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Abstract
In this work, we show that the existence of fixed points of β−ψ weak generalized Ćirić type rational contraction mappings

for a pair of metrics provided by a dIGraph are identical. We provided examples and machine learning applications to back up
our conclusions.
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1. Introduction and Preliminaries

Extending the ambient space and the contractive condition, the Banach Contraction Principle (B C P)
is one of the fundamental results of fixed point theory can be expanded and developed in a variety of
ways. Jachmski [10] replaced the structure of orders in extended fixed point theory in graph structure.
Theories of fixed point finds with mappings converge in the different fields. Numerous scholars [1, 2, 5,
6, 7, 14, 13, 9] investigated fixed point outcomes on a range of graph-endowed spaces. Fixed point results
are expanded using Gerghty [8, 3, 4] contractions with specific features. Recently, it was shown that there
are fixed point theorems of control functions fractional differential equations with applications[15].

Definition 1.1. [10] The Cartesian product of the diagonal of the TXT is denoted by ∆δ. Let (T , δ) be a
metric space[MSP]. The MSP (T , δ) is a digraph ᾱG = (αV ,αE) if G is a digraph such that the edges αE,
∆δ ignoring parallel edges, and the vertices αV with all the components of T .
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Definition 1.2. [7] Assume that ρ, κ : ⊥ → ⊥ are functions and that (⊥, δ) is an MSP with a graph.
Consider the following: ⊥(ρ, κ) := {t ∈ ⊥ : (ρt, κt) ∈ E(G)}; C(ρ, κ) := {t ∈ ⊥, ρt = κt} Points of
correspondence between h and K are represented by C(ρ, κ), while common fixed points of ρ and κ are
represented by Cm(ρ, κ) := {t ∈ ⊥ : ρt = κt = t}.

Lemma 1 [10] Let (⊥, δ) be a MSP with a dIgraph ᾱG = (αV ,αE),  h, ȷ : ⊥ → ⊥ be functions. If
C( h, ȷ) ̸= ϕ, then Cm( h, ȷ) ̸= ϕ.
Definition 3[7] Assume (T , δ) be a MSP with a digraph ᾱG = (αV ,αE)
(i) for a seq {wn} in M such that (wn,wn+1) ∈M, for all in N, we have if wn → r ∈M, then Twn → Tr,
then a mapping F : T → T is G-continuous at r in T . More over, When T is G-continuous at at each point
in T , it is termed G-continuous.
(2) αE(G) is transitive if, for every α,β,γ ∈ T , (α,β, ), (β,γ) ∈ αE(G), then (α,γ) ∈ αE(G).
(3) for every sequence {rn} in M rn → r ∈ T and (rn, rn+1) ∈ αE(G)for each n ∈ N, it is true that
(rn,y) ∈ E(G) for all n ∈ N, the triple (M, δ, Ḡ) is said to have the condition A.
Definition 4 [11] Let (ℓ,d) be MSP , and let  h, k : ℓ → ℓ be functions. ℓ is d- compatible whenever
lim
n→∞d( hktn, k htn) = 0 with lim

n→∞  hktn = lim
n→∞ k htn, for all {tn} in ℓ

Definition 5 [7] Let (M, δ) and (M ′, δ ′) be MSPs , and let h :M→M ′ and K :M ′ →M be functions.
Then h is said to be S- Cauchy on M , for any sequence {tn} in M with {Ktn} Cauchy in (M,d), then
sequence {htn} also Cauchy in (K, δ ′).

ConsiderA(τ ′), MSP with δ ′. Let h ′ : τ ′Xτ ′ → [0, 1] , if lim
n→∞h ′(un, vn) = 1 then lim

n→∞ δ ′(un, vn) = 0

where the sequences {un}, {vn} in τ.

Ben Wongasaiji [15], Phakdi Charoensawan, Teeranush Suebcharoen, and Watchareepan Atiponrat de-
veloped and demonstrated common fixed point theorems in 2021 that have two metrics and a dIGraph.

Definition 6 [15] Let (M ′′, δ) be a MSP with a diGraph ᾱG = (αV ,αE) , and let h,K : M ′ → M ′′ be
functions. The pair h,K is an h−φ -contraction w.r.to δ if the conditions hold:
(1) With regard to G, h is K-edge preserving;
(2) there are two functions, h in A(X), and φ in Φ, such that for any s, t in M ′′ with (hs,Kt) in E(G),
φ(δ(Ks,Kt) ⩽ h(hs,Kt)φ(R(Ks,Kt)),
where R : XXX→ [0,∞) is a function such that, for any x,y ∈ X,
R(hs,Kt) = max{δ(hs,Ks)δ(Kt,ht)

δ(hs,ht) , δ(Ss,St), δ(Ss, Ts), δ(St, Tt), δ(hs,Kt)+δ(Kt,hs)
2 }.

Theorem 1.3. [15] Let (M ′′, δ ′) be a CMSP with a diGraph ᾱG = (αV ,αE) , let δ ′′ be another metric on X, and
let  h ′, κ ′′ : τ ′′ → τ ′′ be functions. Suppose that ( h ′, κ) is an h ′ −φ - contraction w.r. to δ, Further, assume:
(i)  h ′ : (τ ′′, δ ′) → τ", δ ′) is a continuous and  h ′(τ ′′) is δ ′- closed;
(ii) κ(M ′′) ⊂  h(M ′′);
(iii) E(G) is transitive;
(iv) If δ < δ ′ , T : (M ′′, δ) → (M ′′, δ) is G- Cauchy on X;
(v) (M ′′, δ) → (M ′′, δ ′) is G ′- continuous, and κ and h ′ are δ ′ -compatible.
X(κ,h ′) ̸= φ iff C(κ,h ′) ̸= φ.

In 1983 Polish Mathematician Geraghty extended Banach Contraction Principle using class of func-
tions instead of contraction constant as follows. We denote Sn by βn : R+ → [0, 1) for {sn} in R+,
βn(sn) → 1 =⇒ sn → 0
Definition 7 [8] Let M be a MSP metric d. A self map T : M → M is said to be Geraghty contraction if
there exist β ∈ S such that d(Ks,Kt) ⩽ β(d(s, t))d(s, t) for all s, t in M.
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In 1884, [12] M.S. Khan, M. Swaleh, S. Sessa, defined altering distance function as follows, which we
denote Ψ = {ζ : R+ → R+ such that (i) ψ is non decreasing, (ii) ζ is continuous (iii) ζ(z) = 0 implies z = 0}.

