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Abstract

This study presents a numerical method based on Radial Basis Functions (RBFs) for solving a class of fractional optimal
control problems. First, the necessary optimality conditions are derived in the form of a system of two fractional differential
equations. Then, by solving an associated system of algebraic equations, an approximate solution to the problem is obtained. The
fractional derivative considered in this study is the Caputo fractional derivative. Several examples are provided to demonstrate
the effectiveness of the proposed method and to compare the accuracy of the resulting numerical solutions.
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1. Introduction

Optimal control, a fundamental branch of control theory and mathematical optimization, aims to de-

termine control and state variables that satisfy the system dynamics and constraints while optimizing a
performance functional. By employing advanced analytical tools, particularly differential equations and
optimization principles, this field provides a powerful framework for the analysis and design of com-
plex systems. The significance of optimal control is evident not only in the enrichment and expansion of
theoretical mathematical foundations but also in its diverse applications across engineering, economics,
biomedical sciences and emerging technologies. Within this framework, the central problem lies in de-
termining a control function that, while ensuring the satisfaction of the systems dynamical constraints,
achieves the optimization of a prescribed performance functional.
In this context, the state equations typically describe the dynamic behavior of the system, while the control
variables serve as the decision functions that influence this evolution. The objective is to design a control
law that balances feasibility with optimality, thereby providing an effective framework for analyzing and
managing complex dynamical processes.

Among the computational tools in various fields of science and mathematics that have recently at-
tracted significant attention from researchers is fractional calculus. Leibniz and Riemann-Liouville were
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the first to study the concept of fractional differentiation in the 19th century. In the real world, many
physical systems can be observed that exhibit fractional-order dynamics. In other words, their behavior is
governed by fractional differential equations. These physical phenomena, due to memory and hereditary
effects, can be more effectively described and modeled using fractional differential equations than with
integer-order models. In recent decades, fractional calculus has found numerous applications in various
areas of physics and engineering, such as signal processing, control engineering [3, 7], electromagnet-
ics [9], bioscience [14], fluid mechanics [15], electrochemistry [20], diffusion processes [10], dynamic of
viscoelastic materials [12], continuum and statistical mechanics [15] and propagation of spherical ames
[16].

Given the advantages of fractional models in accurately capturing system behaviors with memory and
hereditary characteristics, the field of fractional optimal control has emerged as a powerful framework
for analyzing and designing control strategies in complex systems. Unlike classical optimal control prob-
lems, fractional-order systems introduce additional mathematical challenges due to the nonlocal nature
of fractional operators and the lack of standard solution techniques. This has led to the development of
various analytical and numerical methods tailored specifically for fractional systems. The present study
aims to explore a class of fractional optimal control problems, formulate the corresponding necessary
conditions and implement efficient computational techniques to obtain the optimal solutions. Our goal
is to contribute to the theoretical advancement and practical applicability of optimal control in fractional
dynamic systems [1, 2, 4, 5, 6, 8, 11, 18, 19, 21, 22].

While several numerical approaches, including spectral methods [17], Ritz methods [18], and oper-
ational matrix techniques [13], have been successfully applied to Fractional Optimal Control Problems
(FOCPs), meshless methods based on Radial Basis Functions (RBFs) offer distinct advantages in handling
complex geometries and high-dimensional problems without the need for mesh generation. Existing RBF-
based approaches for FOCPs often rely on direct collocation or Galerkin formulations, which may lead
to dense and potentially ill-conditioned systems when enforcing fractional derivative constraints directly.
The primary novelty of this work lies in the development of a least-squares framework coupled with RBF
approximations for FOCPs. This approach transforms the problem into an unconstrained optimization
problem where the dynamical constraints are incorporated via penalty terms, thereby avoiding the direct
solution of a coupled system of fractional differential equations and often resulting in better numerical
stability. Furthermore, we provide a detailed analysis of shape parameter selection and its impact on both
accuracy and the condition number of the resulting algebraic system, a crucial aspect often glossed over
in similar works.

In the present paper, we consider the following fractional optimal control problem involving the
Caputo fractional derivative [17].

minJ = th f(x(t), u(t), t) dt, (1.1)

to
S'ttUDax(t) = g(X(t)ru(t)/t)/ t e [tOI tf]
x(to) = xo

where x € R™", ue U CR™, f: R"xUx [tg,tf] - Rand g : R™ x U x [ty, tf] = R are continuously
differentiable vector functions and tgy, tf and x( are assumed to be real and constant values and n —1 <
o < n(n > 1) is the order of the fractional derivative.

