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Abstract

In this work, we show that the existence of fixed points of 3 —1 weak generalized Ciri¢ type rational contraction mappings
for a pair of metrics provided by a dIGraph are identical. We provided examples and machine learning applications to back up
our conclusions.
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1. Introduction and Preliminaries

Extending the ambient space and the contractive condition, the Banach Contraction Principle (B C P)
is one of the fundamental results of fixed point theory can be expanded and developed in a variety of
ways. Jachmski [10] replaced the structure of orders in extended fixed point theory in graph structure.
Theories of fixed point finds with mappings converge in the different fields. Numerous scholars [1, 2, 5,
6, 7,14, 13, 9] investigated fixed point outcomes on a range of graph-endowed spaces. Fixed point results
are expanded using Gerghty [8, 3, 4] contractions with specific features. Recently, it was shown that there
are fixed point theorems of control functions fractional differential equations with applications[15].

Definition 1.1. [10] The Cartesian product of the diagonal of the TXT is denoted by As. Let (T,8) be a
metric space[MSP]. The MSP (T, 8) is a digraph &g = (xv, ag) if G is a digraph such that the edges g,
As ignoring parallel edges, and the vertices «y with all the components of T.

*Corresponding author

Email addresses: phk.2003@gmail.com (Padala Harikrishna®), kusumatummala9@gmail.com (Kusuma Tummala © ),
drnvvssuryanarayana.sh@nsrit.edu.in (Nadakuduti V.V.S. Suryanarayana®), skrmahanthi@gmail.com (Rajamahanthi Santhi
Kumar®), chitturimurthy@gmail.com (Chitturi S.5.N. Murthy®)

doi: 10.30511/mcs.2026.735275
Received: 13 November 2025 Accepted: 26 April 2026


https://doi.org/10.30511/mcs.2026.735275
https://orcid.org/0000-0003-2597-2378
https://orcid.org/0000-0001-9796-4866
https://orcid.org/0000-0002-2827-835X
https://orcid.org/0000-0001-5122-3800
https://orcid.org/0009-0005-2265-6603
https://orcid.org/0000-0003-2597-2378
https://orcid.org/0000-0001-9796-4866
https://orcid.org/0000-0002-2827-835X
https://orcid.org/0000-0001-5122-3800
https://orcid.org/0009-0005-2265-6603
https://doi.org/10.30511/mcs.2026.735275

P. Harikrishna, K. Tummala, N. Suryanarayana, R.S. Kumar, Ch. Murthy, Math. & Comput. Sci., 7(2) (2026),
228-237 229

Definition 1.2. [7] Assume that p,k : L — L are functions and that (L,9) is an MSP with a graph.
Consider the following: L(p,k) := {t € L : (pt,xt) € E(G)}; C(p,k) = {t € L, pt = «kt} Points of
correspondence between h and K are represented by C(p, k), while common fixed points of p and « are
represented by Ciy(p, k) :={t € L: pt =kt =1t}

Lemma 1 [10] Let (L,5) be a MSP with a dIgraph &g = (xv,ag), i, : L — L be functions. If
C(h,)) # ¢, then Cy(h,)) # ¢.
Definition 3[7] Assume (T, ) be a MSP with a digraph &g = (oty, g)
(i) for a seq {wn} in M such that (wn, wn11) € M, for all in N, we have if w, — r € M, then Tw,, — Tr,
then a mapping F: T — T is G-continuous at v in T. More over, When T is G-continuous at at each point
in T, it is termed G-continuous.
(2) xe (G) is transitive if, for every o, 3,y €T, (e, B,), (B,v) € xe(G), then («,v) € ae(G).
(3) for every sequence {rn}in Mty = v € T and (rn,Tnh41) € ag(G)for each n € N, it is true that
(rn,y) € E(G) for all n € N, the triple (M, §, G) is said to have the condition A.
Definition 4 [11] Let ({,d) be MSP , and let h,k : £ — { be functions. { is d- compatible whenever
lim d(hktn, khty) =0 with lim hktn = lim khty, for all {t,} in ¢

Definition 5 [7] Let (M, d) and (M’,5’) be MSPs , and let h: M — M’ and K : M’ — M be functions.
Then h is said to be S- Cauchy on M , for any sequence {t,} in M with {Kt,} Cauchy in (M, d), then
sequence {hty } also Cauchy in (K, 8').

ConsiderA(t’), MSP with §’. Let h' : /X1’ — [0,1] , if lim h'(un,vn) = 1 then lim &'(u,,vn) =0

n—,oo n—oo
where the sequences {un}, {vn}in 7.

Ben Wongasaiji [15], Phakdi Charoensawan, Teeranush Suebcharoen, and Watchareepan Atiponrat de-
veloped and demonstrated common fixed point theorems in 2021 that have two metrics and a dIGraph.