Definition 8 [9] A selfmap τ on a MSP (τ,Di) is Ćirić-type Geraghty contraction if there exists βI ∈ S
such that d(T ′a, T ′b) ⩽M(a,b) for all a,b in τ. where

M(a,b) = max{βI(Di(a,b)Di(a,y)),β(Di(a, Ta)Di(a, Ta)),

β(Di(b, Tb)Di(b, Tb)),β(Di(a, Tb)Di(a, Tb)),β(Di(b, Ta)Di(b, Ta))}.

In this section, using Graph Structure to exhibit the presence fixed points of Ćirić rational type-weak
Geraghty contraction maps with altering distance functions.

2. Main Results

Definition 2.1 Let M ′ be a M S P with metric δ endowed with a digraph ᾱG = (αV ,αE), and let
℘ ′, κ : M ′ → M ′ be functions. The pair ℘ ′, κ is is said to be Ćirić type Geraghty ψ weak rational
contraction with respect to d if
(1) with regard to the graph G , ℘ ′ is κ-edge preserving;
(2) there exists two functions β1 ∈ S and ψ1 ∈ Ψ such that, for all s, t ∈ X with (κs, κt) ∈ E(G), we have
ψ(δ(℘ ′s,℘ ′t)) ⩽ ψ(P(κs, κt))ψ(P(κs, κt)) + L.N(κs, κt), for L ⩾ 0
where K :MXM→ [0,∞) is a function such that, for any s, t ∈ X,
P(κs, κt) = max{β1(

δ(κs,℘ ′s)δ(℘ ′t,κt)
δ(κs,κt) ).(δ(κs,℘ ′s)δ(℘ ′t,κt)

δ(κs,κt) ),

β1(
δ(κt,℘ ′t)[1+δ(κs,℘ ′s)]

1+δ(κs,κt) ).(δ(κt,℘
′t)[1+δ(κs,℘ ′s)]

1+δ(κs,κt) )

β1(
δ(℘ ′s,κs)[1+δ(℘ ′t,κt)]

1+δ(κs,κt) ).(δ(℘
′s,κs)[1+δ(℘ ′t,κt)]

1+δ(κs,κt) ),

β1(
δ(κt,℘ ′s)[1+δ(℘ ′s,κt)]

1+δ(κs,κt) ).(δ(κt,℘
′s)[1+δ(℘ ′s,κt)]

1+δ(κs,κt) ),

β1(δ(κs, κt))δ(κs, κt),β(
δ(κs,℘ ′t)+δ(κt,℘ ′s)

2 ).δ(κs,℘ ′t)+δ(κt,℘ ′s)
2 }

N(κs, κt) = min{β1(
δ(κs,℘ ′s)δ(℘ ′t,κt)

δ(κs,κt) ).(δ(κs,h ′s)δ(℘ ′t,κt)
δ(κs,κt) ),

β1(
δ(κt,h ′s)[1+δ(℘ ′s,κt)]

1+δ(κs,κt) )(
δ(κt,h ′s)[1+δ(℘ ′s,κt)]

1+δ(κs,κt) ),
β1(δ(κs, κt).)δ(κs, κt), (β1(δ(κs,℘ ′t)).δ(κs,℘ ′t))}.

Theorem 2.1. Let M ′ be a CMS with metric δ endowed with a directed graph ᾱG1 = (αV1,αE1), let δ ′′ be
another metric on M ′, and let h ′, κ :M ′′ →M ′′ be functions. Suppose that (α ′

h,ακ) is a Ćirić type Geraghty ψ ′

weak rational contraction with respect to δ ′, Further, assume that the following conditions satisfied:
(i) κ : (M ′, δ ′) → (M ′, δ ′) is a continuous function such that A ′(X ′) is δ ′- closed;
(ii) h ′(M ′) ⊂ κ(M ′);
(iii) E1(G1)is transitive;
(iv) If δ < δ ′ , A ′ : (M ′, δ ′) → (M ′, δ ′) is G1- Cauchy’s on X;
(v) h ′ : (M ′, δ ′) → (M ′, δ ′) is G1- continuous , and h ′ and κ are δ ′ -compatible, then h ′ and κ have a coincident
points.

Proof. Let ρ0 ∈M be such that (κρ0, κρ1) ∈ E1(G1).
Since h(M) ⊂ κ(M ′) and h ′(ρ ′0) ∈M ′.
Choose ρ1 ∈M such that h ′(ρ0) = κ(ρ1)
For any n ∈ N we may create {ρn} in M ′ such that κ(ρn) = h ′(ρn−1) .
If κ(ρn+1) = κ(ρn) for some n ∈ N i.e.,h ′(ρn) = κ(ρn), ρn is a coincident point of h ′ and κ.
hence, w l g , κρn ̸= κρn+1 for each n ⩾ N. Since (κρ0,h ′ρ0) = (κρ0,h ′ρ1) ∈ E1(G1), and the function h ′

e-edge preserving with respect to G1, so that (h ′ρ0, κρ1) = (κρ1, κρ2) ∈ E1(G1).
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By proceeding in this way, we have (κρn−1, κρn) ∈ E1(G1) for all n ∈ N.
Since (h ′, κ) is β−ψ- rational contraction withδ, for all n ⩾ 0, we have

ψ(δ(κρn, κρn+1)) = ψδ(h
′ρn−1,h ′ρn) ⩽ β1(ψ(P(κρn−1, κρn)))(ψ(P(κρn−1, κt ′n)) + LN(κt ′n−1, κρn)

(2.1)

P(κρn−1, κρn) = max{β1(
δ(κρn−1,h ′ρn−1)δ(h

′ρn,κρn)
δ(κρn−1,κρn)

).(δ(κρn−1,h ′ρn−1)δ(h
′ρn,κρn)

δ(κρn−1,κρn)
),

β− 1(δ(κρn,h ′ρn)[1+δ(κρn−1,h ′ρn−1)]
1+δ(κρn−1,κρn)

