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Abstract

This article investigates the time-space fractional advection-dispersion equation (TSFADE). In this work, an efficient and
precise numerical method (Novel Bernoulli Operational Matrix technique) is applied for solving a category of these equations,
converting the original problem into a set of algebraic equations that can be solved using numerical methods. The key benefit
of this scheme is its ability to transform linear and nonlinear (PDEs) into a set of algebraic equations concerning the expansion
coefficients of the solution. The suggested scheme is effectively utilized for the mentioned problem. Sufficient and thorough
numerical evaluations are provided to illustrate the precision, applicability, effectiveness, and adaptability of the introduced
scheme. To showcase the efficacy and accuracy of this technique, the numerical results from the examples are expressed in a
table format to enable comparison with results from other established methods as well as with the precise solutions. It should
be noted that the implementation of the current method is regarded as quite simple.
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1. Introduction

The uses and study of fractional order calculus have been vibrant and among the quickest expanding
tields of research over the past thirty years. It has now turned into a vital instrument owing to its extensive
application across various scientific fields, including blood flow dynamics, biophysics, chemistry, physics,
ongoing thermodynamic variations, the electro-dynamics of complex materials, capacitor principles, poly-
mer rheology, dynamic systems, experimental data fitting, and more ([11, 14, 32, 5, 17, 38, 37, 54, 26, 36, 39]
and references therein). The growing advancement of suitable and effective techniques for addressing
fractional differential equations (FDEs) has generated heightened interest among scholars in this area.
Owing to the various uses of these equations, several techniques have been developed to solve them, in-
cluding Fractional Adams-Moulton methods [21], fractional linear multi-steps methods [43], trapezoidal
methods [23], and many others.
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Numerous researchers investigated the fractional advectiondispersion equation (ADE) recently. Our
objective is to examine the time-space fractional ADE. Space nonlocality relates to long-range interac-
tions, while time nonlocality pertains to memory effects. The Time-Space Advection-Dispersion Equation
(TSFADE) outlines the movement of materials, such as contaminants in groundwater, by taking into ac-
count both advection (large-scale flow) and dispersion (distribution). It's a broadening of the traditional
ADE, frequently integrating fractional derivatives to address unusual diffusion and advection. The ADE
and its fractional variants are commonly employed to represent solute movement in porous media, such as
groundwater aquifers. They are essential for grasping and forecasting. Fractional models are particularly
useful when the transport mechanism exhibits anomalous diffusion, which contrasts with conventional
Fickian diffusion. The core concept is that fractional order models provide greater insight into the under-
lying structure and behavior of complex systems. Essentially, the time-space fractional ADE offers a more
adaptable and precise framework for representing transport processes by utilizing fractional calculus to
explain anomalous diffusion and advection effects. Because of the intricacy of fractional derivatives, nu-
merical techniques are frequently required to address the fractional ADEs. A range of techniques has
been created to solve these equations, such as spectral methods, finite element methods, finite difference
methods, and more[29, 64, 47, 56, 2, 42, 41, 20, 24, 12]. Recently, various numerical schemes have been
created for the FADE, the majority of them concerning time FADEs [3, 22, 49, 53, 58, 30, 61, 65], while sev-
eral focus on space FADEs [55, 48, 57, 62, 35, 25]. Nevertheless, there exist certain physical issues that are
represented with both spatial and temporal FADEs such as TSF Fokker-Planck equation, serving as a pow-
erful instrument for processes involving both flights and traps, where the space fractional term describes
the flights and the time fractional component defines the traps [29, 64, 47, 56, 2, 12, 28, 45, 16, 27, 41, 10].
Despite this and because of the fact that the numerical techniques for these issues are quite difficult, and
numerous numerical techniques have been created for these equations.

Finding exact solutions for the majority of FDEs is not straightforward, leading to the need for analyt-
ical and numerical techniques to be employed, On the other hand, it is known that acquiring analytical
solutions to these equations is quite challenging. Therefore, in many cases, the precise solution remains
unknown, and it is necessary to pursue a numerical estimation. Consequently, numerous investigators
have devised and advanced numerical techniques to facilitate to acquire estimated solutions for this cate-
gory of equations.

Recently, Bernoulli polynomials have demonstrated their strength as a mathematical tool for address-
ing involving a range of dynamic issues, such as numerically addressing high-order Fredholm integro-
differential equations [9], pantograph equations [59], PDEs [60], linear Volterra and nonlinear Volterra-
Fredholm-Hammerstein IEs [6], alongside optimal control challenges [31], variable-order FDEs [46, 33]
and nonlinear multi-term fractional variable-order delay differential equation [34].