Definition 6 [15] Let (M”, §) be a MSP with a diGraph &g = (ovy, ) , and let h, K: M’ — M” be
functions. The pair h, K is an h — ¢ -contraction w.r.to § if the conditions hold:
(1) With regard to G, h is K-edge preserving;
(2) there are two functions, h in A(X), and ¢ in @, such that for any s, t in M” with (hs, Kt) in E(G),
©(6(Ks,Kt) < h(hs, Kt)p(R(Ks,Kt)),
where R : XXX — [0, 00) is a function such that, for any x,y € X,

R(hs, Kt) = max{ 2 PESIEELIY 5(55 5t), 5(Ss, Ts), 5(St, Tt), 2o KLhs]y

Theorem 1.3. [15] Let (M, 8") be a CMSP with a diGraph &g = (ovy, xg) , let 8" be another metric on X, and
let h',k"” :t"" — t" be functions. Suppose that (', k) is an h' — @ - contraction w.r. to §, Further, assume:

@n :(t",8") = 1",8") is a continuous and 1/ (t"") is &' closed;

(ii) k(M) C L(M");

(iii) €(G) is transitive;

(i) If6<d,T:(M",8) = (M”,8) is G- Cauchy on X;

(v) (M",8) — (M”,8') is G- continuous, and k and h' are &' -compatible.

X(k, ') # @ iff Clx,h') # .

In 1983 Polish Mathematician Geraghty extended Banach Contraction Principle using class of func-
tions instead of contraction constant as follows. We denote Sy by B, : RT — [0,1) for {sn} in RT,
Brnlsn) 21 = s — 0
Definition 7 [8] Let M be a MSP metric d. A self map T: M — M is said to be Geraghty contraction if
there exist f € S such that d(Ks, Kt) < p(d(s,t))d(s,t) for all s,tin M.
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In 1884, [12] M.S. Khan, M. Swaleh, S. Sessa, defined altering distance function as follows, which we
denote ¥ = {C: R" — R" such that (i) V¥ is non decreasing, (ii) ¢ is continuous (iii) {(z) = 0 implies z = 0}.

Definition 8 [9] A selfmap T on a MSP (7, D;) is Cirié—type Geraghty contraction if there exists B1 € S
such that d(T’a, T’b) < M(aq, b) for all a,b in T. where

M((l,b) = maX{BI(Di(a/b)Di(a/H))/ B(Di(a/ T(l)Di((l,T(l)),

B(Di(b, Tb)Di(b, Tb)), B(Di(a, Tb)Di(a, Tb)), B(Di(b, Ta)Di(b, Ta))}.

In this section, using Graph Structure to exhibit the presence fixed points of Ciri¢ rational type-weak
Geraghty contraction maps with altering distance functions.

2. Main Results

Definition 2.1 Let M’ be a M S P with metric 6 endowed with a digraph &g = (v, «g), and let
p',k : M’ — M’ be functions. The pair p’,« is is said to be Ciri¢ type Geraghty { weak rational
contraction with respect to d if
(1) with regard to the graph G, p’ is k-edge preserving;

(2) there exists two functions 31 € S and 11 € ¥ such that, for all s,t € X with (ks, xt) € E(G), we have
P(6(p’s, p't)) < WP(P(ks, kt))P(P(ks, kt)) + L.N(ks, «t), for L >0

where K : MXM — [0, o0) is a function such that, for any s, t € X,

P(KS, Kt) o max{[il( S5(ks,p’s)d(p't,kt) )( S5(ks,p's)d(p't,kt) ),

d(ks, Kt) 5(ks,kt)
B (E(Ktp t)é[(1+5 Ks,9's)] ) (6 Kt, o’ 61+5(K)sps)})
1+6(ks,kt) 1+6(ks,kt
ﬁ) (é p5K56(1+5(pth ) (6 pSK561+5(p)t KtH)
1+6(ks,kt 1+56(ks,kt ’
B (é kt,p's)[1+8(p’s,kt)] )(6 Kt,p's) 1+6(zp’sn<t)})
1 1+0(ks,kt) 1+0(ks,kt) ’
Bl( (KS Kt)) (KS Kt) B(S(Kspt);é(Ktp )).6(KS,1§J t)eré(Kt,p s)}
N(ks, kt) = min{py (228 l0(Eet)) (Sleshislolp Lt
4 Ks,Kt : Ks,Kt 4
B (S(Kt,h/s)[1+5(p/s,l<t)])(6(Kt,h/s)[1+5(p/s,l<t)})
1+6(ks,kt) 1+6(ks,kt) 4

B1(8(ks, kt).)d(ks, kt), (B1(5(ks, p’t)).d(ks, p't))}.

