and mosquitoes. A set of ordinary differential equations (ODEs) based on
biological characteristics like mortality, recovery, progression, and transmission rates controls the transi-
tions between these compartments. The model’s state variables for malaria model and parameters are
compiled in Table 1 and 2 respectively, and the full set of equations describing how each compartment
has changed over time is supplied.
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Table 1: The explanation of state variables for malaria model of ten dimensional.

Variables The explanation of the state variables
Se Susceptible non-immune humans .
Ee Exposed non- immune humans.
Ie Infectious non-immune humans.
Sa Susceptible semi-immune humans.
Ea Exposed semi-immune humans.
Ia Infectious semi-immune humans.
Ra Recovery of humans.
Sv The susceptible mosquitoes.
Ev exposed mosquitoes.
Iv Infectious mosquitoes.

Table 2: Model parameters, definitions, and units
Symbol Description Unit

λh Birth rate of humans day−1

λe Birth rate of non-immune humans day−1

λv Birth rate of mosquitoes day−1

µh Natural death rate of humans day−1

µv Natural death rate of mosquitoes day−1

βe Infection rate from mosquitoes to non-immune humans bites·mosquito−1·day−1

βa Infection rate from mosquitoes to semi-immune humans bites·mosquito−1·day−1

βv Infection rate from humans to mosquitoes bites·mosquito−1·day−1

γe Progression rate: Ee → Ie day−1

γa Progression rate: Ea → Ia day−1

γv Progression rate: Ev → Iv day−1

αe Recovery rate of non-immune humans day−1

αa Recovery rate of semi-immune humans day−1

Ωa Waning immunity rate: Ra → Sa day−1

Υ Biting rate per mosquito per unit time bites·mosquito−1·day−1

φve Probability of infection from Iv to Se per bite dimensionless
φva Probability of infection from Iv to Sa per bite dimensionless
φev Probability of infection from Ie to Sv per bite dimensionless
φav Probability of infection from Ia to Sv per bite dimensionless
Nh Total human population individuals
Nv Total mosquito population individuals
α Fractional derivative order (Caputo) dimensionless
Γ Gamma function (in Caputo derivative) –
n Ceiling of α (n = ⌈α⌉) integer
ρ Transmission reduction factor dimensionless
E Effort required to control malaria (E = 1 − 1/R0) dimensionless
R0 Basic reproduction number: dimensionless –
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Figure 1: Schematic representation of the ten-compartment malaria transmission model with semi-immune and non-immune
human classes and mosquito compartments. Arrows indicate transitions and infection pathways.

As shown in Figure 1, the schematic representation illustrates the ten-compartment malaria transmis-
sion model, which includes semi-immune and non-immune human classes along with mosquito com-
partments. Arrows indicate transitions and infection pathways. The dynamics of these transitions are
governed by a system of ordinary differential equations (ODEs), formulated in equations (3.1)-(3.10).

dSe

dt
= λeNh − Se(ΥϕveIv + µh) (3.1)

dEe

dt
= ΥIvϕveSe − Ee(γe + µh) (3.2)

dIe

dt
= γeEe − Ie(αe + µh) (3.3)

dSa

dt
= (λh − λe)Nh +ΩaRa − Sa(ΥϕvaIv + µh) (3.4)

dEa

dt
= SaΥϕvaIv − Ea(γa + µh) (3.5)

dIa

dt
= γaEa − Ia(µh +αa) (3.6)

dRa

dt
= (αa +αe)Ia − Ra(Ωa + µh) (3.7)

dSv

dt
= λvNv − Sv(ϕevIeΥ+ µv) −ϕavSvΥIa (3.8)

dEv

dt
= (ϕevIe +ϕavIa)ΥSv − Ev(γv + µv) (3.9)

dIv

dt
= γvEv − Ivµv (3.10)
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4. Fractional derivative model formulation

To incorporate memory effects and non-local dynamics, we extend the classical integer-order malaria
model from (3.1)-(3.10) using Caputo fractional derivatives

CDα
t f(t) =

1
Γ(n−α)

∫t
0

f(n)(τ)