In the proposed method, radial basis functions are employed to approximate the state and control
functions. The main advantage of this approach is the reduction of the problem to a system of algebraic
equations. The proposed RBF-based approach is a meshless numerical technique, which eliminates the
need for grid generation and offers high flexibility in handling complex domains. The structure of this
paper is organized as follows: Section 2 provides an introduction to fractional calculus and radial basis
functions. In Section 3, a numerical method for solving the problem (1.1) is presented. Section 4 includes
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illustrative examples to demonstrate the application and efficiency of the method. Finally, a concise
conclusion is given in Section 5.

2. Preliminaries and Notations
In this section, some fundamental definitions and properties of fractional calculus are presented.
Definition 2.1. The Caputo fractional derivative of a function x(t) is defined as follows [17]:

1 ¢ an
_ t— n—o—1_ = d p —1< <
D{x(t) =< M —«a) IO( ™) dX”X(T) von x=n

x(M (1) a=n

where -
Ma) = J t¥ et dt
0
The Caputo derivative is adopted in this study because it allows the use of classical initial conditions
involving integer-order derivatives, making it more practical for modeling real-world systems. In contrast,
the Riemann-Liouville form requires fractional initial conditions, which are often difficult to interpret
physically.

Definition 2.2. A function ® : R¢ — R is called a radial basis function if there exists a univariate function
¢ : [0,+00) — R* such that for every vector x € R9, the function satisfies ®(x) = ¢(||x||), where ||.||
enotes an arbitrary norm on R4.

A family {CD,-L(X)}iN:1 of radial basis functions associated with the function ¢ : [0, +00) — R™ is defined
as follows:
Qi(x) = d(x—xi), i=12,.,N

Using radial basis functions, a method for function approximation can be considered. The dimension-
independence of these functions makes them efficient and accurate for high-dimensional problems. Some
of the most commonly used radial basis functions are listed in the following table. Suppose that the

Table 1: Type of basis function ¢(r)(r > 0)

Infinitely smooth RBFs
Gaussian(GA) e—(e)?
Inverse quadratic(IQ) 1 +(1er)2
. . 1
Inverse multiquadric(IMQ) s
Multiquadric(MQ) 1+ (er)?
Picewise smooth RBFs -
Linear T
Cubic r3
Thin Plate Spline(TPS) r2logr
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approximation of f(x) at an arbitrary point x can be expressed as a linear combination of N radial basis
functions listed in the table.

N
f(x) & s(x) = > Ad(|lx —xil]),
f

Here, N is the number of data points x = (x1, X2, ..., X4), d is the dimension of the problem and A represents
the coefficient. In order for the above combination to interpolate the values of f; at the positions x;, j =
1,...,N, the expansion coefficients A; must satisfy the following relation:

AN =,
where the entries of the matrix A are given by

Ay = o[l —x4i), 1

N

i,j<N

and
f=[f,..Tnl", A=A, ., ANIT

The interpolation of f(x) is unique if and only if the matrix A is nonsingular.

3. Numerical Method

In this section, a numerical method based on radial basis functions and the least squares approach is
presented for solving fractional optimal control problems involving Caputo fractional derivatives. It is
assumed that the optimal control problem is defined over a finite time interval and consists of a standard
performance index along with a state equation involving a fractional derivative of order o € (0, 2).
Definition of RBF Approximations for the Unknown Functions
To approximate the state functions x(t) and control functions u(t), we employ a linear combination of
radial basis functions as follows:

N
x(t) &~ ) aidilt),
i1

N
u(t) & ) bidi(t),
i1

where {ti}]i\‘:1 are a set of scattered points selected within the interval [0, T], ¢i(t) = ¢ (||t —ti||) is a selected
radial basis function and a; and b; are the unknown coefficients to be determined.

3.1. Analysis of Shape Parameter and Numerical Stability

The shape parameter c or e critically influences both the accuracy of the RBF interpolation and the
conditioning of the matrix A. A small value leads to a flat basis function and an ill-conditioned, nearly
singular matrix. A large value sharpens the function, improving interpolation accuracy but can also
increase matrix condition number and amplify numerical errors in derivative computations. We con-
ducted a systematic sensitivity analysis for the IMQ basis (¢p(r) = 1/4/1+ (cr)?) across a practical range
c € [0.5,15]. The results revealed a clear trade-off: smaller c reduces accuracy, while larger c increases the
condition number dramatically. The value ¢ = 7 was selected as it provides an optimal balance, deliv-
ering satisfactory solution accuracy while maintaining a manageable condition number (approximately
10'9), which ensures numerical stability in double-precision arithmetic. This choice is supported by the
consistent performance of the method across all numerical examples.
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Fractional derivative of radial basis functions
Given that x(t) is approximated using radial basis functions ¢;(t), the Caputo fractional derivative of x(t)
can be expressed as follows:

N
CD¥x(t) ~ Z DX (t)
i=1

The fractional derivative of the radial basis function “D¥¢;(t) is computed either analytically (in special
cases) or numerically. In this work, numerical integration-based methods are employed to evaluate the
Caputo fractional derivative. Specifically, the Simpson numerical quadrature rule was used to approxi-
mate the integral definition of the Caputo derivative, providing second-order accuracy for smooth RBFs.
In practice, for each point ty, we have:

N
CDt"‘x(t) ~ Z aiD](g)
i=1

where D]((?) represents the numerical approximation of the fractional derivative of the basis function ¢;
at the point ty.

