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Abstract

Integral transform methods are effective techniques for addressing a range of dynamic equations characterized by initial or
boundary value conditions, frequently expressed in the form of integral equations. This article presents the ET on an arbitrary
timescale T as a new integral transform for addressing specific problems. The ET on timescales appears absent from the existing
literature. This new approach primarily unifies discrete and continuous analysis, allowing for the treatment of differential,
difference, and qg-difference equations within a singular framework. This study’s results pertain to ordinary differential equations
for T = R, difference equations for T = Ny, and g-difference equations for T = q™No, where gNo = {qt|t € N| for q > 1} which
hold significant relevance in quantum theory. The proposed transform can be applied to various nonstandard timescales,
including T = hiNg, T = ]N%, and T = T;,, which represent the space of harmonic numbers. Numerous examples and
applications illustrate the efficacy of the ET on timescales in addressing dynamic equations.
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1. Introduction

In the literature, various integral transforms find extensive applications in physics, astronomy, and
engineering. Elzaki [13, 14] introduced a novel integral transform, called the Elzaki Transform (ET),
defined as follows. For a function &(¢) of exponential order, the ET is the transformed function w = w(p),
given by:

w = E[E(¢);p] = pL e V/PE(G) A, P € (—T1,T2), (L.1)
where &(¢) is the original function defined on ¢ > 0, p is the transform parameter belonging to a real

interval (—11,T2) with t1, 72 > 0, and w = w(p) denotes the Elzaki transform of &(¢), i.e., the image of &
in the transform domain. This transform is derived from the classical Laplace transform by applying the

*Corresponding author
Email addresses: shivajitarate@newartsdcs.ac.in (Shivaji Tarate®), kishorkshirsagar@newartsdcs.ac.in (Kishor
Kshirsagar®), vasantnikam.11510gmail. com (Vasant Nikam®), tarig.alzaki@gmail.com (Tarig Elzaki®)

doi: 10.30511/mcs.2026.2072721.1484
Received: 25 September 2025 Accepted: 08 May 2026


https://doi.org/10.30511/mcs.2026.2072721.1484
https://orcid.org/0000-0001-7942-5682
https://orcid.org/0000-0001-8123-8608
https://orcid.org/0000-0003-2511-0217
https://orcid.org/0000-0002-6946-9267
https://orcid.org/0000-0001-7942-5682
https://orcid.org/0000-0001-8123-8608
https://orcid.org/0000-0003-2511-0217
https://orcid.org/0000-0002-6946-9267
https://doi.org/10.30511/mcs.2026.2072721.1484

S. Tarate, K. Kshirsagar,V. Nikam,T. Elzaki, Math. & Comput. Sci., 7(2) (2026), 156-174 157

substitution p — 1 and subsequently multiplying by p. The construction originates from the well-known
Laplace transform [34, 12, 10], which for a function &(¢$) of exponential order is defined as

LIE(@)p) = | e PP e0) o t(p) > c (12)
where c is the abscissa of absolute convergence of &.

Later, basic properties of the ET were developed in [15, 30, 32]. These properties highlight the unique
characteristics of the ET, making it suitable for complex applications in science and engineering. The
transform has been extended to degenerate cases and further studied in [24, 31]. Recently, Khalid et
al. [25, 35] applied this transform to solve fractional differential equations. For recent developments in
fractional integral transforms including the Elzaki transform applied to pathway fractional integrals and
extended hypergeometric functions, see [2]. In contrast, in [27, 32], fuzzy fractional and partial differential
equations were analytically solved using the fuzzy ET.

The application of the modified Sumudu transform, or the ET, to PDEs, ODEs, systems of ODEs and
PDEs, and integral equations was demonstrated by Elzaki et al. in [5, 20, 21]. The ET can be utilized
efficiently when Sumudu and Laplace transformations fail to solve DEs with variable coefficients [16],
and in [17, 22], some engineering and biological applications, where the ET’s effectiveness in finding ex-
act solutions is discussed, specifically when mentioning generalized special functions and Mittag-Leffler
type results [3], where multivariate special functions and their integral transforms appear in the context
of fractional calculus applications [23]. An advantageous feature of the ET is its computational efficiency
compared to traditional methods, without compromising numerical accuracy. Notably, the original func-
tion and its ET share identical Taylor coefficients, except for a factor of i!. Specifically, if £(d) = Y2, aidb?,
thenw =3 2, ilaip!, see [33]. Furthermore, Dirac delta and Heaviside function of the Laplace and ETs
are given by:

L{d(t)} =1, L{H(t)} = 11), (1.3)

and
Bt} =p,  EH)}=p" (14)

This study introduces the ET on time scale and demonstrates its utility in solving systems of dynamic
and integral equations. Let T denote a timescale with sup T = oo, and fix ¢g € T. Suppose it z € R is a
regressive function, then ©z € R, and the exponential function ec, (P, ¢g) is well-defined.