).(δ(κρn,h ′ρn)[1+δ(κρn−1,h ′ρn−1)]
1+δ(κρn−1,κρn)

)

β(
δ(h ′ρn−1,κρn−1)[1+δ(h ′ρn,κρn)]

1+δ(κρn−1,κρn)
)(
δ(h ′ρn−1,κρn−1)[1+δ(h ′ρn,κρn)]

1+δ(κρn−1,κρn)
),

β(
d(κρn,h ′ρn−1)[1+d(h ′ρn−1,κρn)]

1+d(κρn−1,κρn)
).(d(κρn,h ′ρn−1)[1+d(h ′ρn−1,κρn)]

1+d(κρn−1,κρn)
),

β1(d(κρn−1, κρn))d(κρn−1, κρn),β1(
d(κρn−1,h ′ρ)+d(κρn,h ′ρn−1)

2 ).d(κρn−1,h ′ρn)+d(κρn,h ′ρn−1)
2 }

P(κρn−1, κρn) = max{d(κρn+1, κρn),d(κρn+1, κρn),
d(κρn,κρn−1)[1+d(κρn+1,κρn)]

1+d(κρn−1,κρn)
,

0,d(κρn−1, κρn),
d(κρn−1,κρn+1)

2 }

⩽ max{d(κρn+1, κρn),
d(κρn,κρn−1)[1+d(κρn+1,κρn)]

1+d(κρn−1,B ′κρn)
,d(κρn−1, κρn),

d(κρn−1,κρn+1)
2 }

N(κρn−1, κρn) = min{β1(
d(κρn−1,h ′ρn−1)d(h

′ρn,κρn)
d(κρn−1,κρn)

).(d(κρn−1,h ′ρn−1)d(h
′ρn,κρn)

d(κρn−1,κρn)
),

β(
d(κρn,hρn−1)[1+d(hρn−1,κρ)]

1+d(κρn−1,κρn)
)(
d(κρn,h ′ρn−1)[1+d(h ′ρn−1,κρn)]

1+d(κρn−1,κρn)
),

β1(d(κρn−1, κρn).)d(κρn−1, κρn), (β(d(κρn−1,h ′ρn)).d(κρn−1,h ′ρn))}

N(κρn−1, κρn) = min{
d(κρn−1,κρn)d(κρn+1,κρn)

d(κρn−1,κρn)
, d(κρn,κρn)[1+d(κρn,κρn)]

1+d(κρn−1,κρn)
,

d(κρn−1, κρn),d(κρn, κρn+1)}

= min{d(κρn+1, κρn),
0[1+0]

1+d(κρn−1,κρn)
,d(κρn−1, κρn),d(κρn, κρn+1)}

= 0
If max{d(κρn+1, κρn),d(κρn−1, κρn)} = d(κρn+1, κρn)
From (2.1), we have
ψ(d(κρn, κρn+1)) = ψ(d(h

′ρn−1,h ′ρn)) ⩽ β1(ψ(P(κρn−1, κρn)))(ψ(d(κρn+1, κρn)) + LN.0
Since β1 ∈ S, We get ψ(d(κρn, κρn+1)) < ψ(d(κρn+1, κρn)), a contradiction.

hence max{δ(κρn+1, κρn), δ(κρn−1, κρn)} = d(κρn−1, κρn)
from (2.1), we have

ψ(d(κρn, κρn+1)) = ψ(δ(h
′ρn−1,h ′ρn)) < ψd(κρn−1, κρn) (2.2)

So, sequence ψ(δ(κρn, κρn+1)) is strictly decreasing and so lim
n→∞ψ(δ(κρn, κρn+1)) = v ⩾ 0

We now demonstrate v = 0. Assuming v > 0 we can infer from (2.1) we have
ψ(δ(κρn, ρn+1)) = ψδ(h

′ρn−1,h ′ρn) ⩽ β1(ψ(P(κρn−1, κρnB)))(ψ(P ′(κρn−1, κρn)) + LN(κρn−1, κρn)
⩽ β1(ψ(P(κρn−1, κρn)))(ψ(δ(κρn−1, κρn)) + L.0
ψ(d(κρn, κρn+1)) ⩽ β1(ψ(P(κρn−1, κρn)))(ψ(δ(κρn−1, κρn))
ψ(d(κρn,κρn+1))
ψ(δ(κρn−1,κρn)

⩽ β1(ψ(P(κρn−1, κρn))) < 1 for each n ⩾ 1
letting n→ ∞, we get
1 = lim

n→∞ ψ(d(κρn,κρn+1))
ψ(δ(κρn−1,κρn)

⩽ lim
n→∞β1(ψ(P(κρn−1, κρn))) ⩽ 1

so that β1(ψ(P(κρn−1, κρn)) → 1 as n→ ∞.
since β1 ∈ S, we get lim

n→∞ψ(P(κρn−1, κρn)) = 0

so that lim
n→∞ψ(d(κρn−1, κρn)) = 0

i.e., v = 0
we now demonstrate the Cauchy’s nature of the series {κρn}. Assume {κρn} is not a Cauchy’s. for any
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k ∈ N, ϵ > 0 such that, there are sequences of positive integers {m(k)} and {n(k)} with m(k) > n(k) > k
and d(κρm(k), κρn(k)) ⩾ ϵ and d(κρm(k) − 1, κρn(k)) < ϵ
ϵ ⩽ d(κρn(k), κρm(k))

⩽ δ(κρn(k), κρm(k) − 1) + δ(κρm(k) − 1, κρm(k))
< ϵ+ δ(κρm(k) − 1, κρm(k))

Taking as k→ ∞ and using lim
n→∞ δ(κρn, κρ(n+ 1)) = 0,

we get lim
n→∞d(κρm(k), κρ(n(k))) = ϵ > 0.