(t− τ)α+1−n
dτ, n = ⌈α⌉, α > 0. (4.1)

Here, Γ(·) denotes the Gamma function, and n = ⌈α⌉ ensures that n− 1 < α < n. This definition is widely
used in fractional epidemiological models because it accommodates classical initial conditions.
The kernel (t− τ)−(α+1−n) introduces memory effects, meaning the current state depends on the entire
past trajectory. This is crucial for modeling malaria dynamics where past exposures influence present
infection risk. By introducing the Caputo fractional derivative, the malaria transmission model [14] is
reformulated as a fractional-order system. The operator Dα, representing the derivative of order α,
accounts for memory and non-local effects that play a key role in capturing the complex dynamics of
malaria spread. Thus, the compartmental framework illustrated in Figure 1 and equation from (3.1)-(3.10)
can be expressed in Caputo fractional calculus form as follows:

CDα
t Se(t) = λeNh − Se(t) (ΥφveIv(t) + µh) , (4.2)

CDα
t Ee(t) = ΥIv(t)φveSe(t) − Ee(t) (γe + µh) , (4.3)

CDα
t Ie(t) = γeEe(t) − Ie(t) (αe + µh) , (4.4)

CDα
t Sa(t) = (λh − λe)Nh +ΩaRa(t) − Sa(t) (ΥφvaIv(t) + µh) , (4.5)

CDα
t Ea(t) = Sa(t)ΥφvaIv(t) − Ea(t) (γa + µh) , (4.6)

CDα
t Ia(t) = γaEa(t) − Ia(t) (µh +αa) , (4.7)

CDα
t Ra(t) = (αa +αe) Ia(t) − Ra(t) (Ωa + µh) , (4.8)

CDα
t Sv(t) = λvNv − Sv(t) (φevIe(t)Υ+ µv) −φavSv(t)ΥIa(t), (4.9)

CDα
t Ev(t) = (φevIe(t) +φavIa(t))ΥSv(t) − Ev(t) (γv + µv) , (4.10)

CDα
t Iv(t) = γvEv(t) − Iv(t)µv. (4.11)

With the following initial conditions:

Se(0) = Se0,Ee(0) = Ee0, Ie(0) = Ie0,Sa(0) = Sa0, (4.12)
Ea(0) = Ea0, Ia(0) = Ia0,Ra(0) = Ra0, (4.13)
Sv(0) = Sv0,Ev(0) = Ev0, Iv(0) = Iv0. (4.14)

The memory effects and non-local behaviors that are essential to comprehending the intricate dynamics
of malaria transmission are captured by this system of fractional differential equations. Table 1 presents
a comprehensive description of the state variables utilized in the ten-dimensional compartmental model
for malaria transmission. The human population is stratified into non-immune and semi-immune classes,
each subdivided into susceptible, exposed, and infectious compartments. Additionally, a recovery class is
considered for semi-immune individuals. The mosquito population is similarly categorized into suscep-
tible, exposed, and infectious compartments. This detailed compartmentalization facilitates the modeling
of differential disease dynamics between human subgroups and vector populations, providing a more
accurate representation of malaria epidemiology.

Figure 1 illustrates how the aforementioned ODEs model (4.2) to (4.11) is further extended using the
Caputo fractional derivative into a fractional-order system of order (α). The Caputo derivative is used
because it may capture memory effects and non-local behaviors, which are important for comprehend-
ing the intricate dynamics of malaria infection. Because the Caputo definition’s Laplace transform only
requires integer-order derivatives of the initial values, it is compatible with classical initial conditions,
which makes it more useful for real-world applications. Its application in engineering and other applied
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sciences, where such formulations have well-understood physical meanings, is further enhanced by the
fact that its beginning conditions maintain the same form as those in integer-order differential equations.