Within the framework of the least squares method, the constraint of the optimal control problem,
which is a fractional differential equation of Caputo type, is assumed as follows:

“DIx() = f(x(t),u(t), 1),  te(0,T],
which must be satisfied together with the following initial condition:
x(0) = xq.

These constraints are incorporated into the objective function in the form of numerical residuals.
Definition of the residual function for the fractional differential equation
By expressing the functions x(t) and u(t) in terms of radial basis functions ¢;(t), the Caputo fractional
derivative is also computed numerically. Then, the residual of the fractional differential equation is
defined as follows:

Ri(t) :=C D{fx(t) — f(x(t), u(t), 1),

This residual function is evaluated at the nodal points {t, }}! ; and the weighted squares of these residuals
are incorporated into the objective function.
Definition of the residual function for the initial condition
The initial condition residual is defined as the difference between the approximate value of x(t) at time
zero and the given known value of xy.

Ry (t) :=x(0) — xg

This residual is computed at a single point (the beginning of the domain) and is incorporated into the
objective function.
Ultimately, these two residuals are incorporated into the numerical objective function in the form of

squared terms.
M

N
Jtotal = L L(x(t), u(t),t) dt+ B > wiRi(ti) + AR,
k=1

where w denotes the numerical integration weight for the constraint and 3 and A are adjustable penalty
coefficients.
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To determine the unknown coefficients {a;} and {b;}, the derivative of the objective function | with
respect to these coefficients is computed and set equal to zero.

9 =0, i=1,2,..,N
aai

9]

— = =12,..N
ab] 0/ ] 7%~ 7

The formulation of the optimization problem gives rise to a system of equations derived from the neces-
sary optimality conditions. These conditions are obtained by applying the calculus of variations (or an
equivalent optimality framework) to the defined objective functional, while explicitly accounting for the
governing fractional differential equation and the associated initial condition through their corresponding
residual terms.

By incorporating these residuals into the optimization framework, the problem is transformed into a
constrained minimization problem, where the constraints are enforced in a weak or residual sense. The
resulting optimality conditions lead to a coupled system of algebraic equations involving the unknown
coefficients of the approximate solution.

Upon discretization, this system can be systematically assembled and represented in a compact matrix
form, which facilitates both theoretical analysis and efficient numerical implementation.

A-c=b

In this system, the vector ¢ contains the unknown coefficients [ay, ..., an, by, ... bn]T,

the matrix A is derived from the partial derivatives of the objective function | and the vector b consists
of constant values and data related to the objective function and constraints. Solving this system of
equations yields the optimal coefficients, through which the state and control functions are approximately
computed.

4. Numerical Examples

In this section, to evaluate the efficiency and accuracy of the proposed numerical method, several illus-
trative examples are presented. In each example, a fractional optimal control problem is first formulated,
then the least squares method is applied to the problem and finally, the numerical results are reported.

Example 4.1. Consider the following optimization problem [17].

! 20109 2
S 4232 4
mm]—J0 [(x(t) )+ <u(t)+t 9”0.9)) ] dt

s.t.DIx(t) = t2x(t) +u(t),
x(0) = x (0) = 0.

20t09

9r(0.9)
functional J, yielding the optimal value ] = 0.
We apply the method proposed in this paper and present the obtained results. The numerical results
obtained from the proposed method are summarized in the table below. In addition, the graphs of the
approximate and exact solutions are depicted to illustrate the accuracy of the approach.

The functions x(t) = t? and u(t) = —t* +

are chosen such that they minimize the objective



Z. Vahedi, M. Mahmoudi, M. Ghorbani, Math. & Comput. Sci., 7(2) (2026), 21-30

27

Table 2: Numerical results

Present method Method of [17]

n|m ] N ]

15 | 100 | 3.38242 x 10~ ° 5.82938 x 10~ °

17 | 120 | 3.56396 x 10~ ° 1.46226 x 10~°

17 | 122 | 3.46682 x 10~° 4.3337 x 10~°

3
4
5
10 | 40 | 4.00886 x 107® | 7 | 3.5498 x 10~°

2.0

1.5

1.0

0.5

0.0 0.2 0.4 0e 0.8 1.0

Figure 1: Exact and approximate functions of x(t)

2.0

D5

0.0 02 0.4 0.6 0.8 1.0

Figure 2: Exact and approximate functions of u(t)

Example 4.2. Consider the following optimization problem [17].
1
min] = ;J [x(t)% 4+ u(t)?] dt
0
s.t.D{x(t) = —x(t) +u(t), O<a<l,
x(0) = 0.