The Laplace transform on a timescale for a function & : T — R was defined by,

(0.¢]

L{E)(z) = L) E(()eS, (b, do)Ad, z € Q(E), (1.5)

where (&) is the set of all complex numbers z € R for which the improper integral exists (see [4, 7, 8, 9,
11, 18]).

Motivated by the efficiency of the ET in continuous domains and its extensions to fractional and
distributional settings, this paper proposes the definition and properties of a new integral transform, the
ET on timescales. This framework aims to unify discrete, continuous, and quantum calculus-based systems,
enhancing the toolkit for solving linear and nonlinear dynamic equations [36, 28] across arbitrary time
domains.

The ET on timescales offers several concrete advantages over the Laplace transform on timescales.
First, the ET produces simpler algebraic expressions when incorporating initial conditions, since initial
values appear multiplied by positive powers of the transform parameter p, facilitating partial fraction de-
composition in the inversion step. Second, the ET converts Volterra-type integral equations on timescales
directly into algebraic equations, as demonstrated in Example 3.4, reducing computational complexity
compared to the Laplace-based approach. Third, the ET unifies computations across continuous, discrete,
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and quantum timescales within a single consistent framework. Fourth, the original function and its ET
share identical Taylor coefficients up to a factor of i! [33], a property not shared by the Laplace transform,
enabling series-based computation without evaluating improper integrals. These advantages collectively
justify the development of the ET on timescales as a complementary and, in several respects, superior
computational tool to the Laplace transform on timescales.

The present work substantially extends that contribution by:

1. establishing rigorous convergence conditions via the Hilger circle framework (Theorem 2.5);

2. proving the convolution theorem on arbitrary timescales (Theorem 2.19);

3. developing the complete differentiation and integration operational calculus (Theorems 2.11 and
2.12);

4. solving systems of dynamic equations and integral equations on timescales (Section 3); and

5. treating generalized exponential and trigonometric function transforms under constant graininess
(Section 3.3). The Laplace transform on timescales treated in [19] provides the foundational motiva-
tion for the ET on timescales as a computationally superior alternative, as detailed in the advantages
outlined above.

2. The Principal Themes

Definition 2.1. [11] Exponential type I refers to a function & : T — R with positive constants M and ¢ such
that,

1E(d) < Me¢®, forall p € T. (2.1)
similarly, it £ is said to be of exponential type II if there exist constants M, ¢ > 0 for which
IE(P)] < Mec(¢,¢,), forallp €T, (2.2)

there ¢g € T is a fixed initial point.
Definition 2.2 (Elzaki Transform on Timescales). Let & : To — R be an rd-continuous function of expo-
nential type II with exponential constant ¢ > 0, i.e., there exists M > 0 such that

1E(P)l < Mec(d,do), forall p €T.
The Elzaki transform of ¢ is defined by

o0

ElElp)=p | E@)el,
do P
for all p € D{&}, where the domain of convergence is

D{&} = {p € C\{0}: @I17 € R* and Re, <]1j> > Rey(c) forall ¢ € "JI“} ,

and R* denotes the set of positively regressive functions on T.

Theorem 2.3 (Linearity Property). Let T be a timescale with sup T = oo, and let &, t: T — R be rd-continuous
functions of exponential type II with exponential constants cq,cp > 0, respectively, so that

|E1(d))| < Ml ecl(d)/ Cb()), |T(d))‘ < MZ ecZ(d)/ d)())/ fOV all q) € T/

for some My, My > 0. Suppose that the Elzaki transforms E{E}(p) and E{t}(p) exist for all p € D{&} and p € D{t},
respectively, where