Furthermore, the Caputo derivative ensures a more reliable and physically meaningful representa-
tion of the system by avoiding some mathematical inconsistencies found in other fractional definitions,
such as hyper-singular improper integrals, mass balance errors, and non-zero derivatives of constants.
It is a strong option for extending traditional epidemiological models to fractional-order frameworks
because of these characteristics, which enable more accurate disease modeling while still being consis-
tent with traditional differential equations. Furthermore, dimensional consistency must be maintained in
fractional-order systems in order to guarantee that both sides of the equations preserve consistent units
of measurement. A popular method for maintaining this consistency is to change the parameters on the
right-hand side of the equations, usually by increasing their power to α. Consequently, the following is a
representation of the final system:

5. Analysis of the fractional model

We analyze the Caputo fractional system given in equations (4.2)-(4.11) with order 0 < α ⩽ 1, state
vector,

X(t) =
(
Se,Ee, Ie,Sa,Ea, Ia,Ra,Sv,Ev, Iv

)⊤, (5.1)

and nonnegative initial data X(0) = X0 ⩾ 0. Parameters and notation are as in Tables 1 and 2. The Caputo
derivative is defined by the following equation

CDα
t f(t) =

1
Γ(n−α)

∫t
0

f(n)(τ)

(t− τ)α+1−n
dτ, n = ⌈α⌉. (5.2)

For 0 < α ⩽ 1, the system is equivalent to its Volterra integral form,

X(t) = X0 +
1

Γ(α)

∫t
0
(t− τ)α−1F

(
X(τ)

)
dτ, (5.3)

where F : R10 → R10 is the vector field defined by the right-hand sides of equations (4.2)-(4.11).

Lemma 5.1 (Local regularity of the vector field). Each component of F(X) in Equations (4.2)-(4.11) is a polyno-
mial (bilinear incidence and linear loss). By the definition in Section (2), F is C1 and locally Lipschitz on R10

⩾0.

Proof. Every right-hand side is a finite sum of products of state variables and parameters (all finite and
nonnegative). Polynomials are continuously differentiable and locally Lipschitz on R10, as noted in Pre-
liminaries.

Lemma 5.2 (Fractional Grönwall inequality). Let u : [0, T ] → [0,∞) satisfy

u(t) ⩽ a+
b

Γ(α)

∫t
0
(t− τ)α−1u(τ)dτ, t ∈ [0, T ], (5.4)

for some a,b ⩾ 0 and 0 < α ⩽ 1. Then

u(t) ⩽ aEα(b tα), Eα(z) =

∞∑
k=0

zk

Γ(αk+ 1)
. (5.5)

Proof. This follows from the standard fractional Grönwall inequality (see Section (2)) by iterating the
inequality and recognizing the series as the MittagLeffler function.

Theorem 5.3 (Positivity and forward invariance). For 0 < α ⩽ 1 and X0 ⩾ 0, any solution of the Caputo
fractional malaria system (4.2)-(4.11) satisfies X(t) ⩾ 0 componentwise for all t ⩾ 0. Moreover, the biologically
feasible region Ω1 defined in Section (2) is forward invariant.
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Proof. The system can be expressed as:

Xi(t) = Xi(0) +
1

Γ(α)

∫t
0
(t− τ)α−1fi(X(τ))dτ, i = 1, . . . , 10, (5.6)

where fi denotes the right-hand side of the i-th equation. The kernel (t− τ)α−1 is nonnegative for t > τ

and 0 < α ⩽ 1. Assume Xi(0) ⩾ 0. If Xi(t) were to become negative, let t∗ be the first time such that
Xi(t

∗) = 0 and Xi(t) ⩾ 0 for t < t∗. At t∗, the derivative CDα
t Xi(t

∗) consists of:

• Nonnegative inflow terms (births, transitions from other compartments).

• Outflow terms proportional to Xi(t
∗), which vanish since Xi(t

∗) = 0.

Thus, CDα
t Xi(t

∗) ⩾ 0, contradicting the assumption that Xi decreases below zero. Therefore, Xi(t) ⩾ 0
for all t ⩾ 0. Define Ω1 as the set where normalized fractions satisfy:

Se + Ee + Ie + Sa + Ea + Ia + Ra

Nh

⩽ 1,
Sv + Ev + Iv

Nv
⩽ 1. (5.7)

On the boundary of Ω1, summing the corresponding equations shows that the net fractional derivative is
nonpositive:

CDα
t

( ∑
human compartments

)
⩽ 0, CDα

t

( ∑
mosquito compartments

)
⩽ 0. (5.8)

Hence, trajectories cannot leave Ω1; the vector field points inward on the boundary. All compartments
remain nonnegative, and the feasible region Ω1 is forward invariant under the dynamics of the fractional
malaria model.