Theorem 2.1. Let M’ be a CMS with metric & endowed with a directed graph &gl = (xv1, xgl), let 5" be
another metric on M/, and let h/, k : M — M be functions. Suppose that (o], o) is a Ciri¢ type Geraghty '
weak rational contraction with respect to &', Further, assume that the following conditions satisfied:

(i) x: (M/,8") — (M',8’) is a continuous function such that A'(X') is &'- closed;

(i) h'(M') C k(M');

(iii) B1(Gq)is transitive;

(i) If6 <& ,A": (M, 8") — (M’,8’) is G1- Cauchy’s on X;

(v) W' : (M/,8") — (M’,8') is G- continuous , and h' and k are &' -compatible, then W' and « have a coincident
points.

Proof. Let pg € M be such that (kpg, kp1) € E1(G1).

Since h(M) C k(M’) and h'(pj) € M.

Choose p1 € M such that h/(pg) = k(p1)

For any n € N we may create {p5,} in M’ such that k(pn) =h'(pn_1) .

If k(pn+1) = k(pn) for some n € N i.e., h/(pn) = k(pn), pn is a coincident point of h” and «.

hence, w1g, kpn # Kkpny1 for each n > N. Since (kpg, h/pg) = (kpp, h'p1) € E1(G1), and the function h’
e-edge preserving with respect to Gy, so that (h/pg, kp1) = (kp1, kp2) € E1(G1).
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By proceeding in this way, we have (kpn_1,kpn) € E1(Gy) for all n € N.
Since (h’/, k) is p — - rational contraction withd, for all n > 0, we have

W(8(kpn, kpnt1)) = Wd(h pn_1, h'pn) < B1(W(P(kpn—_1, kpn))) (W (P(kpn—_1, kt;,)) + LN(kty, 1, Kpn)
(2.1)

_ d(kpn_1,h Pn-1)8(h/ pn,kpPn)y S(kpn_1,h Pn_1)8(h'pn,kpn)
P(kpn—1,kpn) = max{p1( 5 (KPn_1L,KPn) ).( 5 (KPn_1,KPn) ),
B _ 1( d(kpn,h pn)[148(kpn_1,h/ pn_1)] ) ( d(kpn,h'pn)[14+8(kpn_1,h Pn_1)] )
1+8(kpn—1,Kpn) : 1+8(Kpn—1,Kpn)

B é(h’pn-1,|<pn_1)[1+5(h’pn,l<pn)])(6(h’pn_1,'<pn_1)[1+6(h’pn,'<pn)})

( T+8(KPn_1,KPn) 1+8(KPn_1,KPn) ’
B(d(Kpn,h’pn_1)[1+d(h’pn—1,v<pn)1) (d(Kpnrh/pn—l)[1+d(hlpn—HKpn)])

1+d(kpn_1,Kkpn) ’ 1+d(kpn_1,KkPn) ’

B1(d(kpn_1, kpn))d(Kpn_1, kpn), B1( d(kpn_1,/h D)"‘Zd(KDmh pn—]))‘ d(kpn_1,/h Dn);—d(Kpmh pn—l)}

d ns n— 1+d ntls n
P(Kpn—1,kpn) = Max{d(Kpn 11, Kpn), d(Kpn 11, Kpp ), LLLotPr)IEdlKOn 1 KPn)]

O/ d(KpTl—ll Kpn), W}
d ns n— 1+d ntl, n
S max{d{Kkpn i1, KPn), = 1de(iz>[n:,13(:<.<pp:)1 <2 )], d(kpn—1,Kpn),

d(Kpnfl/KpnnLl)}
2

- d(kpn—1,h'pn_1)d(h/pn,kpn)y [ d(kpn_1,h'pPrn_1)d(h/pn,Kpn)
N(Kpn-1, Kpn) = min{p (2(Laten 1AL puxpa ) (Alxpatiyion 1|40 pnxps))

B d(kpn,hpn_1)[1+d(hpn_1,kp)] ) d(kpn,h'pn_1)[1+d(h/pn_1,kpn)] )
1+d(kpn—1,%pn) 1+d(kpn—1,Kkpn) 4

B1(d(kpn—1,kpn).)d(Kkpn—1,kpn), (B(d(kprn—1, N pn)).d(kpn—1,h pn))}

KPn-1,KPn)d(Kpni1,Kpn) d(kpn,Kpn)[l+d(Kpn,kpn)l
d(kpn_1,Kpn) ’ 1+d(kpn_1,KkPn) ’

N(Kpn_1, kpn) = min{4!
d(kpn—1,Kpn), d(KPn, KPn41)}
= min{d(Kpn+1, KPn), T4y
=0
If max{d(kpn+1, kpn), d(Kpn—1,KPn)} = d(KPn+1, KPn)
From (2.1), we have

P(d(kpn, kpnt1)) = W(d(h'pr1,h'pn)) < B1(W(P(kpn—1, kpn))) (W(d(kpny1, Kpn)) +IN.O
Since 1 € S, We get P (d(kpn, kpn+1)) < W(d(kpn+1,kpn)), a contradiction.