D{&} = {p e C\{0}: Reu<11)) > Rey (c1) forall ¢ € T},

D{t} = {p € C\{0}:Re, (39) > Re, (c2) forall § € "11"} .
Let «, 3 € R be constants. Then, for all p € D{&} N D{t}, the following hold:
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(i) The linear combination o& + B is rd-continuous and of exponential type II with exponential constant ¢ =
max{cy, ¢} and bound M = |«|M1 + |B|M,.
(ii) The Elzaki transform of «& + B exists for all p € D{&} N D{t}, and

ot + BTi(p) = a E{E}(P) + B E{TH(p). (2.4)

Proof. Part (i). Since & and T are of exponential type II with constants ¢; and ¢y, respectively, we have for
all g € T:

(&, + BT (D) < [ [E(D)] + [BlIT(D)] < [xIMy ec, (P, do) + [BIM2 ec, (, o).
Since the timescale exponential satisfies ec, ($, dg) < ec(d, do) for ¢i < ¢ = max{cy, ca} (cf. [7]), it follows
that
(&, + BT)(d)l < Mec(d, do), M =[xIM1+[BIM2 >0,

confirming that «& 4+ 37 is of exponential type II with constant ¢ and bound M.
Part (ii). For all p € D{&} N D{t}, the condition Re,, (%) > Rey (c) = max{Rey(c1), Re,(c2)} ensures, by
Definition 2.2, that the integrals

(o ¢]

Ad < M, Lb ec(d, bo)

JOO £(0) A < o0,

bo

eg% ((bl d)O)

eg%(d)/ d)())

and similarly for T, both converge absolutely. Hence, the delta integral is absolutely convergent for
a& + P71, and the constants o and 3 may be factored through the integral by linearity of the delta integral
see [7] Theorem 1.77

elo+ BTi(p) = p L) (3€(6) + Brl0) €2, (0, b0) Ad
—«(p RGNS a0)+8 (p [RECERTXS a0)
= o E{E}(p) + B E{THp),
which completes the proof. O

Now, we deduce that if T is a timescale with bounded graininess, i.e., 3u* > 0 such that 0 < p, < p(Pp) <
u* for all ¢ € T. Define the Hilger circle as follows (cf. [11]):

Ht:{Z€C20<

1 1
Z*m’<m}' @5)

With associated minimum and maximum Hilger regions:

1
zZ+ —

I[—Imin:{zeC:0<
Hae

1 1
z+*‘<*}, ]Hmaxz{zeC:0<
wel

< 1} , (2.6)
[V

where p, = infger n(p) > 0. Clearly, we observe that Hpmin C H¢ C Hpax for all € T.
To identify the domain where the ET converges, let ¢ > 0 and define:

D= {z eC: Reu(i) > Rey(c) forall ¢ € T} . (2.7)

This set may also be characterized as:

—_

D= {z €C: > € Hy oy and Rey, (i) > Rey,, (c) forall ¢ € T} , (2.8)

N
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or equivalently,

D= {z eC: @% € H and Reu<i> > Rey(c) forall ¢ € T} . (2.9)

Here, H;,,, refers to the complement of the closure of the largest Hilger circle determined by u*. It is
worth noting that if u* = 0, then D simplifies to a right half-plane in the complex plane, as discussed in

[11].

1
Lemma 24. If 61 € Hand Re,, <z> > Rey(c) for all € T, then

1 1
— <1 d - H. 2.1
‘1+H(¢)’< an (@Z@c>€ (2.10)
z
Proof. Since @% € H, we have
1 1 1
- — —_ 2.11
‘97.* u(cb)‘ < W@ 1D
which implies
1
— < 1. (2.12)
‘1+ u(tb)‘
z
Also, since Re, <i) > Re,(c) implies
‘1—1—”21))’ > |1+ cu(d)l, (2.13)
We observe that
'( 1 ) 1 ‘ B 1+ cu(d) 1
o-dc) + = < . (2.14)
z w(b) () <1+ u(;l))) u(d)
d

Theorem 2.5 (Domain of the Transform). Let & : T — IR be of exponential type II with constants M, p > 0, so
that |E(P)| < Mey(d, o) for all & € T. Suppose it T has bounded graininess with p* = SUP e w(d) < oo.
Then the integral

p| e@les, (6.0080 215)
$o P
converges absolutely for all p in the domain

D= {p € C\{0}: @11) € Rt and Reu<;> > Rey (p) forall ¢ € "JF}.