Since E(G) has transitivity, we get (κρm(k), κρn(k)) ∈ E)G) for every k ∈ N , we get
ψ(δ(κρn(k) + 1, κρm(k) + 1)) = ψ(d(h ′ρn(k),h ′ρm(k)))

⩽ β1(P(κρn(k), κρm(k)))ψ(P(κρn(k), κρm(k))) + L.N(κρn(k), κρm(k))
Now
P(κρn(k), κρm(k)) = max{β1(

δ(κρn(k),h ′ρn(k))δ(h
′ρm(k),κρm(k))

δ(κρn(k),κρm(k)) ).(δ(κρn(k),h ′ρn(k))δ(h
′ρm(k),κρm(k))

δ(κρn(k),κρm(k)) ),

β1(
δ(κρm(k),h ′ρm(k))[1+δ(κρn(k),h ′ρn(k))]

1+δ(κρn(k),κρm(k)) ).(δ(κρm(k),h ′ρm(k))[1+δ(κρn(k),h ′ρn(k))]
1+δ(κρn(k),κρm(k)) )

β1(
δ(h ′ρn(k),κρn(k))[1+δ(h ′ρm(k),κρm(k))]

1+δ(κρn(k),κρ) )(
δ(h ′ρn(k),κρn(k))[1+δ(h ′ρm(k),κρm(k))]

1+δ(κρn(k),κρm(k)) ),

β1(
δ(κρm(k),h ′ρn(k))[1+δ(h ′ρn(k),κρm(k))]

1+δ(κρn(k),κt) ).(δ(κρ,h ′ρn(k))[1+δ(h ′ρn(k),κρm(k))]
1+δ(κρn(k),κρm(k)) ),

β1(δ(κρn(k), κρm(k)))δ(κρn(k), κρm(k)),
β1(

δ(κρn(k),h ′ρ)+δ(κρm(k),h ′ρn(k))
2 ).δ(κρn(k),h ′ρ)+δ(κρ,h ′ρn(k))

2 }

P(κρn(k), κρm(k))) = max{δ(κρn(k),κρn(k)+1)δ(κρm(k)+1,κρm(k))

δ(κρn(k),κρm(k)) ,
δ(κρm(k),κρm(k)+1)[1+δ(κρn(k),κρn(k)+1)]

1+δ(κρn(k),κρm(k)) ,
δ(κρn(k)+1,κρn(k))[1+δ(κρm(k)+1,κρm(k))]

1+δ(κρn(k),κρm(k)) ,
δ(κρm(k),κρn(k)+1)[1+δ(κρn(k)+1,κρm(k))]

1+δ(κρn(k),κρm(k)) , δ(κρn(k), κρm(k)),
δ(κρn(k),κρm(k)+1)+δ(κρm(k),κρn(k)+1)

2 }

On letting k→ ∞ and using lim
k→∞d(κρn, κρn+1)) = 0

lim
k→∞P(κρn(k), κρm(k))) = lim

k→∞ δ(κρm(k),κρn(k)+1)[1+δ(κρn(k)+1,κρm(k))]

1+δ(κρn(k),κρm(k)) , δ(κρn(k), κρm(k)),
δ(κρn(k),κρm(k)+1)+δ(κρm(k),κρn(k)+1)

2 }

lim
k→∞P(κρn(k), κρm(k))) = ϵ

lim
k→∞N(κρn(k), κρm(k))) = 0

1 = lim
k→∞ ψ(d(κρn(k),κρn(k)+1))

ψ(δ(κρn(k)−1,κρn(k))
⩽ lim
n→∞β1(ψ(P(κρn(k)−1, κρn(k)))) ⩽ 1

so that β1(ψ(P(κρn(k)−1, κρn(k))) → 1 as k→ ∞.
From the property of βn ∈ S, we get lim

k→∞ψ(P(κρn(k)−1, κρn(k))) = 0

so that lim
k→∞ψ(δ(κρn(k)−1, κρn(k))) = 0, contradiction.

hence {gxn} is a Cauchy MSP (X,d).
Now , we prove {κρn} is a Cauchy M SP (M,d ′).
When δ ⩾ δ ′ the proof is trivial.
So consider δ ≱ δ ′.
Let ϵ > 0. Since the sequence {κρ ′(n)} is a Cauchy in MSP (M ′, δ) and the function h ′ is κ- Cauchy on M.
We have h ′(M ′) ⊂ K(M ′), we can obtain that {h ′ρ(n)} is a Cauchy’s MSP (M ′, δ ′). So, there a number
n0 ∈ N such that δ ′(κρm+1, κρn+1) = δ(h ′ρm,h ′ρn) < ϵ for all m,n ⩾ N0 and hence {κρn} is Cauchy’in
(X,d ′).
κ(M ′) is a δ’ -closed subset of (M ′, δ ′), and which is complete , then there exist z = gρ ∈ κ(M ′) such that
lim
n→∞ κρn = lim

n→∞hρn = z.

We have h ′ : (M ′, δ ′) → (M ′, δ ′) is a G- continuous such that h ′ and κ are δ ′ - compatible
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lim
n→∞ δ(κh ′ρn,h ′κρn) = 0/.

Consider δ(κu ′,h ′u ′) ⩽ δ ′(κu ′, κh ′ρn) + δ
′(κh ′ρn,h ′κρn) + d

′(h ′κρ ′n,h ′u ′)
taking limit as n→ ∞, we get that δ ′(h ′z ′, κz ′) = 0, and from continuity of κ and that h ′ is G ′- continuous.
∴ h ′z ′ = κz ′. Which implies that z ′ is a coincidence point of h ′ and κ.

Theorem 2.2. In addition to the aforementioned theorem 2.1s supposition that h” and κ ’ are weakly compatible,
h” and κ ’ share a fixed point.