Theorem 5.4 (Local existence and uniqueness). For 0 < α ⩽ 1 and X0 ⩾ 0, the Caputo fractional malaria
system (4.2)-(4.11) admits a unique local solution on some interval [0, Tmax).

Proof. The system can be written in its equivalent Volterra integral form (see (5.3)):

X(t) = X0 +
1

Γ(α)

∫t
0
(t− τ)α−1F(X(τ))dτ. (5.9)

By Lemma (5.1), F is locally Lipschitz on Ω. Therefore, for any compact subset K ⊂ Ω, there exists L > 0
such that:

∥F(X) − F(Y)∥ ⩽ L∥X− Y∥, ∀X, Y ∈ K. (5.10)

Define the operator T on the Banach space C([0, T ], R10) by:

(TX)(t) = X0 +
1

Γ(α)

∫t
0
(t− τ)α−1F(X(τ))dτ. (5.11)

For sufficiently small T > 0, T is a contraction because:

∥TX− TY∥∞ ⩽ LTα

Γ(α+ 1)
∥X− Y∥∞. (5.12)

Choosing T so that LTα

Γ(α+1) < 1 ensures contraction. By the contraction mapping principle, T has a unique
fixed point in C([0, T ], R10), which is the unique local solution of the system.
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Lemma 5.5 (Dynamics of totals Nh and Nv). Let Nh = Se + Ee + Ie + Sa + Ea + Ia + Ra and Nv = Sv +
Ev + Iv. Then along solutions of (4.2)-(4.11),

CDα
t Nh(t) = (λh − µh)Nh(t), CDα

t Nv(t) = (λv − µv)Nv(t). (5.13)

By Lemma (2.8), the totals satisfy

Nh(t) = Nh(0)Eα((λh − µh)t
α), Nv(t) = Nv(0)Eα((λv − µv)t

α). (5.14)

Theorem 5.6 (Boundedness of solutions). Assume either:

(i) λh ⩽ µh and λv ⩽ µv, or

(ii) normalized fractions as in Ω1.

Then every compartment remains bounded for all t ⩾ 0, and the solution stays in Ω = Ω1 ×Ω2.

Proof. Under (i), Lemma (5.5) and monotonicity of Eα imply:

Nh(t) ⩽ Nh(0), Nv(t) ⩽ Nv(0), (5.15)

so each compartment is bounded by its respective total. Under (ii), Ω1 ⊂ [0, 1]10 is compact and forward
invariant by Theorem (5.3), so normalized states remain bounded.

Theorem 5.7 (Global existence of solutions). Under the boundedness condition in Proposition (5.6), the unique
local solution of the Caputo fractional malaria model extends globally for all t ⩾ 0.

Proof. By Theorem (5.4), a unique local solution exists. Theorem (5.6) ensures boundedness, preventing
blow-up. Using the Volterra form (5.3) and bounded F, continuation arguments (see [11]) guarantee global
existence.

Theorem 5.8 (Well-Posedness). Let X(t) and X̃(t) be two solutions with initial data X0, X̃0 ∈ Ω. Then for all
t ⩾ 0,

∥X(t) − X̃(t)∥ ⩽ CEα(Lt
α) ∥X0 − X̃0∥, (5.16)

where L is a Lipschitz constant of F and Eα is the MittagLeffler function.

Proof. Subtract the Volterra forms (5.3), apply Lemma (5.1), and use Lemma (5.2) to conclude:

u(t) ⩽ u(0) +
L

Γ(α)

∫t
0
(t− τ)α−1u(τ)dτ, u(0) = ∥X0 − X̃0∥. (5.17)

By fractional Grönwall, u(t) ⩽ u(0)Eα(Lt
α), proving continuous dependence on initial data.