0[1+0]
Kpn—HKpn) 4

d(kpn—1,Kpn), d(KPn, KPn41)}

hence max{8(kpn1, KPn), d(Kpn—1, kpn)} = d(Kpn—1, Kpn)
from (2.1), we have

P(d(kpn, KPny1)) = lb(é(h/pn—lr hlpn)) < Pd(kpn—1,Kpn) (2.2)

So, sequence P (8(kpn, Kpn+1)) is strictly decreasing and so lgn P(&(kpn, KPpni1)) =v =0
n o

We now demonstrate v = 0. Assuming v > 0 we can infer from (2.1) we have

Y(8(kpn, pn+1)) = Y8(h'pn—1,h'pn) < B1(W(P(kpn—1,kpnB))) (W(P'(kpn—1, kpn)) + LN(kpn—1, kpn)
< B1(W(P(kpn—1,kpn)))(W(8(kpn—1,kpn)) + L.0

Y(d(kpn, kpn+1)) < B1(Y(P(kpn—1,kpn))) (W (8(kpn—1, kPn))

Bt st < B1(W(P(kpn—1,kpn))) <1 for eachn > 1

letting n — oo, we get

. d n,KPn .
1= lim YEEuratl) < lim Bi((P(kpn—1,kpn))) < 1

so that 31 (P (P(kpn_1,Kkpn)) — 1l asn — oo.
since 31 € S, we get lijI\ P(P(kpn_1,kpn)) =0
n o0
so that lim P (d(kpn_1,kpn)) =0
n—oo
ie,v=0
we now demonstrate the Cauchy’s nature of the series {kp,,}. Assume {kpn} is not a Cauchy’s. for any



P. Harikrishna, K. Tummala, N. Suryanarayana, R.S. Kumar, Ch. Murthy, Math. & Comput. Sci., 7(2) (2026),
228-237 232

k € N, € > 0 such that, there are sequences of positive integers {m(k)} and {n(k)} with m(k) > n(k) > k
and d(kpm(k), kpn(k)) = € and d(kpm(k) —1,kpn(k)) < €
e < d(kpn(k), kpm(k))
< 8(kpn(k), kpm (k) —1) +8(kpm (k) — 1, kpm (k)
< e+ 0(kpm(k) —1, kpm(k))
Taking as k — oo and using li_r>n d(kpn, kpm+1)) =0,
n o0
we get lim d(kpm(k), kpm(k))) = € >0.
n—oo

Since E(G) has transitivity, we get (kpm(k), Kpn( )
P(8(kpn (k) +1, kpm (k) + 1)) = d(d(h'pn(k), h pm

< B1(P(kpn(k), kpm (k)W (P(kpn(
NOW ! ! / !
P(kpn (k), kpm (k) = max{[?)l(‘s kpn (k),h'pn(k))d(h'pm(k),Kpm(k)) ). 8(kpn(k)h'pn(k))8(h pm(];) Kpm(k)))

d(kpn(k),kpm(k)) d(kpn(k),kpm(k)
(&

€ E)G) for every k € N, we get

)
(k)))
k), kpm (k))) + L.N(kpn (k), kpm (k))

4

s

Bl d(kpm(k),h pm(k))[14+6(kpn(k),h pn(k))]

pm(k),h pm(k))1+6(kpn(k),h pn(k))] )
1+0(kpn (k),Kpm( ()

) ) 1+ (kpn(k),kpm(k))
B1 (5 k), kpn (k) [1+8(h'pm(k), Kpm(k))])(5(h’pn(k),l<pn(k))[1+5(h’pm(k),l<pm(k))})
1+06(kpn(k),kp) 1+6(kpn(k),kpm(k)) ’
B (6 Kpm(k h,pn(kg)[1+(5(]h/931(k)/'<pm(k))]) (6(Kp,h’pn(k())[1+(6()h’pn((k)),;<pm(k))])
1+0(kpn(k),kt : 1+0(kpn(k),kpm(k 4
B1(d (Kpn( ), kpm(k)))d(kpn(k), kpm (k)
B ( (kpn(k)h’ p)+52(l<pm(k),h’pn(k))).6(Kpn

'(k),h'p)+a(Kp,h'pn(k)>}
2

P(Kpn(k), Kpm(k))) — max{6(Kpn(k)ern(kH»l)é(Kpm(k)+1erm(k))

d(kpn(k),kpm(k)) /

S(kpm (K),KPm(k)+1) [1+0(Kpn (K),Kpnk)+1)]

1+0(kpn (k),kpm(k)) ’
S (KPn(k)+1,KPn (K))[14+8 (KPm k)4+1,KPm (K))]

1+0(kpn (k),kpm(k)) ’
S(kpm (k) KPn(k)+1) 140 (KPnk)+1,KPm (K))] &(kpn(Kk),KPm)+1)+8(kpm (k) KPnx)41)

T55 (Kpn (K, <pm (k)] 8(kpn(k), kpm (k) S )
On letting k — oo and using klim d(kpn, kpni1)) =0