As far as we know, there has not been any numerical method created utilizing the Bernoulli Opera-
tional Matrix approach for the TSFADEs. At present, the primary objective of this article is to generalize
the classical polynomials in the foundation of the solution. We propose a Novel Operational Matrix
technique that relies on Bernoulli polynomials to compute the solution of TSFADEs numerically. This
approach employs the (NBOM) method to convert the main problem into a system of algebraic equations
that can be solved by well-known numerical methods. Thus, we present a (NBOM) for the derivatives of
fractional order for solving a category of TSFADEs which as follow:

0Yz(x,t) 0Mz(x, t) 9%z(x, 1)

o K1 > Ko Il + hix, t),0<x < Xg, 0<t< o0, (1.1)
with boundary and initial conditions
z(0,t) = a1 (t), z(Xg, ) = aa(t), >0, (1.2)

z(x,0) = b(x), 0 <x < Xg. (1.3)
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where the spatial coordinates x and t signifies time, z(x, t) is the unknown function that must be estimated

as the solute concentration, 0 < vy < 1 reperesents the temporal order, 1 <n < 2,1 < ( <1 are the

orders of spatial fractional derivatives and ki, k, are the positive constants that represent the anomalous

dispersion and advection coefficients, respectively. The function h(x, t) reperesents a given function (as

the source term), the initial value is b(x) and a;(t) and a,(t) are prescribed boundary functions (as the
0vz(x,t) dlz(x, t)

boundary solute concentrations). Additionally, the operators — — Pt = Di, i=m,Care

the Caputo’s fractional order derivatives for time and space. It is evident thatif y =1,n1=2,{ =1, then
equations (1.1)-(1.3) will be classical ADE.

2. Preliminaries

This section first reviews foundational concepts in fractional calculus. We then examine significant
properties of Bernoulli polynomials, which form the basis for the proposed method.

2.1. The fractional order derivative

Various definitions exist and are utilized for the fractional derivative, yet the three most common
definitions of them are presented by Caputo, Griinwald-Letincov, and Riemann-Liouville. Due to the
Caputo fractional derivative is the only model that behaves like the integer-order DE, in this article we
use it.

Definition 2.1. The C-order ( m —1 < ¢ < m) fractional derivatives of Caputo (right and left-sided) are
presented as

DCZ(X) _ (_1)_1“&) IXR Z'(s) ds

— r(m x (S _X)C*mwtl 4
@.1)
1 Z'(s)
C _ X
D+Z(X) = M(m— C) J-O (X_S)C7m+l ds,
that
0, forw € Myandw < [(],
Dix (2.2)
MXWC, forw € My andw > [(],
and
0, forw € Mgandw < [],
D& (Xg —x)" = (2.3)

(—)"™"T'(w+1)
Mw—C+1)
where My ={0,1,2,---}and [.] is the ceiling function. Also
DL(yo(x) + 8b(x)) = YDE(e(x)) +8DE (b (x)),

where yand 6 are constants.

(Xg —x)W~¢, forw e Mgandw > [(],

2.2. Bernoulli Polynomials and their properties

The polynomials of Bernoulli form a set of independent polynomials that constitute a complete basis
for all square-integrable function spaces over the interval [0, 1] (known as the space L2[0, 1]).
Let By, (s) represents the n—th degree Bernoulli polynomial in s, is described as follows [46, 13]:

Bn(s) = Z ( T; >bn—i s, (2.4)

j=0
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where b;,j = 0,1, ..., n, denote the numbers of Bernoulli that found in the series expansion of trigonometric
functions [46, 1] and can be characterized using the subsequent identification:

s j

s s
i E bjj—! (2.5)
j=0
thus
Bo(s) =1,
1
Bi(s) =s— -
1(s) =s X
Bs(s) *52—s+1
2 %
1
B 3 _ Y2 -
3(s) =s 25 —1—25,
1
By(s) —s4—2s3+32—%,

the initial five Bernoulli polynomials.
The subsequent property holds for Bernoulli polynomials [1]:

1 k!
Bic(s) Bm(s) = (—1) F o b, mk > 1.
J, Bels) Bnlo) = () b,
Conversely, the Bernoulli polynomials can be conveniently produced using the subsequent recursive re-
lation

n—1

Z(T.‘)Bj(s):ns“—l,jzz,s,--.. (2.6)