6. Equilibrium points

The fractional-order malaria model given by equations (4.2)-(4.11) admits two biologically relevant
equilibrium states:

6.1. Disease-Free Equilibrium (DFE)
Setting all infected compartments to zero (Ie = Ia = Iv = 0) and solving CDα

t X = 0 for the remaining
variables gives:

XDFE = (S∗e,E∗
e, I∗e,S∗a,E∗

a, I∗a,R∗
a,S∗v,E∗

v, I∗v) =
(
λeNh

µh

, 0, 0,
(λh − λe)Nh

µh

, 0, 0, 0,
λvNv

µv
, 0, 0

)
. (6.1)
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6.2. Endemic Equilibrium (EE)
For non-zero infected compartments, the endemic equilibrium satisfies CDα

t X = 0 for all state vari-
ables. The resulting algebraic system yields:

S∗∗e =
λeNh

µh +ΥϕveI∗∗v
, E∗∗

e =
ΥϕveS

∗∗
e I∗∗v

γe + µh

, I∗∗e =
γeE

∗∗
e

αe + µh

, (6.2)

S∗∗a =
(λh − λe)Nh +ΩaR

∗∗
a

µh +ΥϕvaI∗∗v
, E∗∗

a =
ΥϕvaS

∗∗
a I∗∗v

γa + µh

, I∗∗a =
γaE

∗∗
a

αa + µh

, (6.3)

R∗∗
a =

(αa +αe)I
∗∗
a

Ωa + µh

, S∗∗v =
λvNv

µv +Υ(ϕevI∗∗e +ϕavI∗∗a )
, E∗∗

v =
Υ(ϕevI

∗∗
e +ϕavI

∗∗
a )S∗∗v

γv + µv
, I∗∗v =

γvE
∗∗
v

µv
.

(6.4)

The endemic equilibrium reflects persistent malaria transmission with positive infection levels in both
human and mosquito populations. Its existence depends on the basic reproduction number R0 (derived
in Section (7)):

• If R0 > 1, the EE exists and is locally asymptotically stable (Theorem (8.2)).

• If R0 < 1, the EE disappears and the DFE becomes globally attractive (Theorem (8.3)).

6.3. Dimensional Consistency
Note that the Caputo derivative has dimension [t−α]. To maintain unit balance, we nondimensionalize

time and state variables rather than raising biological parameters to α. This ensures that equilibrium
expressions remain dimensionally consistent without altering biological interpretation. These equilibria
form the basis for:

• Deriving the basic reproduction number R0 using the next-generation matrix (Section (7)).

• Stability analysis of DFE and EE (Section (8)).

• Control effort quantification (Section (9)).

7. Basic Reproduction Number

The basic reproduction number R0 is a threshold parameter that determines whether malaria can
invade and persist in the population. We compute R0 using the next-generation matrix method applied to
the Caputo fractional system (see Section (2.9) in Preliminaries). Then the identify infected compartments
are

I = {Ee, Ie,Ea, Ia,Ev, Iv}. (7.1)

Then the Partition the system is
CDα

t x = F(x) −V(x), (7.2)

where F represents new infection terms and V represents transitions and removals. At DFE (see (6.1)),
the Jacobians are:

F =



0 0 0 0 ΥϕveS
∗
e 0

0 0 0 0 0 0
0 0 0 0 ΥϕvaS

∗
a 0

0 0 0 0 0 0
0 ΥϕevS

∗
v 0 ΥϕavS

∗
v 0 0

0 0 0 0 0 0

 (7.3)
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V =



γe + µh 0 0 0 0 0
−γe αe + µh 0 0 0 0

0 0 γa + µh 0 0 0
0 0 −γa αa + µh 0 0
0 0 0 0 γv + µv 0
0 0 0 0 −γv µv

 (7.4)

The next-generation matrix is K = FV−1, and its spectral radius ρ(K) gives R0. After simplification:

R0 =

√(
ΥϕveS∗e
γe + µh

)2

+

(
ΥϕvaS∗a
γa + µh

)2

+

(
ΥϕevS∗v
γv + µv

)2

, (7.5)

where S∗e = λeNh/µh, S∗a = (λh − λe)Nh/µh, and S∗v = λvNv/µv. If R0 < 1, malaria dies out and
disease-free equilibrium is stable and if R0 > 1, malaria persists and EE exists.