— 00

. IET &(kpm (K),KPn(1)+1) [1+0(Kpnk)+1,£Pm (K))]
lim P(xpn(K), kpm(K))) = lim gy L43(KPa ,8(kpn (1), kpm (K)),

5(Kpn(k)erm(k)+1)+6(Kpm(k)ern(k)+1)}
2

hm P(kpn(k), kpm(k))) =€

hm N(kpn(k), kpm(k))) =0

e W(d(kpn(k),Kpn+1)) .
1= klgrolo lb(é(Kpn(k)_],Kpn(k)] < nlglgo ﬁl(ll)(P(Kpn(k)—ll Kpn(k)))) < 1

so that B1(P(P(kpn(k)—1,kPn(k))) — 1 as k — oo.
From the property of 3., € S, we get klim PY(P(kpn(k)—1,kPn(k))) =0
— 00

so that klim P(d(Kpn(k)—1,kPn(k))) = 0, contradiction.
—00

hence {gxn} is a Cauchy MSP (X, d).

Now , we prove {kpn} is a Cauchy M SP (M, d’).

When & > &' the proof is trivial.

So consider & # §'.

Let € > 0. Since the sequence {kp’(n)} is a Cauchy in MSP (M’, ) and the function h’ is k- Cauchy on M.
We have h/(M’) C K(M’), we can obtain that {h’p(n)} is a Cauchy’s MSP (M’,§’). So, there a number
ng € N such that 8’ (kpm+1, kPn+1) = d(h/pm, h/pn) < € for all m,n > Ny and hence {kp} is Cauchy’in
(X, d’).

k(M') is a 8" -closed subset of (M’,3’), and which is complete , then there exist z = gp € k(M’) such that

lim kpn = hm hpn =z.
n—oo

We have h' : (M' 5') — (M’,8’) is a G- continuous such that h’ and «k are §’ - compatible



P. Harikrishna, K. Tummala, N. Suryanarayana, R.S. Kumar, Ch. Murthy, Math. & Comput. Sci., 7(2) (2026),
228-237 233

lim &(kh/pn, h/kpn) =0/.

n—oo

Consider 8(ku/, h/u’) < §'(ku’, kh/pn) 4+ 8’ (kh/pn, Wkpn) + d’ (W kpy, h'u’)

taking limit as n — oo, we get that ’(h'z’, kz’) = 0, and from continuity of k and that h’ is G’- continuous.
. h'z’ = kz’. Which implies that z’ is a coincidence point of h’ and «. O

Theorem 2.2. In addition to the aforementioned theorem 2.1s supposition that h” and « * are weakly compatible,
h” and k ’ share a fixed point.

Proof. {k't][}is a non—decreasing and converges tok’z = h”z", according to the proof of theorem 2.1. The
weak compatibility ofh”’and k ” results inh”'k’z” = k’h”z"”. Since h” and k' are weakly compatible, we
have h// / " __ K/h// //_

Now h”z" = k2" = u//(say)

Also , h"u” =h"k'z" =x'h"z" =ku” If z”/ =u" then u” is a common F P of h” and «’.

if 2" #£u”, 1.e.,6( ,u”y >0

W(d(k'z", k")) = P(5(h"z" h"u")) < B1(W(P(x'z”, kW )W(P(k'z", k'u")) + LN(k'z", k'u")

/ " h// //)d(h//u// K/u//)) {6( / " h// //)6(h//u// K/u//)

5(k'z",ku') S(k’z",k"u') 4
6 / " h// //)[1+6( / " h// //)1

P(k'z"”,k'u"”) = max{ﬁl(
6 / " h// //)[1+6( / " h// //

Bl( 1+6(k’z", kU’ ) ) 1+6(k’z", kU’ ) 4
Bl( d h//z// i //)[1+6(h//u/l / // ) 6 h//Z// i //)[1+5(h//u/l Klu//)]

1 6 I~ 11 1 5 I~ 11 7
Bl(é / 1" h;t /E;[lz_'_élz}:ll::/zll Klu,,)1)5( / " h/f/lglfl_'z_é(ﬁl};lizfg I // Bl( ( / 7" K,u,/)) 6(K,Z/, K/u//)

1+o(k’2" i+s . ,
Bl(é / " hj /(/|)<+ZB(:ILL// )},L// I/) )(6( / " h” +//)(_|:5Z(K/K }'/thl //) )}

2 2
’ I S(u”u”)s(h"u”,k'u”) d(x/u” ' )A+6(uw” u”)] S(u” ) 1+6(k'u”,k'u")]

P(K K u ) < max{ S(K/Z//,K/u//) 7 1+5(u// K u//) 7 1+6(u// K u//) 7
S(k/u” ) [1+8(u”,k'u” S(u”, k’'u”)+8(k’'u” u’)