Moreover, the absolute value of the integral is bounded by

H Ed) el (4, d>o)A<b‘ LMIER)
bo P x
where . .
+ pp”
x=—log(|——— ) >0,
p* g(1+lp|u*>

and, as a consequence,

lim eZ (b, do) E(P) =0, forallp € D. (2.16)

d—o0 Op
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Proof. Since @% € R* and Re,, (%) > Rey(p), Lemma 2.4 gives:

1 1 1 1

— = <1 and - — |<——, veeT

’1+“(d’)‘< - ‘<ep@p>+u(<b)’<u(¢) e
P

Using the exponential type Il bound and the product identity for timescale exponentials:

’P Jd;o E,((b) eg%(d)/ d)O) A(b‘ < MJ¢O P ep(cb/ d)O) eg%(d)r d)O) A(b
[ B e ol a0
< M(H”*)Lo €150 00)| A0,

Since Re, ( %) > Rey(p), there exists « > 0 such that:

e @m0l g > ¢,

eg%@p(d)/ d)O)

where o = ui log<1ljlg|*i*) > 0. Therefore:

M(1+ H*)J e~ x(d—do) dp = w < 00,
do x

which establishes absolute convergence and the stated bound. The limiting condition (2.16) follows im-
mediately, since for all ¢ > ¢o:

eg <Me *d=d) 50 asdp — 0.

(%, o) £(¢)‘ <M

eé@%@p((b’ d)O)

1
P
This completes the proof. O

Theorem 2.6 (Relation Between the ET and the Laplace Transform). Let & : T — R be an rd-continuous
function of exponential type II with constant p > 0. For all p € D{&} satisfying Reu(%) > Rey(p), both the

Elzaki transform E{&}(p) and the Laplace transform L{&}(%) exist, and
1
E{EHp) = p £{&} (p) : (2.17)
Proof. For p € D{¢}, the absolute convergence of the defining integral of £{&}(p) is guaranteed by Theo-
rem 2.5. By Definition 2.2 and the definition of the Laplace transform on timescales (1.5):

LA 5 _1
cte)( ) - J. e, (00080 = ewip)

Theorem 2.7. If T = Ny, then
ELE)p) = (p+ 1)2(€) (; + 1) 2.18)
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where Z{&} is the Z -transform of &, which is defined by

[e¢]

Z{EHu Z (2.19)
b=0

An infinite sum converges for complex values .
Proof: Theorem 2.6 and the following relation lead to the proof.
(p+1DL{E}(p) = 2{&}H (p+1). (2.20)

Example 2.8. Consider (¢$) = 1. We aim to determine its ET. According to Definition 2.2, the ET is given
by:

EYp) =p | el (0] A0, 21)
0
Following exponential function properties on timescales, we proceed:
Elp) =p | €21 (d,do)Ad
Joo ) P
| W16 (0 00) €2, (0,00 20
Joo L P b
roo 1
| (@) (o) €2y (0001 €2, 10,00 | 20
Jgo L P P
roo [ 1
=P 1+ u(d <@ el 1 (b, do) Ad
J ¢|0 L p ‘P
9| el (4080
bo P
— | ~e2, 1, 00)
P bo
Hence, the ET of the constant function is:
(1} (p) = p*. (2.22)
Example 2.9. Let us now compute the ET of the exponential timescale function ey (¢, ¢g). The result is:
p2
Eleal, b)p) = 1 . 223)

Proof. Utilizing the relation between the Elzaki and Laplace transforms on timescales, we find:

Elea(d, Go)}(p) = p - Llea(d, bo)) (i)

1 p>
—x 1—oap

P
From this result, we can derive further ETs of hyperbolic and trigonometric functions on timescales:

2 3

& {coshald, d0)) (p) = {55, Elsinha(d, 00} (P) = 1= (55 (224)
2 3
& {cosal, G} (p) = 1 s, EBIna(® 00} (P) = 1 s (225)

These identities are useful when analyzing dynamic systems defined over arbitrary timescales.
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Example 2.10. Consider the function &(¢) = «® defined on the timescale T = INy. To compute its ET, we
utilize the timescale exponential function and the graininess function.
Given:

¢
&'@ﬂﬁ:@—i), with w(¢) = 1. (2.26)

1
P
The ET is

&aﬂm)zpﬁia¢<l—l)¢:p§i[a<$—$)ri (2.27)

ad 1
¢ _
Z}~_17W (2.28)
=0
and hence P P
Ela®}p) = (2.29)