Proof. {κ ′t ′′n} is a non-decreasing and converges toκ ′z = h ′′z ′′, according to the proof of theorem 2.1. The
weak compatibility ofh ′′and κ ’ results inh ′′κ ′z ′′ = κ ′h ′′z ′′. Since h ′′ and κ ′ are weakly compatible, we
have h ′′κ ′z ′′ = κ ′h ′′z ′′.
Now h ′′z ′′ = κ ′z ′′ = u ′′(say)
Also , h ′′u ′′ = h ′′κ ′z ′′ = κ ′h ′′z ′′ = κ ′u ′′ If z ′′ = u ′′ then u ′′ is a common F P of h ′′ and κ ′.
if z ′′ ̸= u ′′, i.e., δ(z ′′,u ′′) > 0
ψ(d(κ ′z ′′, κ ′u ′′)) = ψ(δ(h ′′z ′′,h ′′u ′′)) ⩽ β1(ψ(P(κ

′z ′′, κ ′u ′′)))ψ(P(κ ′z ′′, κ ′u ′′)) + L.N(κ ′z ′′, κ ′u ′′)

P(κ ′z ′′, κ ′u ′′) = max{β1(
d(κ ′z ′′,h ′′z ′′)d(h ′′u ′′,κ ′u ′′)

δ(κ ′z ′′,κ ′u ′′) ).{δ(κ
′z ′′,h ′′z ′′)δ(h ′′u ′′,κ ′u ′′)
δ(κ ′z ′′,κ ′u ′′) ,

β1(
δ(κ ′u ′′,h ′′u ′′)[1+δ(κ ′z ′′,h ′′z ′′)]

1+δ(κ ′z ′′,κ ′u ′′) ).δ(κ
′u ′′,h ′′u ′′)[1+δ(κ ′z ′′,h ′′z ′′)]

1+δ(κ ′z ′′,κ ′u ′′) ,

β1(
d(h ′′z ′′,κ ′z ′′)[1+δ(h ′′u ′′,κ ′u ′′)]

1+δ(κ ′z ′′,κ ′u ′′) ).δ(h
′′z ′′,κ ′z ′′)[1+δ(h ′′u ′′,κ ′u ′′)]

1+δ(κ ′z ′′,κ ′u ′′) ,

β1(
δ(κ ′u ′′,h ′′z ′′)[1+δ(h ′′z ′′,κ ′u ′′)]

1+δ(κ ′z ′′,κ ′u ′′) )
δ(κ ′u ′′,h ′′z ′′)[1+δ(h ′′z ′′,κ ′u ′′)]

1+δ(κ ′z ′′,κ ′u ′′) ,β1(d(κ
′z ′′, κ ′u ′′)).δ(κ ′z ′′, κ ′u ′′),

β1(
δ(κ ′z ′′,h ′′u ′′)+δ(κ ′u ′′,h ′′z ′′)

2 )(
δ(κ ′z ′′,h ′′u ′′)+δ(κ ′u ′′,h ′′z ′′)

2 )}

P(κ ′z ′′, κ ′u ′′) ⩽ max{δ(u
′′,u ′′)δ(h ′′u ′′,κ ′u ′′)
δ(κ ′z ′′,κ ′u ′′) , δ(κ

′u ′′,κ ′u ′′)[1+δ(u ′′,u ′′)]
1+δ(u ′′,κ ′u ′′) , δ(u

′′,u ′′)[1+δ(κ ′u ′′,κ ′u ′′)]
1+δ(u ′′,κ ′u ′′) ,

δ(κ ′u ′′,u ′′)[1+δ(u ′′,κ ′u ′′)]
1+δ(u ′′,κ ′u ′′) , δ(u ′′, κ ′u ′′), δ(u

′′,κ ′u ′′)+δ(κ ′u ′′,u ′′)
2 }

P(κ ′z ′′, κ ′u ′′) = max{0, 0, 0, δ(κ ′u ′′,u ′′), δ(u ′′, κ ′u ′′), δ(u
′′,κ ′u ′′)+δ(κ ′u ′′,u ′′)

2 }

P(κ ′z ′′, κ ′u ′′) = δ(κ ′u ′′,u ′′) = δ(κ ′z ′′, κ ′u ′′)

N(κ ′z ′′, κ ′u ′′) = min({(β1
δ(κ ′z ′′,κ ′z ′′)δ(h ′′u ′′,κ ′u ′′)

δ(κ ′z ′′,κ ′u ′′) ).(δ(κ
′z ′′,κ ′z ′′)δ(h ′′u ′′,κ ′u ′′)
δ(κ ′z ′′,κ ′u ′′) ),β1(

δ(κ ′u ′′,h ′′z ′′)[1+δ(h ′′z ′′,κ ′u ′′)
1+δ(κ ′z ′′,κ ′u ′′) ).

δ(κ ′u ′′,h ′′z ′′)[1+δ(h ′′z ′′,κ ′u ′′)
1+δ(κ ′z ′′,κ ′u ′′) ,β1(δ(κ

′z ′′, κ ′u ′′)).(δ(κ ′z ′′, κ ′u ′′)),β1(δ(κ
′u ′′,h ′′u ′′)).(δ(κ ′u ′′,h ′′u ′′))}

N(κ ′z ′′, κ ′u ′′) ⩽ min{δ(u
′′,u ′′)δ(κ ′u ′′,κ ′u ′′)
δ(u ′′,κ ′u ′′) , δ(κ

′u ′′,u ′′)[1+δ(u ′′,κ ′u ′′)
1+δ(u ′′,κ ′u ′′) , δ(κ ′z ′′, κ ′u ′′), δ(κ ′u ′′, κ ′u ′′) = 0}

ψ(δ(κ ′z ′′, κ ′u ′′)) = ψ(δ(h ′′z ′′,h ′′u ′′)) ⩽ β1(ψ(P(κ
′z ′′, κ ′u ′′)))ψ(δ(κ ′z ′′, κ ′u ′′)) + L.0

1 =
ψ(δ(κ ′z ′′,κ ′u ′′))
ψ(δ(κ ′z ′′,κ ′u ′′)) ⩽ β1(ψ(P(κ

′z ′′, κ ′u ′′))) < 1.
hence κ ′z ′′ = κ ′u ′′ κ ′u ′′ = h ′′u ′′ = u ′′, ∴ u ′′ is a common fixed point of h ′′ and κ ′.

Theorem 2.3. In addition to the hypothesis of the above theorem 2.1 For any s ′′, t ′′ ∈ C(h ′′, κ ′), such that κ ′s ′′ ̸=
κ ′t ′′, we have (κ ′s ′′, κ ′t ′′) ∈ E1(G). If h ′′ and κ ′ are δ ′- compatible and X(h ′′, κ ′) ̸= ϕ, then Cm ′(h ′′, κ ′) ̸= ϕ.