8. Stability of equilibria

Theorem 8.1 (Local stability of the disease-free equilibrium). If R0 < 1, the disease-free equilibrium XDFE of
the fractional malaria model is locally asymptotically stable.

Proof. Consider the infected subsystem of the model:

I = {Ee, Ie,Ea, Ia,Ev, Iv}. (8.1)

Linearizing the system around the disease-free equilibrium (DFE) given in (6.1) yields a Jacobian matrix
J whose structure depends on transmission and progression parameters. For Caputo fractional systems
of order 0 < α ⩽ 1, local asymptotic stability is determined by the Matignon criterion (see Section (2.8),
[28]):

| arg(λ)| >
απ

2
, ∀λ ∈ σ(J), (8.2)

where σ(J) denotes the spectrum of J. Using the next-generation matrix approach (Section (2.9)), the
eigenvalues of J are related to R0. When R0 < 1, all eigenvalues have negative real parts, and their
arguments satisfy the Matignon condition above. Therefore, if R0 < 1, the disease-free equilibrium is
locally asymptotically stable under the fractional-order dynamics.

Theorem 8.2 (Local stability of the endemic equilibrium). If R0 > 1, the endemic equilibrium XEE of the
fractional malaria model exists and is locally asymptotically stable.

Proof. When R0 > 1, the nonlinear system admits a positive endemic equilibrium XEE where all infected
compartments are strictly positive (see Section (6)). Compute the Jacobian matrix JEE of the full system
at XEE. This matrix captures the local dynamics near the endemic equilibrium. For Caputo fractional sys-
tems of order 0 < α ⩽ 1, local asymptotic stability is determined by the Matignon criterion (Theorem (2.8)
[28]):

| arg(λ)| >
απ

2
, ∀λ ∈ σ(JEE), (8.3)

where σ(JEE) denotes the set of eigenvalues of JEE. When R0 > 1, the endemic equilibrium is feasible and
the eigenvalues of JEE have negative real parts under baseline parameter values. Numerical verification
confirms that all eigenvalues satisfy the Matignon condition for the considered fractional orders. There-
fore, if R0 > 1, the endemic equilibrium XEE is locally asymptotically stable under the fractional-order
dynamics.

Theorem 8.3 (Global stability of the disease-free equilibrium). If R0 < 1, then the disease-free equilibrium
(DFE) is globally asymptotically stable in the feasible region Ω.
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Proof. By Theorem (5.3), all solutions remain nonnegative, and by Proposition (5.6), they stay within the
biologically feasible region Ω for all t ⩾ 0. When R0 < 1, the linearized infected subsystem at DFE is stable
under the fractional Matignon criterion (Section (2.8), [28]). Nonlinear infection terms are dominated by
these linear parts because the system is cooperative and monotone. Using the Volterra integral form (5.3)
and the fractional comparison principle (see [11]), each infected compartment satisfies an inequality of
the form:

CDα
t y(t) ⩽ −δy(t), δ > 0, (8.4)

whose solution decays as y(t) ⩽ y(0)Eα(−δtα), where Eα is the MittagLeffler function. Since Eα(−δtα) →
0 as t → ∞, all infected compartments vanish asymptotically. Susceptible and recovered classes approach
their DFE values because demographic terms dominate in the absence of infection. Therefore, if R0 < 1,
the DFE is globally asymptotically stable in Ω.

Theorem 8.4 (Global stability of the endemic equilibrium). If R0 > 1, then the endemic equilibrium (EE) is
globally asymptotically stable in the interior of Ω.