=0

We remember that the benefits of Bernoulli polynomials in estimating any unknown arbitrary function,
compared to certain traditional orthogonal polynomials, are:

I. The operational matrix of derivatives for Bernoulli contains fewer nonzero elements compared to
that of some shifted classical orthogonal polynomials. The nonzero entries of the Bernoulli oper-
ational matrix exist solely in the first subdiagonal. In contrast, the shifted Jacobi and Chebyshev
polynomials form a strictly lower triangular matrix, as noted in[19, 18].

II. The Bernoulli polynomials contain fewer terms than the some classical orthogonal polynomials. For
instance, the sixth Bernoulli polynomial contains five terms, whereas the sixth shifted Chebyshev
polynomial consists of seven terms, and this disparity will grow as the degree increases. Thus, when
approximating any arbitrary function, we utilize more CPU time by employing classical orthogonal
polynomials in contrast to Bernoulli polynomials; for further reading refer to [44].

III. The coefficients of separate terms in Bernoulli polynomials are less than such coefficients in the
classical orthogonal polynomials. As the calculation errors in the product are tied to the coefficients
of separate terms, employing Bernoulli polynomials reduces these errors.

Therefore, considering the above-mentioned issues and due to its high accuracy and easy implemen-
tation, using Bernoulli operational matrix method is economical.
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3. Approximating function using Bernoulli polynomials

Assume the function z(x) is square integrable relative to w gf;’ﬁ) (x) on the interval [0, Xg],consequently,
it can be stated in the following manner[46]:

z(x) = ) fBxy;(x), (3.1)
j=0

where f; (the coefficients of the series ) are obtained using the formula presented in [6, 31] as follows:

1 (P diz(x)
_ - *) ax. 3.2
i), S 6.2

j

Thus, we can approximate the solution utilizing (M + 1)-terms of the given series in Eq. (3.1) and we
shall possess

M
z(x) ~zm(x) = ) fBxg(x) = FTOxm(x), (3.3)

j
where F = [fo,f1, -+, fm]T, and @x, m(x) = Bxgo(x), Bxg1(x), -+, Bxem(¥)]T.
Here, we assume that
S(x) = [1, x, x%, %3, -+ ,x"T.

By Eq.(3.3), the vector ®x, m(x) can be shown as

_ by
— - 1 1 k
Bxy,0(x) 2 k=0 K bk x
Bxp,1(x) ,
@ x) = : - - P
XR,M( ) BXR,i(X) Zi:o < 5 ) bi—k Xk
Bxg,m(x) '
L BXe M) M
Z]T:/l:() ( K > by xF (3.4)
[ 011 010 - Opmgr | [ 1]
021 020 - OMm41 X
- 0i1 B2 -+ Oimu xt | T O5(x),
| Om+11 Omt12 o0 Omaimar | | XM ]
where O is a square matrix (of dimensions (M + 1) x (M +1) ) described as follows
1
<k )blk,1>k,
Otrikt1 = (3.5)

0, otherwise,

for0 <Lk M.
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Then © as follows

[ 1 0 0 0 0 07
—% 1 0 0 0 0
% —1 1 0 0 0
0 = 1 3 (3.6)
0 5 5 1 0 0
: : : : : e 0
M M M M
_bM < 1 )le <2>bM2 <3>bM3 <4)bM4 1_
Hence, using Eq. (3.4), we get
S(x) = @1 Oy, m(x). (3.7)

In the same way, a function z(x, t) that depends on two independent variables defined for 0 <t < T <
oo and 0 < x < Xg can be expressed using the double Bernoulli polynomials as:

M N
26, 1) 2znmt) = ) ) ayBri(t)Bxe(x) = OF M(DADx N(X), (3.8)
i=0 j=0
where
O m(t) = Bro(t),Bra(t), -+, Brm(t)]’,
Dx o N (%) = Bxy0(x),Bxp1(x), -, BxeNnx)]T
and
agp Qg1 Qgz - QoN
aio an ap - aiN
A = . ) ) . . (3.9)
amo ami1 amz2 -+ GMN

where the coefficients a;,,1=0,1,--- ,M, r=0,1,---,N. must be estimated.