)] "ot
1+6(u’/,|< u_//) ,6(LL ,K'u ), >

T 1 T 1

P(k'z"”, k'u") = max{0,0,0,8(k"w”,u"),5(u”, c'u"), S8l ul),

2
P(k’z”, k'u”) =d(k'u"”,u”) = o8(x'z", 'u")
. 5 111 1,11 6 h// " 1.1 6 sy sy 5 h// " / // / " h// " 1 6 h// " Ta !
N(k’z”, k'u’) = min({(p; 2= 5'((,?2),,5(,“%) cuT)y (e ;(52//E< Mo 1), g1 (Y 1+5(i[j,,<(/u/,z) KuT)y,
Ta 1 "1 "1 / //
Sl e SO ) By (8(k'2", k'u).(8(x2", k"u")), B1 ((k/u”, hu").(8(k"w”, hu")))

()8 (k’u” ’'u") S('u” ") [1+8(u”,k’'u”
N(k’z"”, k'u") < mm{ 6(&//(K o )’ ( 1+5()u” £ (u”) ) L 5(k'z", K’u”),é(Klu//, k'u') = 0}

11)(6(K/Z” K/u//)) :lb(é(h”Z” h// //)) Bl(ll)( ( / " Klu//)))ll)(é(K/Z” H))+LO
6 I/, ’ "
1= PRIl < B (P(kz”, k'u")) < 1.
hence k’z"” = k'u” k'u” =h"u” =u”, - u” is a common fixed point of h” and «’. O

Theorem 2.3. In addition to the hypothesis of the above theorem 2.1 For any s”,t” € C(h”, k'), such that ’s" #
k't"”, we have (k’s”,k’t") € B1(G). If W' and k' are d’- compatible and X(h",«’) # ¢, then Cm/(h”, k') # .

Proof. From the theorem (2.1), there exists a coincidence point s” € X", i.e.,h”s"” = «'s".

Suppose that there exists another coincidence point t” € X" such that h"t” = k't”,
Assume that k's” # k’t".

From the assumption («’s”, k’t"”) € E1(G)

.Ll)(é(h// N,h”t//)) < Bl(ll)( (Kls//’ ,t//))ll)(P(K,SN,K,y”)) +L N( / 12 B//t//)’ fOI‘ 'L 2 O
where P : M'xM’ — [0, 00) is a function such that, for any s”,t” € X/,

5( / " h// //)d(h//t// K/t//) 6( / " h// //)d(h//t// K/t//)
P(K’s” k't"”) = max B1({ ‘ A :
6(KIS,/ K/t//) 5(K/S// Klt//) 4
Bl( K t//,h//t//)[1+6(K/ " h// //)] 5(Klt,/,h”t”)[1+5(K, " h// //)]

1+6(K/S// K t//] 1+6(KISH /tl/) 4
B (5(]’1//5" K/s")1+6(R7t" Kk/t")] 1 8(h"s” k's")1+6(h"t",k't")]
1 1+6(K/S// K t//] 1+6(KISH /tl/) 4

B (6(Klt///h//sll)[1+6(h/lsl/,K/t//)] 5(K/t//,hlls//)[1+5(h//SIIIKIt//)]
1 1+6(h//5//,|<lt/l) ]+5(h/ls//,’</t//) 4
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/ 7 It / 17 Y7 6( I " h// Il) 5(K’t”,h”$”) 6( / 1" h// //) 5(K’t”,h”$”)
B1(8(k’s”, k't"))o(k"s", k"t"), B1( > ) > }
/ " // " 141 Iy 1 Iy 1 141 "ot "o "o "ot 141 141
" // K/t h ) (k/t”,k't") &(k't",k't")[1+0(h"s” h's")] &(h"s” h's")[1+d(k't",k't")]
/P/(/h/ H )/ f rflix{ S(h// I/ /t//) L // , 147//5(];"//// // It//) 7 1+6(h1/8//,Klt//) 4
S(k't [1+6(x’s”,k't")] S(k's" k't")+8(k't
( 1+6() e ) L5(Kk's” k't"), ( )2 (x }_ 5(k’s”, k't

N( / // /t//)_O

B(5(h"s” h"t")) < f’l(ll)(P(K/SH/ Kt (P(k’s”, k't")) + LN(k's”, k't") < ¥(5(h"s” h'"t")), con-
tradiction.
K/S// _ Klt//
Let tj =t”, and define the sequence {t;/} by k’t;; = h”t]!_, for each n € N.
Slnce t” is a coincidence point of h”” and k' , we have k’t], = h”t” for each n € N.
Now let w” = k’t”
therefore k'w” = k’k’t” = k'h/'t”
By the definition of the sequence {t;,}, k’t;; = h"t” =h"t]]_, for eachn € N.

lim h"t/ = lim «’t] =h"t".
n—oo n—oo

Since k’ and h” are &’- compatible, lim &’(k’h”t], h"«’t]]) =0
n—oo
ie,k'h"t” =h"k’t".
therefore, we have k'w” = k’h/t” = h" k't = h'"w"
and hence w” is another coincidence point of h and «’.
NOW h//W// — K/W// — K/t// :W//
. w’ is a common fixed point of h and «’. i.e., Cm/(h”, k) # ¢. O