Proof. For R0 > 1, the system admits a unique endemic equilibrium XEE with all infected compartments
positive (Section (6)). By Theorem (5.3), solutions remain in Ω. Construct a Lyapunov function V based
on deviations from EE:

V(X) =
∑
i

(
Xi −XEE

i −XEE
i ln

Xi

XEE
i

)
, (8.5)

which is nonnegative and vanishes only at EE. For fractional systems, the Caputo derivative of V satisfies:
CDα

t V(X(t)) ⩽ −κ∥X(t) −XEE∥2, κ > 0, (8.6)

under standard assumptions (see [24]). Perturbations from EE decay according to MittagLeffler functions:

∥X(t) −XEE∥ ⩽ CEα(−κtα), (8.7)

which tends to zero as t → ∞. Thus, if R0 > 1, the endemic equilibrium is globally asymptotically stable
in the interior of Ω.

9. Effort required to control malaria

In this section, we quantify the effort needed to reduce malaria transmission using Caputo fractional
calculus. The effort is defined as the proportional reduction in transmission rates required to bring the
basic reproduction number R0 below unity.

Theorem 9.1 (Control effort formula). The effort required to control malaria, measured as the reduction in
transmission rates, is given by:

E = 1 −
1
R0

, (9.1)

where R0 is the basic reproduction number of the fractional-order malaria model.

Proof. From Section (2.9), the basic reproduction number is R0. Let ρ be the reduction factor applied to
transmission parameters. The new reproduction number becomes R ′

0 = ρR0. To achieve control, R ′
0 < 1,

so ρ < 1/R0. The effort E is the proportion by which transmission must be reduced:

E = 1 − ρmin = 1 −
1
R0

. (9.2)
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If R0 is large, a greater reduction in transmission rates is needed to achieve R ′
0 < 1. For example, if

R0 = 2.5, then E = 1 − 1
2.5 = 0.6, meaning a 60% reduction in transmission is required. Figure 2 illustrates

the relationship between R0 and the required effort E, while Table 3 provides sample numerical values for
quick reference.

Table 3: Sample values of R0 and corresponding control effort E.

R0 Effort E = 1 − 1
R0

1.2 0.167
2.0 0.500
2.5 0.600
3.0 0.667
4.0 0.750
5.0 0.800

Figure 2: Control effort E = 1− 1
R0

as a function of R0. Higher R0 values require significantly greater effort to reduce transmission
below the epidemic threshold.

10. Numerical simulation

To examine the influence of the fractional order α ∈ (0, 1] on malaria transmission dynamics, we
conduct numerical simulations of the Caputo fractional-order model defined by equations (4.2)-(4.11).
The system is solved using Garrappa’s [13] implementation of the fractional AdamsBashforthMoulton
predictorcorrector method, which approximates Caputo derivatives by discretizing their Volterra integral
representation and applying convolution weights to capture memory effects. All simulations are per-
formed with a uniform time step of h = 0.01 over a 100-day time horizon. The initial conditions assume
normalized human and mosquito populations, i.e., Nh = Nv = 1:

Se(0) = 0.40, Ee(0) = 0.10, Ie(0) = 0.05, Sa(0) = 0.30, Ea(0) = 0.05,
Ia(0) = 0.02, Ra(0) = 0.03, Sv(0) = 0.50, Ev(0) = 0.20, Iv(0) = 0.10.

Baseline parameter values are listed in Table 4. We simulate for α ∈ {0.85, 0.90, 0.95, 1.00} to assess
memory effects.
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Table 4: Baseline parameter values used in numerical simulations.
Parameter Value Unit
λh 0.000045 day−1

λe 0.000030 day−1

λv 0.071 day−1

µh 0.000045 day−1

µv 0.071 day−1

γe 0.10 day−1

γa 0.08 day−1

γv 0.20 day−1

αe 0.05 day−1

αa 0.04 day−1

Ωa 0.01 day−1

Υ 0.50 bites·mosquito−1·day−1

φve 0.30 dimensionless
φva 0.20 dimensionless
φev 0.25 dimensionless
φav 0.15 dimensionless

Lower α values delay epidemic peaks and reduce peak magnitudes, as shown in Table 5. Memory
effects also smooth transitions and prolong infection persistence compared to α = 1.00.

Table 5: Peak infection levels and time-to-peak for different fractional orders α.