4. Novel Bernoulli Polynomials Operational Matrix (NBOM)

Operational matrices, utilized across various fields of numerical analysis, address diverse issues of var-
ious kinds and subjects are particularly significant, including Its, DEs, and integro-differential equations,
partial and ordinaryFDEs [10, 63, 40, 50, 15, 7, 52, 51, 4, 8]. Now, we explore the (NBOM) of fractional
order to assist in the computational solution of Eq.(1.1). Thus, we transform the original problem into a
set of algebraic equations that can be solved using numerical techniques in collocation points.

Initially, we infer

D{Dy N(X) (M—1<{<m, meN)

as follows:
based on the previous content, have: ®x, n(x) = OxS(x), so

Dg®@x, n(x) = DE(OxS(x)) = ©,DS L, x, -+ ,xN]T. (4.1)
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Combining Egs. (2.2) and (4.1), in general, it gives:

DSDxN(x) = OxDE(S(x))

6.0 o FUel+ 1)x([¢1=0) M(N + 1)X(N—CJ]T
ST +1=¢ T TIN+1-0)
[0 0 0 0 0 i
: S
0 0 0 0 0 X
0 M) +1x < 0 0 :
6. M +1-0) i3
0 0 0 M[e] +2)x ¢ 0 xle1+1
rfcl+2-2a :
: : N
0 0 o TIN+Dxc b oo
L MN+1-2¢) |
= ®XGCx S(X)
Where
[0 0 0 0 0 i
0 0 0 0 0
(—0)
) r(e)+1)x . .
o _ M +1-0
““lo o 0 r(e] +2)x-¢ 0
re+2-a
F(N+1)x¢
00 " TNF1-0
in other words ri
F(i(i)C)X(C)' for [C]4+1<i<N, i=j,
[ch]i,j = (4.2)
0, otherwise.
Using Eq. (3.7), then
D®xe N (x) = OxGe, Ox ™ D N ().
The operational matrix of Di@xR,N (x) is ©xG¢, o, .
Not that accordingly, if { =n ( 1 is an integer) then we will have
r(r(_l) )x_“, for n+1<i <N, i=j,
[GCx]i,j - ten (43)

0, otherwise.

Note that in D¢, the first [(] = m rows are all zero .
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Here, we approximate the fractional order derivative of the function derived in Eq. (3.3) in the follow-
ing way:
Diz(x) = DY(FT@x N (x) ) = FDL®x N (¥)
=FTOxGe, Ox ' Oxp N (X). (44)
Now, we estimate z(x, t), h(x, t) by the shifted Jacobi polynomials as
z(x,t) ~znmxt) = Z MY ) aiBri()Bxg,(x) = OF  (AQx, N (X),
h(xt) ~hnm0ot) = XM N ohiBri(t)Bxy(x) = ©F \ () HDx N (x).

where matrix A is an unknown((M + 1) x (N + 1)) which is shown in Eq. (3.9), but the matrix H is known
and is as follows:

(4.5)

hoo hor -+ hon
B hip hin -+ hn
hymo hmt -0 hmn

which coefficients hyj,i = 0,1,--- ,M,j = 0,1,--- ,N can be calculated using the formula presented in
o 313}]7'using Egs. (4.2) and (4.4) , hence the equation (1.1) turned into
DY (@1 m (ADx N (%)) = k1 DY@ p (DNADx N (%)) — k2D (O p (D ADx N (%)) + (O p (T HOx N (X)),
= (DY Q1 M ()AQx N (%) = k10T 0 (DA (DD N (X)) — k2@ (DA (DL DN (X)) + (O p (T HO X N (X)),
then
(@ M (D)0t Gy OJADK N (x) = K1 DT\ (DA (Ox Gy, Ox ! DN (X)) (4.6)
— kD (DA(Ox G, Ox ' Ox N (X)) + (DT p (D HDx N (X))
with boundary and initial conditions
O Mm(DADx N(0) = ai(t), 0<t<T,
DT M (DADX, N(XR) = @r(t), 0<t<T,
DT M(0)ADx, N (X) = b(x), 0<x < Xg.

. T, TR+,
Ultimately, we utilize t; = oM 1 2) (l1=2012---,M)and x; = N 12) (j =0,1,--- ,N) where

they are the collocation points. Consequently Eq. (4.6) converted into the following form
(1 M ()0 ! Gy Or) ADx N (X)) = K1 DT M (1) A(Ox Gy Ox ™ P N (X)) (47)

— kD7 (1)A(Ox G, Ox 1 Dx N (%)) + (O pp (B HD x N (%5)),
1=12---,M, j=12,--- ,N-1
and we get M x (N — 1) linear algebraic equations.