3. Corollaries and Examples

When 1 (t) is identity then it follows.
Definition 3.1 Let (M’, §) be a MSP with a directed Graph G; = (V1(G1),E1(G1)), and let h/,k : M/ — M/
be functions. h/, k is is said to be ,— rational contraction with respect to § if
(1) h' is k -edge preserving with respect to G;
(2) there exists two functions 3, € S and VP € ¥ such that, for all x”,y"” € X’ with (kx’,ky’) € E1(Gq), we
have
(6(h'x’,h'y’)) < B(P(kx’, ky”)(P(kx’, ky’) + L.N(kx/,ky’), for L > 0
where P : XxX — [0, 00) is a function such that, for any x’,y’ € X,

d /,h/ ! d h/ /, / 5 /,h/ ! 5 h/ /, !
P(kx/, ky’) = max{s( (kx 5();’3 K(y;" Ky')y(Slkx 5(;3/,&}},? Ky

(6(Ky h’y’)[l+5(|<x h/x’) )( (ky’ 'y’ )[1+5(KX/,]’1/X/)])
BZ 1+8(kx/,ky’) 148 (kx’,ky’) 4

(6(h/x’,KX’)[1+5(hy ,ky’) ) ( hx’,Kx’)[1+5(h’y’,Ky/)])
BZ 1+8(kx/,ky’) 1+8(kx/,ky’) ’

o "h!x")[14+8(h’ "h 1+8(h/x’,
Bal Ly 1f5)([|<:: K(y ) )( = 1+X5()|[<x+|<(y Xy ), B2(d(kx’, ky)).(8(kx’, ky')),
Bz(é(Kx/,h/y )2+5(Ky KX ))( (kx’,h'y )+d(|<y’,|<x ))}

(k

2
. 5(kx’h 5(h/x!,ky’ 5 "Hx)8(h/x!,ky’
N(kx/, ky’) = min{By (=== 6(:}{),’&,? Ky (lex 5(:73 ,Ey’)( Ky,

5 h/x)[148(h/x/,ky’ d ' h' 1+d(h’
Bl A ) (bR b)), Ba (8(kx, ky ). (8(kx, ky ),

B2(d(ky’, h'y”)).(8(xy’, h'y’))}.

Corollary 3.1. Let (M”,8") be a C M S a directed graph G1 = (V1(G1), E1(G1)), let &1 be additional metric on
M, and let h”, k" : M" — M be functions. Assume (W', «’) is an P, - weak rational contraction with respect to
d, Further, assume that the following conditions satisfied:

(i) M : (M”,8]) — (M”,81) is a continuous S(X) is d1- closed;

(ii) h"'(X) C ’(X);

(iii) E2(G2) is transitive ;
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() If6 # 61, a:(M”,8) = (M,8]) is G- Cauchy on M;
(v) f: (M”, 6) (M”,81) is G- continuous , and h'' and «’ are &1 -compatible, then h'" and ' have points of
correspondence.

When L =0, we get
Definition 3.2 Let (M, 81) be a MSP with a diGraph G; = (V1(G1),E1(G1)), and let h”/, k" : M” — M be
functions. h”, k’ is is said to be 3, — 1, - rational contraction with respect to d if
(1) h"" is k’ -edge preserving with respect to Gy;
(2) there exists two functions ; € S and P € ¥ such that, for all x”,y” € X with («'x”, k’'y"”) € E(G), wi
have

WIB(K'X",K'y")) < Bala(P(K'x", Ky ha(P(K'x", Ky "),

where «’ M” M"” — [0,00) is a functlon such that, for any x”,y” € M,

I 1 " / " I 1 " l "

P(k/x" K/y”) m(lX{Bz(Sl(KX Mx")d(h"y" 'y ))‘(51(KX H x5 (h"y” k'y ))’

51('( X// K/y//) 61(K/X//,K/y//)
61(K/y " h//y //)[1+51(lell,h/lxll)] Sl(K/y " h//yl/)[1+81(KIXII,h”XH)]
BZ( 1+061(k'x",k'y") )( 1+061(k'x",k'y") 4
[32( 61(h//X// ! //)[1+51(h// l/ /y /l)] ) (51(]’1.//)(// / //)[1+61(h/l // /yl/)] )
. 7

1+061(k'x",k'y") 1+d(x/'x",k'y’)
6 (K/ " h//xll)[1+6 (h//X// K/ //)] 5 (K/ " h// //)[1_'_6 (h//x// |</ // I 7 ’ 7 / 7 / 17
B (L e ) (S R ), Ba (81 (%, 'y ). (B (KX, Ky "),
5](K/X// h// //)+51(K/ " h//X//) 61(K/X// h// ”)+5](Kl " h//X//)
B2a( 3 )( 3 )}

Corollary 3.2. Let (X”,8’) be a CMS a directed graph Gy = (V1(G1), E1(G1)), let 8" be additional metric on X,
and let W', k' : X" — X' be functions. Assume (F',G’) is an B, —\y - rational contraction with respect to d,
Further, assume that the following conditions satisfied:

(1) K: (M’,8") — (M’,8") is a continuous , h'" (X) is 8"~ closed;

(ii) h"'(X) C «’(X);

(iii) €1(Gq) is transitive ;

(iv) If §' ;_45” (M’,8’) — (M’,8") is G- Cauchy on m;

(v) h': (M’,d') — (M’,ZS ) is G- continuous , and h" and k' are 8" -compatible, then h" and k' have a points
of correspondence.