I
Multiplying the numerator and denominator by p, we simplify to

2
o) (p) = ————— (2.30)

(1—o)p+ o
Theorem 2.11 (Elzaki Transform of the n-th A-Derivative). Let & : To — R be rd-continuous of exponential
type 11, and suppose it A" exists and is of exponential type Il for k =0,1,...,m. Then for p € D{&}:

(i) First A-derivative:

8{£A}(p)——8§ihﬂ——paﬁbd

(ii) Second A-derivative:

e{ex} (5) = S — el) ~pE4(00)
(iii) n-th A-derivative:

n—1
e{ea) (p) = SEP) 5 oo gt g

n
p k=0

Theorem 2.12. Let h: T — C be an rd-continuous function of exponential type Il with constant p > 0, and define

[
HMﬁ:LbMﬂAL b eT. (2.31)

Then H is also of exponential type II with constant p, and for all p € D{h} satisfying Reu<%> > Rey(p), the
vanishing condition

Jim H(®) e2, (&, ¢o) =0 (232)

holds, and the ET of H(¢) satisfies
EH($))(p) = ; EM(d)(p)- (2.33)
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Proof. Since h is of exponential type II with constant p > 0, there exists My, > 0 such that |h(¢$)| <
Mh ep(d, do). For all ¢ = ¢o:

(oo ¢ M
()1 AT < M| eo(r, o) A7 < 2 e du),

H(6)) <J .

do

so H is of exponential type II with constant p and bound %. The vanishing condition (2.32) then follows
from Theorem 2.5 applied to H.
By Definition 2.2 and integration by parts on timescales, setting f($p) = —eg 1 (b, o) so that fA(Pp) =
P

5 €21 (d, bo), and using HA(f) = h(¢), H(do) = 0, and (2.32):
E[H($)}p) =pj¢ H(®) 24 (6, o) A
1 o ~ oo o
=P [—pH(dﬂ (Y d>o)} . +J¢O h(d)eg1 (@ do) Ad
—p-0+ | nig) e, (6,00 A0 = - ERG)P)
do P
which completes the proof. O

Remark 2.13. The result can alternatively be obtained by utilising the connection between the Elzaki and
Laplace transforms on timescales, given by:

ELE(6))(p) = p - LLE(D)) (;) . (2.34)

Remark 2.14. o
£ { j h(t) dT} (p) = iﬁ{h(d))}(r’)- (2.35)

0

Problem 1: Choose h(¢) = 1. Then H(d) = f(()b 1dt = ¢. Applying the Elzaki rule:

Eld)p) = i El}p)==-p=1 (2.36)

1
P
Problem 2: Take h(¢) = ¢. Then H(p) = fg) TdTt = %2 Therefore,

e{f}(p)zé-ewxp):;l:;. 237)
Multiplying both sides by 2 yields,
E[p)(p) = i (2:38)
Using this recursive method:
(o)) =1, E@p) = . (2.39)

Theorem 2.15. Let it &: T — C be rd-continuous and suppose its Laplace transform exists and is given by,

L{E(P)}Hp) = FL(p). (2.40)
Then, for any « € C, the following identity holds

L{egu (b, bo)E(d)} (p) = Frlp @ ). (2.41)
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Proof: By the definition of the Laplace transform on a timescaleT, we have

£ {680 (b, b))} (p) = J: €20 [, B E(d) €2, (&, bo) Ad. 2.42)
Using the identity for exponential functions on timescales,
2 o (b, o) - €2, (B, b0) = € mue) (@ bo), 0.43)
The above becomes,
£ {e8(b, bo)E(D)} (p) = J: E(0) €2 ) (b, Bo) Ab = Fi(p & a0, (2.44)

From equations (2.17) and (2.41), additional properties of Laplace and ETs on timescales can be derived.