On the other hand, by the boundary and initial conditions, (2M + N + 1) linear algebraic equations by
collocating these three equations at the zeros t; and x; are generated.

O\ (0)ADX, N (%)) = blx;), j =1,2,--- ,N—1, (4.8)
(D$,M(tl)Aq)XR,N (0) = q (tl) ’ l= 0/ 1/ 2/ oy M/
®$,M(tl)A(DXR,N (XR) - a2(t1) 7 l - 0/ 1/2/ Tty M

Therefore, in total, we have (M +1) x (N +1) equations and (M +1) x (N 4 1) unknowns, so, we can solve
the linear algebraic system in Egs. (4.7) and (4.8) numerically for determining the matrix A. Therefore,
the numerical solution that presented in Eq. (3.8) can be obtained.
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5. Numerical results

By solving some examples in this section, we show the efficiency of the method by using the Mathe-
matica 13 software.

These examples have been examined in terms of maximum Absolute Error (EA = maxoci<N |
ZExact (Xi, ) —zn,m (x4, t) ) and the CPU time required for solving them.

Comparison of the outcomes produced by this method with the precise solution and with various
other methods (available in the literature) for each example indicates that this innovative technique align
most closely with the exact solution. The stability, consistency and straightforward application of this
technique make this method to be more usable and dependable.

Example 5.1. Consider the following TSFADE[29]:

0Vz(x,t) 0Mz(x, t) 9%z(x, )
T—KlW—KZT+h(X,t),O<t<1,0<X<1,
z2(x,0) = x*(1—x)%,0<x <1, (5.1)

z(0,t)=z(1,t)=0,0< t<1,

Note that z(x, t) = x2(1 —x)? et is the exact solution, k; = 0.001, k, = 2.

Utilizing the ideas outlined in Section 4, we regard the approximate solution featuring (M +1) x (N +
1) finite terms shown in Eq. (3.8) for this problem and replace in primary problem. Then by applying
the Eq. (4.4), this problem is transformed into form of the Eq. (4.6), finally using t; and x;, therefore, an
equations system emerges that we can solve it by known numerical techniques to obtain the unknown
matrix A.

The maximum Absolute Errors (at some nodal points) of this method, as well as the CPU time needed
for it, are given in Table (1). From this Table, it is observed that the numerical results are very close to
the exact solution and Figure (1) confirms the reliability of NBOM method compared to other techniques.
Moreover, in Figure (2) we plot the Absolute error for this example. Note that the Figures (1) and (2) show
a proper match between the approximate solutions and the exact solution.

Therefore, it follows that the solution of the Eq. (5.1), approximated using new method, is in the best
agreement with the accurate solution.

In addition, Tables (2) and (3) show E2T = zExact(%T) —znm(x,T) |2 and EL =| zexact(x, T) —
znM (%, T) |loo errors at T =1 for different values of 1 <n < 2.
Es
log(+—)
Also experimental rate of convergence Nsill (where E; 1 and Eg are the errors corresponding to
log(—)
N

N1 and Ng) is provided in these tables and cosmpare the accuracy and efficiency of our method and
method in [29]. It is seen that the our technique is better than method in [29].

Example 5.2. Consider the following TSFADE[28]:

0Vz(x,t) 0Mz(x, t) 9%z(x, )
T = K e — K Il + hi(x, t),0<t<1,0<x<1,
z(x,O):x2,0<x<1, (5.2)

d
z(0, t) :tz,a—i(o,t) =0,0<t<1,

Note that z(x, t) = x2 + t2 is the exact solution, k; = ky = 1.
Like the previous example, in this example, the maximum absolute errors (at some nodal points) of
this method, also the CPU time needed for our method are given and compared in Table (4), confirming
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Table 1: Comparison the absolute errors at some nodal points for Ex.1 with y =1, { = 0.5 and different values of nat T = 1.

x € [0,Xgr] | n | Current technique | 1 | Current technique

(Zsg) (Z43)

0 1.2 3.80 x 10~ 13 1.6 1.86 x 10~ 12

0.1 1.2 6.47 x 1010 1.6 2.65 x 1011

0.2 1.2 2.56 x 10710 1.6 470 x 10~ 1

0.3 1.2 2.27 x 1010 1.6 1.22 x 10710

0.4 1.2 460 x 10~? 1.6 5.60 x 1010

0.5 1.2 1.07 x 108 1.6 1.41 x 10~

0.6 1.2 1.30 x 1078 1.6 2.27 x 107?