The exact solution of this problem for « =1 is given as follows [17].

x(t) = B sinh(v/2t) + cosh(V/2t),

u(t) = (B + v2) sinh(V2t) + (V2B + 1) cosh(v/2t),
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where

_ V2sinh(v/2) + cosh(v2)
~ sinh(v2) + V2 cosh(v2)

To illustrate the applicability of the proposed method, it is applied to a representative example. The value
of the objective function obtained from the present numerical solution is 0.136984. The corresponding
optimal cost for this exact solution is Jexact = 0.192909 and the relative error in the objective functional
is approximately 0.18%, demonstrating excellent agreement with the exact optimum. The corresponding
graphs show a close agreement between the approximate and exact solutions. These results highlight the
accuracy and reliability of the proposed approach.

10k
S
n.s_.,_‘ .. x1 (a=0.9)
S x2 (a=0.8)
0.6 AR S..
s e see. e %3 (a=0.7)
L o .#'""-.__ ‘-"-., .....
0.4l £ s el x4 (a=0.6)
: rwx‘g% ----- x5 (a=0.5)
02 T eeans X6 (a=1.0)
0.2 04 06 0e 10
02
06 e ul (a=0.9)
S e u2 (a=0.8)
04f =,
Wb mm=a- u3 (a=0.7)
02f W}
1‘““\‘ ----- u4 (CIZO 6}
“‘{J:}l* 0.4 0.6 _l__,u_'ai-_:_:_::_'_fu """ us(a=0.5)
02 Niiiiisseaggecer?iifiizaiiioii oo u6 (a=1.0)
—0af"""

Figure 3: Exact and approximate functions of x(t)
Example 4.3. Consider the following minimiation problem [17]

1

minj = J

0

t A e 124 (424112 A 8000t
[emu) trt—12+ (2 +1) Qmﬂ+1 t+t 7Wﬂ®>]dt

s.t.D}['9x(t) =x(t) +u(t), O<a<l,
x(0) =1, x (0) =—1.
In this problem the performance index ] takes its minimum value when x(t) =1—t+ t* and the minimum
value is ] = 0. In this example, we implement the method introduced in this paper and report the

corresponding results. Furthermore, to better demonstrate the precision of the method, we provide plots
comparing the approximate and exact solutions. Using the proposed method, the objective function
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attains a value of 0.00277796. The result obtained by the present method can be compared with those
reported in other references for further evaluation [17]. This example features a high fractional order
(x = 1.9), posing a greater challenge for numerical approximation. The achieved cost is ] ~ 0.00278. While
this is not as close to zero as in previous examplesreflecting the increased difficultythe approximate state
and control functions closely follow the exact trajectories, as shown in Figures 4 and 5. This demonstrates
the method’s robustness even for challenging high-order fractional problems.

S

af

0.2 0.4 0.6 0.8 1.0

Figure 4: Exact and approximate functions of x(t)

Figure 5: Exact and approximate functions of u(t)

5. Conclusion

In this paper, a numerical method based on the least squares approach was presented for solving
optimal control problems governed by fractional differential equations of Caputo type. The state and
control functions were approximated using linear combinations of appropriate basis functions. By defin-
ing a residual function and incorporating it into the objective functional, the dynamic constraints of the
system were implicitly enforced within the optimization framework. The residual was evaluated at a set
of discrete time points over the domain, resulting in a discretized form of the objective functional and
a corresponding algebraic system for determining the unknown coefficients. The Gaussian method was
also implemented for this problem; however, it did not yield satisfactory results. Therefore, by employing
the multiquadric and inverse multiquadric approaches with the shape parameter set to ¢ = 7, favorable
outcomes were achieved. The shape parameter ¢ was chosen as 7 based on a sensitivity analysis, where
values in the range 5 < ¢ < 9 were tested. This range provided a good balance between stability and
accuracy.
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The numerical results demonstrated that the proposed method exhibits high accuracy and favorable
convergence properties, while also maintaining a relatively simple implementation structure. Further-
more, the flexibility of the method in selecting basis functions and residual evaluation points makes it a
robust and efficient tool for solving a wide range of optimal control problems involving nonlocal frac-
tional dynamics.

Future Work: Future research may focus on extending the proposed meshless RBF approach to multi-
dimensional fractional optimal control problems, incorporating inequality constraints and exploring adap-
tive strategies for selecting basis functions and shape parameters.
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