Theorem 2.16. Let & : T — C be an rd-continuous function, and suppose that the ET &(&) is related to its Laplace

transform by

e(Pp)=p -FL (;) , (2.45)

where € and L denote the Elzaki and Laplace transforms on timescales, respectively, and Fy(p) is the Laplace
transform of &(&). Then, the ET of the product involving the delta-exponential function satisfies

1
€ {e2alt b0)E@)} (p) =p-Fo (S ). (2.46)
Proof: Given the relationship between the Elzaki and Laplace transforms, we begin with
1
eleolp) =p-F (). 247)

Now consider the ET of the product eZ, (¢, do)E(P). By the definition of the ET in terms of the
Laplace transform, we write,

£ {62 (0, d0)E(®)} (p) = p - £ {eZa(d, bo)E()) (i) | (2.48)
From Theorem 2.15, we know that,
£ (€80, b))} (é) . (;@a). (2.49)
Substituting this into the earlier equation gives,
£ {62 (0, d0)E(d)} (p) =p i <11)69oc). (250)
Definition 2.17. According to [11], the convolution of two functions & and p on a timescale is given by
(£40)() = J: 86, 0(s)) pls) As, for b € T, @51)

where &(, o(s)) denotes the forward shift of &, and the Laplace transform of the convolution satisfies the
identity,
L{Exp}(p) = L{E}p) - L{p}(p). (2.52)
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Remark 2.18. In the special case when T = R, the above definition reduces to the classical convolution

integral:
¢

(€4 0)(¢) =L) E(b—s) p(s) ds. (2.53)

Theorem 2.19 (Convolution Theorem for the ET). [26] Let & and p be regulated functions on the timescale

T, both of exponential type II with constants c1,co > 0, respectively. Set ¢ = max{cy, cp}. Then, for all p €
D{&} N D{p} satisfying Reu<%> > Rey(c), the convolution & x p is well-defined, of exponential type II with

constant c, and the ET of the convolution satisfies:

EEx p}(p) = p - E(E}P) - Elp}(p). (2.54)

Proof. For p € D{&}N D{p}, the absolute convergence of E{&}(p) and E{p}(p) is guaranteed by Theorem 2.5.
Using the relation between the Elzaki and Laplace transforms (Theorem 2.6):

1
ele+ollp) =p- £lexo)( 1),
By the convolution property of the Laplace transform on timescales (Definition 2.17):

cesol() = cio(L) oo (L) = EEL) ER)
P P P ) P

Substituting back:

E(Ex p}(p) = p- g{i};(p) - ‘C’{pg(p) - E(E)p) - E0YP),

which completes the proof. O

3. Applications

3.1. Solution of Homogeneous Dynamic Equations with Constant Coefficients:
Consider the homogeneous linear dynamic equation of order n with constant coefficients[16],

> am(¢)=0. (3.1)
k=0
Applying the ET on both sides and using Theorem 2.11 we obtain,
b k
Y € (¢)}o) =0. (3.2)
k=0
By the operational property of the ET for higher-order delta derivatives, we have,
AR o2 kKol ok—j+1 Al
EM™ (9))(0) = 7 &m(d)Ho) — ZO = (0). (33)
J:
Substituting this into the above equation gives,
n 02 K1 ok—j+1 A
> an | Tem@o)— Y s 0) | <o, (34)
k=0 j=0

Grouping terms, we rewrite the equation as,

k=1 k—j+1

s akcrz = o AJ
> o e{n(t)}(o)=ZakZ =™ (0). (3.5)

k=0 k=1  j=0
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Example 3.1. Consider the second-order dynamic equation,
n%2(¢) —n?(¢) —6n(d) =0, n(0)=1, n*(0) =-7. (3.6)

Here, a; =1, a; = —1, and ap = —6. Applying the Elazi transform,

2 2 2 3 2
(F2- 5 —602) em@nio) == (o) + & -ni0) + 5 n(0) 67)
using, n(0) =1, n2(0) = —7, we get
2 2 2 3 2
(cTrz — UT — 602) EMH)Ho) = —% + % — 7%- (3.8)

Simplify the right-hand side,

02 —7To? — T?¢2

en(d)ilo) = : (3.9)
7 (E-1-9)
Factoring the numerator and simplifying,
_o(o—7T— T2)
EM(d)}o) = 1_T_612 (3.10)
We aim to invert the ET. Let us express the result as a sum of simpler terms:
EM(ON(0) = 1=+ 1 1)
" T 1-3To  1+2T0° '
Applying the inverse ET,
n(d) = —e3($,0) +2e »(p,0). (3.12)

50

— )

oL

501

-100 -

-150 -

-200

@)
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-300
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-400

450 L L L L L
-1 -0.5 0 05 1 15 2
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Figure 1: 2-dimensional plot of solution n(¢) of Example 3.1

Remark 3.2. 1. For the timescale T = R, the dynamic equation reduces to the classical differential
equation:
n"(¢) —n'(¢) —en(d) =0, n(0) =1, n'(0)=-7. (3.13)