0.7 1.2 7.85 x 107° 1.6 2.44 x 107°

0.8 1.2 1.18 x 10° 1.6 1.53 x 10~°

0.9 1.2 3.95 x 10~? 1.6 1.08 x 10710

1.0 1.2 419 x10°13 1.6 1.84 x 10712
CPU time | - | 1.56 s | -] 1.46s

Table 2: Error norms and experimental order of convergence for different values of j at T = 1 for Ex.1 by using method in [29].

n | o | ot EZT Rate e, EIO Rate ey
% 3.684945 x 10~ - 4.927401 x 10~ -~
1.4 % 0.05 | 9.198071 x 10~% | 2.0022 | 1.257786 x 10~% | 1.9699
%6 2.314130 x 10~% | 1.9908 | 3.211054 x 10~ | 1.9697
% 3.683697 x 10~ - 4.924700 x 10~ -
1.6 % 0.05 | 9.195621 x 10~% | 2.0021 | 1.257504 x 10-%% | 1.9694
% 2.168473 x 1004 | 2.0842 | 3.028411 x 10~% | 2.0539
% 3.681100 x 10~ -~ 4.924700 x 10~% -
1.8 % 0.05 | 9.187786 x 10~% | 2.0023 | 1.256610 x 10~ | 1.9704
% 2121292 x 10~% | 21147 | 2.994302 x 10~% | 2.0692
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Table 3: Error norms and experimental order of convergence for different values of n at T = 1 for Ex.1 by using current technique.

Figure 1: Comparison of between approximate solution( Z4g) of NBOM method and exact solution for Ex.1 at T = 1.

X

n | & | &t E2T Rate e, EIO Rate e
1 1 —05 —05
14 1|2 1.58129 x 10 - 2.24305 x 10 -
1 1 —08 —09
1.4 s | s 1.13824 x 10 10.4401 | 7.84804 x 10 11.4808
1 1 —07 —07
1.6 1l 7.11714 x 10 - 5.07926 x 10 -
1 1
1.6 3|3 3.78578 x 10~ | 7.55456 | 2.33549 x 10~ | 7.76475
1 1 —06 —07
1.8 12 1.13824 x 10 - 7.84804 x 10 -
1 1
1.8 313 3.58285 x 1079 | 8.31148 | 2.49454 x 10~ | 8.29741
0.020 - E
% 0015 ]
s
2
N
% 0010F ]
=
X
N
0.005 - E
[ X3t SOlUtION
0.0001 = = = =1 Approximate solution ﬁ
0.0 0.2 0.4 0.6 0.8 1.0
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Figure 2: The absolute errors comparison between numerical solution( Z4g) of NBOM method and exact solution for Ex.1.

Table 4: Comparison the absolute errors at some nodal points for Ex.2 with different values ofy, {,n at T = 1.

x € [0, Xg] Current technique Current technique
(Z32) v=075=05n1=18|v=09,(=08n=16

0 222 x 10716 444 x 10710

0.1 4.44 x 10716 0

0.2 2.22 x 10716 2.22 x 1016

0.3 4.44 x 10716 2.22 x 10716

0.4 8.88 x 1016 222 x 10716

0.5 8.88 x 10716 4.44 x 10716

0.6 8.88 x 1016 2.22 x 10716

0.7 1.11x 10~ 6.66 x 10716

0.8 1.11 x 1015 6.66 x 1016

0.9 133 x 107 1° 1.11 x 1016

1.0 1.77 x 1016 1.33 x 10715

] CPU time \ 0.01s \ 0.01s ‘

that the current method is much better than scheme in [28]. Figures (3) and (4) show the efficiency and
the reliability of NBOM technique. By looking closely at these tables and figures, we realize that the
numerical results are in the best agreement with the exact solution.

Example 5.3. Consider the following TSFADE[55]:

oVz(x, t on t 1 0%z(x,t
zlbet) 30Tz t) 1320t g i1, 0<x<2,

oty  x  oxn x  0x¢
z(x,0) = x*(x—2)?,0<x <2, (5.3)
0
2(0,t) = 22£(2,1)=0,t>0,
0x

Note that z(x, t) = 4e~'x?(x —2)? is the exact solution.