Proof. From the theorem (2.1), there exists a coincidence point s ′′ ∈ X ′′, i.e.,h ′′s ′′ = κ ′s ′′.
Suppose that there exists another coincidence point t ′′ ∈ X ′′ such that h ′′t ′′ = κ ′t ′′,
Assume that κ ′s ′′ ̸= κ ′t ′′.
From the assumption (κ ′s ′′, κ ′t ′′) ∈ E1(G)
ψ(δ(h ′′s ′′,h ′′t ′′)) ⩽ β1(ψ(P(κ

′s ′′, κ ′t ′′))ψ(P(κ ′s ′′, κ ′y ′′)) + L.N(κ ′s ′′,B ′′t ′′), for L ⩾ 0
where P :M ′xM ′ → [0,∞) is a function such that, for any s ′′, t ′′ ∈ X ′,
P(κ ′s ′′, κ ′t ′′) = maxβ1({

δ(κ ′s ′′,h ′′s ′′)d(h ′′t ′′,κ ′t ′′)
δ(κ ′s ′′,κ ′t ′′) ){

δ(κ ′s ′′,h ′′s ′′)d(h ′′t ′′,κ ′t ′′)
δ(κ ′s ′′,κ ′t ′′) ,

β1(
δ(κ ′t ′′,h ′′t ′′)[1+δ(κ ′s ′′,h ′′s ′′)]

1+δ(κ ′s ′′,κ ′t ′′) )
δ(κ ′t ′′,h ′′t ′′)[1+δ(κ ′s ′′,h ′′s ′′)]

1+δ(κ ′s ′′,κ ′t ′′) ,

β1(
δ(h ′′s ′′,κ ′s ′′)[1+δ(h ′′t ′′,κ ′t ′′)]

1+δ(κ ′s ′′,κ ′t ′′) )
δ(h ′′s ′′,κ ′s ′′)[1+δ(h ′′t ′′,κ ′t ′′)]

1+δ(κ ′s ′′,κ ′t ′′) ,

β1(
δ(κ ′t ′′,h ′′s ′′)[1+δ(h ′′s ′′,κ ′t ′′)]

1+δ(h ′′s ′′,κ ′t ′′) )
δ(κ ′t ′′,h ′′s ′′)[1+δ(h ′′s ′′,κ ′t ′′)]

1+δ(h ′′s ′′,κ ′t ′′) ,
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β1(δ(κ
′s ′′, κ ′t ′′))δ(κ ′s ′′, κ ′t ′′),β1(

δ(κ ′s ′′,h ′′t ′′)+δ(κ ′t ′′,h ′′s ′′)
2 )

δ(κ ′s ′′,h ′′t ′′)+δ(κ ′t ′′,h ′′s ′′)
2 }

P(h ′′s ′′, κ ′t ′′) ⩽ max{δ(κ
′s ′′,h ′′s ′′)δ(κ ′t ′′,κ ′t ′′)
δ(h ′′s ′′,κ ′t ′′) , δ(κ

′t ′′,κ ′t ′′)[1+δ(h ′′s ′′,h ′′s ′′)]
1+δ(h ′′s ′′,κ ′t ′′) , δ(h

′′s ′′,h ′′s ′′)[1+δ(κ ′t ′′,κ ′t ′′)]
1+δ(h ′′s ′′,κ ′t ′′) ,

δ(κ ′t ′′,κ ′s ′′)[1+δ(κ ′s ′′,κ ′t ′′)]
1+δ(κ ′s ′′,κ ′t ′′) , δ(κ ′s ′′, κ ′t ′′), δ(κ

′s ′′,κ ′t ′′)+δ(κ ′t ′′,κ ′s ′′)
2 } = δ(κ ′s ′′, κ ′t ′′)

N(κ ′s ′′, κ ′t ′′) = 0

ψ(δ(h ′′s ′′,h ′′t ′′)) ⩽ β1(ψ(P(κ
′s ′′, κ ′t ′′))ψ(P(κ ′s ′′, κ ′t ′′)) + L.N(κ ′s ′′, κ ′t ′′) < ψ(δ(h ′′s ′′,h ′′t ′′)), con-

tradiction.
κ ′s ′′ = κ ′t ′′.
Let t ′′0 = t ′′, and define the sequence {t ′′n} by κ ′t ′′n = h ′′t ′′n−1 for each n ∈ N.
Since t ′′ is a coincidence point of h ′′ and κ ′ , we have κ ′t ′′n = h ′′t ′′ for each n ∈ N.
Now let w ′′ = κ ′t ′′

therefore κ ′w ′′ = κ ′κ ′t ′′ = κ ′h ′′t ′′

By the definition of the sequence {t ′′n} , κ ′t ′′n = h ′′t ′′ = h ′′t ′′n−1 for each n ∈ N.
lim
n→∞h ′′t ′′n = lim

n→∞ κ ′t ′′n = h ′′t ′′.

Since κ ′ and h ′′ are δ ′- compatible , lim
n→∞ δ ′(κ ′h ′′t ′′n,h ′′κ ′t ′′n) = 0

i.e., κ ′h ′′t ′′ = h ′′κ ′t ′′.
therefore, we have κ ′w ′′ = κ ′h ′′t ′′ = h ′′κ ′t ′′ = h ′′w ′′

and hence w ′′ is another coincidence point of h and κ ′.
Now h ′′w ′′ = κ ′w ′′ = κ ′t ′′ = w ′′

∴ w ′′ is a common fixed point of h and κ ′. i.e.,Cm ′(h ′′, κ ′) ̸= ϕ.