The explicit solution is given by
n(¢p) = —e>® +2¢2¢, (3.14)
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2. When the timescale is T =, the equation takes the form of a second-order difference equation:

A’n(d) —An(d) —6n(d) =0, n(0)=1, An(0)=-7, (3.15)

where A denotes the forward difference operator.
3. For the quantum timescale T = qINy U {0}, the equation becomes a second-order g-difference equa-

tion:
ATn(P) —Agn(d) —6n(dp) =0, n(0) =1, A¢n(0) =7, (3.16)
with the g-difference operator defined by
n(q¢) —n(¢)
A =, > 1. 3.17
Utilizing the solution form from equation (3.3), the solution values satisfy
n(1) =—6, (3.18)
and for ¢ > 1,
n@)=— [T 0+3(q-nsi+2 J] 0-2(q-1ys. (3.19)
sell, ) s€l,d)

3.2. System of Dynamic Equations with Constant Coefficients:
Consider the system of equations of the form:

P(Dn = w, (3.20)
where
P11(D) --- Pin(D) m &1
P(D) = : : , m=|], w=|:], (3.21)
Pnl(D) Pnn(D) Mn E»n
and .
Pij (D) = Z aika, with DkT] = T]Ak. (322)
k=0

Analogous to equation (3.1), we apply the ET to both sides:

E(P(DI}(p) = (E{Py(D)nj}(p)) = E{w}(p). (3.23)

We apply the linearity of the ET:

ng ny
g {Z aiknfk(da)} (P) =D aw&m® (d)}Hp). (3.24)
k=0 k=0
Using the ET of delta derivatives, we have,
E{njAk(cb)}(p) = N;]((p)nj (p) — initial condition terms, (3.25)

where 1;(p) = €{n;j(d)}(p) and Ny (p) denotes the transform coefficients derived from the kernel K(¢, p)
of the ET on the given timescale.
Substituting, the transformed system becomes:

P(p)n(p) —initial condition vector = w, (3.26)

where:



S. Tarate, K. Kshirsagar,V. Nikam,T. Elzaki, Math. & Comput. Sci., 7(2) (2026), 156-174 169
m(p)
enlp)=| |,
Nn(p)
&{&l(p)
o L = E ,
e{En}(p)
* P(p) is a matrix with entries Py;(p) = > 1L, aix N]‘;E}’).
We solve for n(p) by,
n(p) = ’J’(p)fl [w + initial condition vector] . (3.27)
Finally, apply the inverse ET to retrieve the time-domain solution,
n;(d) =& m(p)Hd), j=12,...,n (3.28)
Example 3.3. Consider the system of dynamic equations
—mA4(d) +3n2 () +2m(d) = 2e3(h,0), m(0) =1, mM?(0) =5,
nA4(¢) —4m® () +3n(P) = —9cosz(,0), n(0) =2, n?(0) =3.
Using the ET &{-} and the properties,
w w &0
et () = L —(0), 2890 =520 g2, (3.29)
% P P
along with,
eleald, 0 = T Elcosald,0)) = (330)

T p2ta?
We transform each equation,

B <M(P) _m(0) —mA(O)) 3 (N(p) —n(0)> +2M(p) =2

p? p

p? P

Substitute initial values m(0) =1, m?(0) =5, n(0) =2, n?(0)=3:

- (M(p) —1—5> +3 <N(p) —z> L 2M(p) = sz

PP p -3
N(p) 2 X(p) 9
(P -5-3) -+ (5 -1) v =25

First equation:

r\i(fuu L3NG

(N(p) _ o) —nA(0)> 4 <(p) —m(O)) +3N(p) = 9 ;P
5
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Second equation:
N(p) 2 4M(p) 9p
———3- +4+3N(p) =— ,
P2 P P P p?+4
N(p) 4M(p) o
2 +3N(p) = 2+ 1.
2p3 2
2p°—1  3p | [M(p) e
2 = 3 (3.31)
—4p  3p°+1] [N(p) 9%
p>+4 P
det = (2p2 —1)(3p% 4+ 1) — (3p)(—4p) = 6p* + 11p> —1. (3.32)
_ 1 3p2+1 —3p
e — . 3.33
6p4—|—11p2—1[ ap 2p2-1 (3.33)
2p° 2
M(P)} -1 | p-3
=A 3.34
N W, 334
p?+4
{m(d>) = e3(¢, 0) +sina (4, 0), (3.35)

n(¢) = e3(d,0) + cos (¢, 0).

x10” x10”

Parametric Curve

m(o)
- = =n()

n(e)
)

m(¢), n(¢)

0 5 10 15
m(g) %10

Figure 2: 2-dimensional plot of solution m(¢), n(¢) with respect to time and Phase Portrait n(¢) verses m(¢$) of Example 3.3.