We solve this example (Eq. (5.3)) similary to the previous examples and obtain results, Then set up
the table of maximum absolute error and CPU time needed for our method related to it (Table(5)) and
also draw the Figures (5) and (6) to demonstrate its accuracy and efficiency.

Example 5.4. In this example, we consider the following TSFADE[56]:
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Figure 3: Comparison of between approximate solution( Z;,) of NBOM method and exact solution for Ex.2 at T = 1.
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Figure 4: The absolute errors comparison between numerical solution( Z;>) of NBOM method and exact solution for Ex.2.

Table 5: Comparison the absolute errors at some nodal points for Ex.3 with different values ofy, {,nat T = 1.

x € [0, Xg] Current technique Current technique
(Zyg) v=1,0=08n=18 | vy=1,{=05n=19
0 651 x 10 13 9.09 x 1013
0.2 4.77 x 108 459 x 108
0.4 1.78 x 1077 1.60 x 1077
0.6 321 x 107 2.90 x 107
0.8 488 x 1077 438 x 107
1.0 6.45 x 107 5.85 x 107
1.2 7.83 x 1077 7.23 x 10~7
14 852 x 1077 7.99 x 1077
1.6 771 x 10~ 1 7.30 x 107
1.8 4.74 x 10710 4.47 x 1077
2.0 1.40 x 1010 5.33 x 1012
] CPU time \ 1.12s 2.28s
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Figure 5: Comparison of between approximate solution( Z4g) of NBOM method and exact solution for Ex.3 at T = 1.
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Figure 6: The absolute errors comparison between numerical solution( Z4g) of NBOM method and exact solution for Ex.3.
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Table 6: Comparison the absolute errors at some nodal points for Ex.4 with different values ofy, {,nat T = 1.

x € [0,Xg] | Current technique | Current technique
(Z32) |v=075(=1n=2|y=06=1n=2
0 1.99 x 101 1.67 x 10 P
0.1 1.26 x 10714 1.16 x 1014
0.2 2.01 x 10714 1.11 x 1074
0.3 246 x 10714 321 x 10715
0.4 2.64 x 10714 8.88 x 107 1°
0.5 257 x 10714 219 x 10714
0.6 233 x 10714 328 x 10714
0.7 1.86 x 10714 3.88 x 1014
0.8 1.31 x 10714 361 x10°14
0.9 6.55 x 1014 3.06 x 10714
1.0 1.59 x 10~ 1° 7.66 x 10715
| CPU time | 0.012s 0.015s |
DYz(x,t) = k1Dz(x,t) — kaDSz(x,t) + h(x, 1), 0<t<T,0<x<1,

z(x,0) = 5x*(1—x),0<x <1, (5.4)

z(0,t) = z(1,t)=0,0< t<T,
Note that z(x, t) = 5(t> 4+ 1)x?(1 —x) is the exact solution, k; = ky = 1.
After solving this example according to the presented discussions, we obtained the result and recorded
it in Table (6). We also drew Figures (7) and (8) to demonstrate its fficiency and accuracye .

15} 1
F o100 |
X
s
2
N
o
ﬁ: .
X 05+ |
N .
[ xact sOlution
00 = = = =1 Approximate solution
0.0 0.2 0.4 0.6 0.8 1.0

X

Figure 7: Comparison of between approximate solution( Z3,) of NBOM method and exact solution for Ex.4 at T = 1.

6. Conclusions

In this paper, the fundamental objective of the paper is to introduce a novel computational methods
based on Bernoulli operational matrix (NBOM) for time-space fractional advection-dispersion equation
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Figure 8: The absolute errors comparison between numerical solution( Z3,) of NBOM method and exact solution for Ex.4.

(TSFAD) Egs. (1.1)-(1.3). We investigated the generalized TSFADEs by the (NBOM) scheme. In this
method, an algebraic equations system is obtained and solved by using a appropriate numerical method.
The precision and effectiveness of this method is shown by solving some numerical examples. The numer-
ical results are impressive, with low absolute errors and fast CPU times, validating the method’s accuracy
and practicality. The advantages of Bernoulli polynomials such as reduced computational complexity and
minimized error propagation are justified.

One of the limitations of our method is that when we use a large number of nodes ( when N and M
increase), the coefficient matrix becomes ill-conditioned, and a reliable solution will not be obtained.
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