3. Corollaries and Examples

When ψ(t) is identity then it follows.
Definition 3.1 Let (M ′, δ) be a MSP with a directed Graph G1 = (V1(G1),E1(G1)), and let h ′, κ :M ′ →M ′

be functions. h ′, κ is is said to be β2− rational contraction with respect to δ if
(1) h ′ is κ -edge preserving with respect to G;
(2) there exists two functions β2 ∈ S and ψ ∈ Ψ such that, for all x ′′,y ′′ ∈ X ′ with (κx ′, κy ′) ∈ E1(G1), we
have
(δ(h ′x ′,h ′y ′)) ⩽ β(P(κx ′, κy ′)(P(κx ′, κy ′) + L.N(κx ′, κy ′), for L ⩾ 0
where P : XxX→ [0,∞) is a function such that, for any x ′,y ′ ∈ X,
P(κx ′, κy ′) = max{β2(

d(κx ′,h ′x ′)d(h ′y ′,κy ′)
δ(κx ′,κy ′) )(

δ(κx ′,h ′x ′)δ(h ′y ′,κy ′)
δ(κx ′,κy ′) ),

β2(
δ(κy ′,h ′y ′)[1+δ(κx ′,h ′x ′)]

1+δ(κx ′,κy ′) )(
δ(κy ′,h ′y ′)[1+δ(κx ′,h ′x ′)]

1+δ(κx ′,κy ′) ),

β2(
δ(h ′x ′,κx ′)[1+δ(h ′y ′,κy ′)]

1+δ(κx ′,κy ′) ).(δ(h
′x ′,κx ′)[1+δ(h ′y ′,κy ′)]

1+δ(κx ′,κy ′) ),

β2(
δ(κy ′,h ′x ′)[1+δ(h ′x ′,κy ′)]

1+δ(κx ′,κy ′) )(
δ(κy ′,h ′x ′)[1+δ(h ′x ′,κy ′]

1+δ(κx ′,κy ′) ),β2(δ(κx
′, κy ′)).(δ(κx ′, κy ′)),

β2(
δ(κx ′,h ′y ′)+δ(κy ′,κx ′)

2 )(
δ(κx ′,h ′y ′)+d(κy ′,κx ′)

2 )}

N(κx ′, κy ′) = min{β2(
δ(κx ′,h ′x ′)δ(h ′x ′,κy ′)

δ(κx ′,κy ′) ).(δ(κx
′,h ′x ′)δ(h ′x ′,κy ′)
δ(κx ′,κy ′) ),

β(
δ(κy ′,h ′x ′)[1+δ(h ′x ′,κy ′)

1+δ(κx ′,κy ′) ).(d(κy
′,h ′x ′)[1+d(h ′x ′,κy ′)

1+d(κx ′,κy ′) ),β2(δ(κx
′, κy ′).(δ(κx ′, κy ′)),

β2(δ(κy
′,h ′y ′)).(δ(κy ′,h ′y ′))}.

Corollary 3.1. Let (M ′′, δ ′) be a C M S a directed graph G1 = (V1(G1),E1(G1)), let δ1 be additional metric on
M, and let h ′′, κ ′ :M ′′ →M ′′ be functions. Assume (h ′′, κ ′) is an β2 - weak rational contraction with respect to
d, Further, assume that the following conditions satisfied:
(i) M ′′ : (M ′′, δ ′1) → (M ′′, δ1) is a continuous S(X) is δ1- closed;
(ii) h ′′(X) ⊂ κ ′(X);
(iii) E2(G2) is transitive ;
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(iv) If δ ≱ δ1 , a : (M ′′, δ) → (M, δ ′1) is G- Cauchy on M;
(v) f : (M ′′, δ) → (M ′′, δ1) is G- continuous , and h ′′ and κ ′ are δ1 -compatible, then h ′′ and κ ′ have points of
correspondence.

When L = 0 , we get
Definition 3.2 Let (M ′′, δ1) be a MSP with a diGraph G1 = (V1(G1),E1(G1)), and let h ′′, κ ′ :M ′′ →M ′′ be
functions. h ′′, κ ′ is is said to be β2 −ψ2 - rational contraction with respect to d if
(1) h ′′ is κ ′ -edge preserving with respect to G2;
(2) there exists two functions β2 ∈ S and ψ ∈ Ψ such that, for all x ′′,y ′′ ∈ X with (κ ′x ′′, κ ′y ′′) ∈ E(G), we
have
ψ(δ(κ ′x ′′, κ ′y ′′)) ⩽ β2(ψ2(P(κ

′x ′′, κ ′y ′′))ψ2(P(κ
′x ′′, κ ′y ′′)),

where κ ′ :M ′′xM ′′ → [0,∞) is a function such that, for any x ′′,y ′′ ∈M,
P(κ ′x ′′, κ ′y ′′) = max{β2(

δ1(κ
′x ′′,h ′′x ′′)d(h ′′y ′′,κ ′y ′′)
δ1(κ ′x ′′,κ ′y ′′) ).(δ1(κ

′x ′′,h ′′x ′′)δ1(h
′′y ′′,κ ′y ′′)

δ1(κ ′x ′′,κ ′y ′′) ),

β2(
δ1(κ

′y ′′,h ′′y ′′)[1+δ1(κ
′x ′′,h ′′x ′′)]

1+δ1(κ ′x ′′,κ ′y ′′) )(
δ1(κ

′y ′′,h ′′y ′′)[1+δ1(κ
′x ′′,h ′′x ′′)]

1+δ1(κ ′x ′′,κ ′y ′′) ),

β2(
δ1(h

′′x ′′,κ ′x ′′)[1+δ1(h
′′y ′′,κ ′y ′′)]

1+δ1(κ ′x ′′,κ ′y ′′) ).(δ1(h
′′x ′′,κ ′x ′′)[1+δ1(h

′′y ′′,κ ′y ′′)]
1+d(κ ′x ′′,κ ′y ′′) ),

β2(
δ1(κ

′y ′′,h ′′x ′′)[1+δ1(h
′′x ′′,κ ′y ′′)]

1+δ1(κ ′x ′′,κ ′y ′′) ).(δ1(κ
′y ′′,h ′′x ′′)[1+δ1(h

′′x ′′,κ ′y ′′)]
1+δ1(κ ′x ′′,κ ′y ′′) ),β2(δ1(κ

′x ′′, κ ′y ′′)).(δ1(κ
′x ′′, κ ′y ′′)),

β2a(
δ1(κ

′x ′′,h ′′y ′′)+δ1(κ
′y ′′,h ′′x ′′)

2 )(
δ1(κ

′x ′′,h ′′y ′′)+δ1(κ
′y ′′,h ′′x ′′)

2 )}

Corollary 3.2. Let (X ′′, δ ′) be a CMS a directed graph G1 = (V1(G1),E1(G1)), let δ ′′ be additional metric on X,
and let h ′′, κ ′ : X ′ → X ′ be functions. Assume (F ′,G ′) is an β2 −ψ2 - rational contraction with respect to d,
Further, assume that the following conditions satisfied:
(i) K : (M ′, δ ′′) → (M ′, δ ′) is a continuous , h ′′(X) is δ ′′- closed;
(ii) h ′′(X) ⊂ κ ′(X);
(iii) E1(G1) is transitive ;
(iv) If δ ′ ≱ δ ′′ , h : (M ′, δ ′) → (M ′, δ ′′) is G- Cauchy on m;
(v) h ′ : (M ′, δ ′) → (M ′, δ ′′) is G- continuous , and h ′′ and κ ′ are δ ′′ -compatible, then h ′′ and κ ′ have a points
of correspondence.