Now we present an example

Example 3.3. Let M’ : [0, 1] and define the metrics §’,8” : M — M defined by d(s,t) = [s —t[,d'(s,t) =
Us—t| Vs, t € M, where 1l > 1. Clearly d < d’.
Now we define E(G) = {(s,t)/s = t or s,t € [0,1] with s < t} Define the mappings h : M — M and
K:M — Mby h(s) = 5 and K(s) =s Vs € M.
Define \(t) = 3, for all t, and define f : [0,00) — [0,1) bt B(t) = 1j_r2tt,t >0
Let (Ks,Kt) € E(G), if s = t then (hs, ht) € E(G)
If (Ks,Kt) € E(G) with Ks < Kt, then we get Ks =s < Kt =t
hs = 5§ <Kt < § and hs, ht € [0,1] that implies hs, ht € E(G)
Let s, t be arbitrary in M and (Ks, Kt) € E(G)
If Ks = Kt then we get s = t, inequality in Theorem 2.1 holds.
Suppose Ks = s, Kt =t in [0,1].
(8’ (hs, i) = W(5'(5, 1)) = (I — 51) = 157"
8/ (t,5)[148"(s,5)]y 8'(t,5)[1+8'(s,5)]
’ B( 1+6/(s,t) ) 1+56/(s,t) 4

t
YA+8'(5,8)] 8'(,5)[145'(5,1)] 8'(s,5)+8"(t,5)
=) treen Vs, =)

P(Ks, Kt) = max{p(> 2>
(8 (0] 505,515
B T45/(s,0) T (s,0)

st L43] $0+4] =30+t

3 Lt s
P(Ks, Kt) < max{Hsz'zt” [s—4|+[t—35|

7 1+]s— t\'l+|s t|’ 1+[s—t| /| _t|'f}

P(Ks,Kt) = |s — t|



P. Harikrishna, K. Tummala, N. Suryanarayana, R.S. Kumar, Ch. Murthy, Math. & Comput. Sci., 7(2) (2026),
228-237 236

)8/ (Lt L5187 (4.t
(KS Ky) :mln{ﬁ( (s 2)3 t()z ))( (85%()8,’&()2 ))

et (2 H);,*f;(é” ), B(8/(s,)).(8/(s,1)), B(8/ (¢, £)).(8'(t, 1))}

[t—3[[1+]5—t]]
1+([s—t|

N(Ks, Kt) < mm{IS tl ,|S—t|,%

|2t Sll‘Hs 2t|
(Ks, Kt) = B e pe

N
W (8'(Ks, Kt)) < B (P(Ks, Kt))p(P(Ks, Kt)) + L.N(Ks, Kt)

1S5 < B(W(]s —thw (s —t) + L. 1210552
o 1+|s—t|
ls 1l 2t—s s—2
5= < (( 1+ )‘S CiEn S = 1H;Ht‘ 21 holds for some L > 0.

[s—t]
1+2=—

4. Applications in Machine Learning

Applications of Graph Structures for Attractions with Changing Distance Functions in Machine Learn-

ing In this paper, we investigate whether Geraghty generalized rational Cirié—type weak contraction map-
pings have common fixed points in the outline of metric spaces with graph structures and changing
distance functions. We extend classical fixed point solutions to a more suitable and broader context by
utilizing the elasticity of changing distance functions and the connectivity encoded by graph structures.
The broad contractions taken into consideration here provide a more comprehensive framework that is
beneficial for a larger class of non-linear mappings.
These theoretical developments are not just theoretical; they have practical applications in deep learning
and machine learning, particularly in determining equilibrium points in high-dimensional optimization
problems, verifying stability in dynamic systems, and carefully understanding the convergence behavior
of iterative algorithms. Deeper analysis and the development of more reliable learning models are made
possible by the relationship between fixed point theory and computational intelligence. These findings
have potential uses in deep learning and machine learning, primarily in understanding the behavior of
intricate algorithms and producing stable points in iterative procedures.

5. Conclusion

In this paper, we have defined the new concept of Ciri¢ type Geraghty 1 weak rational contraction with
respect to d also, we develop using Graph Structure to exhibit the presence fixed points of ciric rational
type-weak Geraghty contraction maps with altering distance functions, provided some corollaries and
examples.
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