Example 3.4. Consider the integral equation:

$
L) = ex(,0) +4j C(T)AT,

0

Taking the ET on both sides, we get,

()
E(L(d)) = Elea(d, 0)} + 48 {L cmm} .

(3.36)

(3.37)
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1 [
£leal0, 0 = {0 € {L cmm} —pE(C($), (338)
We obtain,
£(0(0)) = 15, +H4PEL(D) (339)
We write, )
__ K P
(T—2p)(i—dp) 1-2p  1-dp (340
Thus,
(403 P (3.41)
S 1-2p 1—4p '
Using the inverse ET,
gt { ! } —ea(0,0) (642)
1—ap
We obtain,
[4(d) = —e2(,0) +2e4(,0) | (343)

(o)

-100
-1

70‘.5 (‘) 0‘.5 ‘1 15
Figure 3: 2-dimensional plot of solution ((¢) of Example 3.4 .

3.3. Transforms of Generalized Exponential and Trigonometric Functions:

Assume the timescale T has a constant graininess function, i.e., p(¢) = p. The transforms of gener-
alized exponential and trigonometric functions derived here are consistent with and complement recent
results on fractional formulas involving extended hypergeometric-type functions on timescales [1, 3, 23].
From equations (2.46), we have

2
& <651(¢/0)> (p) = pu , PER, p>0,
% p‘i‘m—l

(0e2y10.0)) ) =p | " weds (00180 = P —p,

0
p?
(cb,O)) (p) = —p P~ B.

Similarly, the transforms involving generalised trigonometric functions yield

€ <eﬁ(¢,0) e

1
P
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3

2,
: <eé@é(¢’0) COSB(d)’O)) (p) B pE—FEZ - ’pzl—)f- [?)2/

_ 7B

p2+ B2
Example 3.5. Consider the dynamic equation with a non-standard forcing term on the timescale T =
N3 ={n?:n € Nok

e (e @ 01sing(4,0)) (7

E2(b) +2&(0) = ber(d,0), £(0) =1. (3.44)
The Laplace transform on this timescale requires evaluating the transform of ¢ e; (¢, 0) using convolution,
which involves a complicated graininess-dependent kernel that does not simplify to a closed form on
T = IN2. By contrast, applying the ET and using Theorem 2.11 and the result &{¢}(p) = p (established in
Problem 1 following Theorem 2.12), together with &{¢ e1(¢,0)}(p) = p* from Section 3.3, the transformed
equation immediately yields:

ARt aeteip) =,

giving

5
el =

from which the solution is recovered by the inverse ET. The computational reduction compared to the
Laplace-based convolution approach is substantial on this timescale.

3.4. Special Case: T =R
When the timescale reduces to the real numbers, the ETs reduce to classical forms:

P2
e Pp)=——, p>-o

Pt
p3
8{(1)67“4)}(]9) = m/ P>—«,
glePte=d)(p) = S B—«
P = e P ,
2
aam%mmmmnzwiﬁ;fw,p>—m

These results are consistent with earlier findings (see, for example, [6]), and the current formulation
offers a more general framework.

4. Conclusion

The ET is introduced in this work as a novel integral transform defined on an arbitrary timescale
T, designed to facilitate the solution of systems of dynamic equations. This development represents an
original contribution since the ET on general timescales has not been addressed before. The proposed
framework generalizes and unifies classical approaches, making it applicable not only to ordinary dif-
ferential equations when T = IR, and difference equations when T = Ny, but also extending to more
complex cases such as g-difference equationsT = qINg := {q% : ¢ € Ny, q > 1}, as well as to timescales
like T = qu{0}, T = hINyg, T = Ny, and T = T, the set of harmonic numbers. This unified theo-
retical approach equips the ET with the capacity to address dynamic and integral equations on various
timescales effectively. For an in-depth comparison of the Elzaki and Laplace transforms, the interested
reader is directed to the works [13, 14, 15, 29].
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