Now we present an example

Example 3.3. Let M ′ : [0, 1] and define the metrics δ ′, δ ′′ : M → M defined by d(s, t) = |s− t|,d ′(s, t) =
l|s− t| ∀ s, t ∈M, where l > 1. Clearly d < d ′.
Now we define E(G) = {(s, t)/s = t or s, t ∈ [0, 1] with s ⩽ t} Define the mappings h : M → M and
K :M→M by h(s) = s

2 and K(s) = s ∀s ∈M.
Define ψ(t) = t

2 , for all t, and define β : [0,∞) → [0, 1) bt β(t) = 1+t
1+2t , t ⩾ 0

Let (Ks,Kt) ∈ E(G), if s = t then (hs,ht) ∈ E(G)
If (Ks,Kt) ∈ E(G) with Ks ⩽ Kt, then we get Ks = s ⩽ Kt = t
hs = s

2 ⩽ Kt ⩽ y
2 and hs,ht ∈ [0, 1] that implies hs,ht ∈ E(G)

Let s, t be arbitrary in M and (Ks,Kt) ∈ E(G)
If Ks = Kt then we get s = t, inequality in Theorem 2.1 holds.
Suppose Ks = s,Kt = t in [0,1].
ψ(δ ′(hs,ht)) = ψ(δ ′(s2 , t2 ))) = ψ(|

s
2 − t

2 |)) = |s−t4 |

P(Ks,Kt) = max{β(δ
′(s, s2 )δ

′( t2 ,t)
δ ′(s,t) ).δ

′(s, s2 )δ
′( t2 ,t)

δ ′(s,t) ,β(δ
′(t, t2 )[1+δ

′(s, s2 )]
1+δ ′(s,t) ).δ

′(t, t2 )[1+δ
′(s, s2 )]

1+δ ′(s,t) ,

β(
δ ′( s2 ,s)[1+δ ′( t2 ,t)]

1+δ ′(s,t) ).δ
′( s2 ,s)[1+δ ′( t2 ,t)]

1+δ ′(s,t) ,β(δ
′(t, s2 )[1+δ

′( s2 ,t)]
1+δ ′(s,t) ).δ

′(t, s2 )[1+δ
′( s2 ,t)]

1+δ ′(s,t) , δ ′(s, t), δ
′(s, t2 )+δ

′(t, s2 )
2 }

P(Ks,Kt) ⩽ max{
s
2 . t2

∥s−t∥ ,
t
2 .[1+ s

2 ]

1+|s−t| ,
s
2 [1+

t
2 ]

1+|s−t| ,
|t− s

2 |[1+| s2 −t|]

1+|s−t| , |s− t|, |s− t
2 |+|t− s

2 |

2 }

P(Ks,Kt) = |s− t|
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N(Ks,Ky) = min{β(δ
′(s, s2 )δ

′( t2 ,t)
δ ′(s,t) ).(δ

′(s, s2 )δ
′( t2 ,t)

δ ′(s,t) ),

β
δ ′(t, s2 )[1+δ

′( s2 ,t)]
1+δ ′(s,t) ).(δ

′(t, s2 )[1+δ
′( s2 ,t)]

1+δ ′(s,t) ),β(δ ′(s, t)).(δ ′(s, t)),β(δ ′(t, t2 )).(δ
′(t, t2 ))}

N(Ks,Kt) ⩽ min{
s
2 . t2

|s−t| ,
|t− s

2 |[1+| s2 −t|]

1+|s−t| , |s− t|, t2 }

N(Ks,Kt) = | 2t−s
2 |[1+| s−2t

2 |]

1+|s−t|

ψ(δ ′(Ks,Kt)) ⩽ β(ψ(P(Ks,Kt))ψ(P(Ks,Kt)) + L.N(Ks,Kt)

|s−t4 | ⩽ β(ψ(|s− t|)ψ(|s− t|)) + L. |
2t−s

2 |[1+| s−2t
2 |]

1+|s−t|

|s−t4 | ⩽ ((
1+ |s−t|

2

1+2 |s−t|
2

)
|s−t|

2 ) + L. |
2t−s

2 |[1+| s−2t
2 |]

1+|s−t| holds for some L ⩾ 0.

4. Applications in Machine Learning

Applications of Graph Structures for Attractions with Changing Distance Functions in Machine Learn-
ing In this paper, we investigate whether Geraghty generalized rational Ćirić-type weak contraction map-
pings have common fixed points in the outline of metric spaces with graph structures and changing
distance functions. We extend classical fixed point solutions to a more suitable and broader context by
utilizing the elasticity of changing distance functions and the connectivity encoded by graph structures.
The broad contractions taken into consideration here provide a more comprehensive framework that is
beneficial for a larger class of non-linear mappings.
These theoretical developments are not just theoretical; they have practical applications in deep learning
and machine learning, particularly in determining equilibrium points in high-dimensional optimization
problems, verifying stability in dynamic systems, and carefully understanding the convergence behavior
of iterative algorithms. Deeper analysis and the development of more reliable learning models are made
possible by the relationship between fixed point theory and computational intelligence. These findings
have potential uses in deep learning and machine learning, primarily in understanding the behavior of
intricate algorithms and producing stable points in iterative procedures.

5. Conclusion

In this paper, we have defined the new concept of Ćirić type Geraghty ψweak rational contraction with
respect to d also, we develop using Graph Structure to exhibit the presence fixed points of ciric rational
type-weak Geraghty contraction maps with altering distance functions, provided some corollaries and
examples.
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