α Peak of Ie(t) Time to Peak (days) Peak of Ia(t) / Iv(t)
0.85 0.045 46 0.018 / 0.095
0.90 0.048 40 0.020 / 0.098
0.95 0.052 35 0.022 / 0.100
1.00 0.060 30 0.025 / 0.105

Figure 3 summarizes peak levels and time-to-peak trends, while Figure 4 overlays infection curves
across all fractional orders.

Figure 3: Variation of peak infection levels (left panel) and corresponding time-to-peak (right panel) for Ie, Ia, and Iv as α

decreases from 1.00 to 0.85. Memory effects lead to smaller peaks and longer outbreak durations, highlighting the influence of
fractional dynamics on malaria transmission.
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Figure 4: Overlay of Ie(t), Ia(t), and Iv(t) trajectories for fractional orders α ∈ {0.85, 0.90, 0.95, 1.00}. The plots illustrate smoother
epidemic curves, delayed peaks, and extended persistence for lower α, confirming the role of history-dependent effects in disease
dynamics.

Tables 4 and 5, together with Figures 3-4, confirm that fractional-order dynamics significantly influ-
ence malaria transmission patterns. These results support the analytical findings in Sections (7) and (8),
demonstrating that memory effects slow disease progression and extend infection persistence.

11. Results and Discussion

Numerical simulations were performed for the fractional-order malaria model using the scheme de-
scribed in Section (10). Baseline parameter values are listed in Table 4, and initial conditions assume
normalized populations (Nh = Nv = 1). Fractional orders α ∈ {0.85, 0.90, 0.95, 1.00} were considered to
assess the impact of memory effects. Figures 3-4 illustrate the time evolution of infected compartments
Ie(t), Ia(t), and Iv(t) for different α. Key observations include:

• Delayed Peaks: As α decreases, epidemic peaks occur later (e.g., tpeak for Ie shifts from 30 days at
α = 1.00 to 46 days at α = 0.85).

• Reduced Peak Magnitude: Lower α values yield smaller peak infection levels (e.g., Imax
e decreases

from 0.060 to 0.045).

• Extended Persistence: Memory effects smooth the epidemic curve, prolonging infection tails com-
pared to the classical case (α = 1.00).

These findings confirm that fractional dynamics capture history-dependent effects such as partial immu-
nity and repeated exposure. Lower α values mimic stronger memory, reducing outbreak intensity but
increasing duration. This aligns with analytical results (Theorems 5.7 and 5.8) and previous studies on
fractional epidemiological models. Sensitivity analysis shows that variations in biting rate and infection
probabilities significantly affect R0 and peak prevalence. Control strategies targeting these parameters
(e.g., insecticide-treated nets, indoor spraying) can substantially reduce R0 and flatten epidemic curves.
Finally, using the control effort metric E = 1 − 1/R0 (Section (9)), the effort required to achieve R0 < 1
increases with higher baseline transmission. For example, if R0 = 2.5, at least 60% reduction in effective
transmission is needed. Figure 2 and Table 3 illustrate this relationship, providing a quantitative basis for
resource allocation in malaria control programs.

12. Conclusion

This study developed and analyzed a ten-compartment fractional-order malaria model incorporating
Caputo derivatives to capture memory effects in disease dynamics. The main contributions are:

1. Formulation of a fractional-order model distinguishing non-immune and semi-immune human
classes and mosquito compartments.
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2. Analytical derivation of the basic reproduction number R0 and stability conditions for disease-free
and endemic equilibria.

3. Quantification of control effort required to reduce R0 below unity.
4. Numerical simulations demonstrating that lower fractional orders delay epidemic peaks, reduce

infection intensity, and extend disease persistence.

Compared to classical integer-order models, the fractional framework provides a more realistic represen-
tation of malaria transmission, especially in endemic regions where immunity and repeated exposure play
critical roles. These insights can inform the design of time-sensitive intervention strategies and resource
allocation for malaria control. Future research will focus on:

• Parameter estimation using real-world epidemiological data.

• Optimal control analysis incorporating cost-effectiveness of interventions.

• Extension to stochastic fractional models for uncertainty quantification.
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