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Abstract

Changes in conditions and parameters of equations in fluid dynamics can place a significant burden on procedures that
lead to their approximate analytic solutions. While some classes of numerical methods can easily accommodate such changes,
explicit linear multistep methods (LMM) have problems of instability. In this research in order to address problem of instability
associated with explicit LMM when used to solve nonlinear differential equations a hybrid form of explicit LMM incorporating
two off-step points in block form was derived using multistep collocation and matrix inversion technique. The two off-step points
involved an interpolation point and a collocation point. Furthermore, the derived block method was shown to be convergent;
investigation of its region of absolute stability indicated an A(α)-stable method having large region of absolute stability with
α = 88.70 and capable of handling nonlinear systems. For implementation purpose, it was tested on classical Blasius problem in
fluid dynamics and results compared well with Matlab ode23s known for solving stiff and nonlinear problems.
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1. Introduction

In fluid dynamics, nonlinear mechanics of uniform flow past a semi-infinite plate have been modelled
using differential equations (DEs). One of such DEs is a third order differential equation popularly known
as classical Blasius equation [37]. It can be obtained from simplification of Navier-Stokes equations under
similarity transform and certain prescribed assumptions [35]. The classical Blasius equation is given by
Blasius[6];

y′′′
xxx +αyy′′

xx = 0 (1.1)

subject to initial-boundary conditions;

y(0) = 0,y ′(0) = 0, lim
x→∞y ′(x) = 1 (1.2)
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where α is a constant and the notations y′
x = dy

dx
,y′′

xx = d2y

dx2 ,y′′′
xxx = d3y

dx3 are first, second and third order
derivatives of y with respect to x respectively. Existence and uniqueness of (1.1) are guaranteed when
adequate initial-boundary conditions are used. Equivalently (1.1) and (1.2) can be written as a system of
ordinary differential equations [22];

u′
x − vx = 0,ux(0) = 0,

v′x −wx = 0, vx(0) = 0,
u′
x +αuxwx = 0,wx(0) = 0.46957.

 (1.3)

There has not been simple closed-form solution to the Blasius problem despite its simple outlook. Sev-
eral attempts have been made, for example perturbation method used for solution by Blasius[6] was
shown to be inadequate due to restricted radius of convergence of the first power series applied to
obtain approximate series solution [36]. Afterwards, many other methods of solutions have been de-
veloped for the classical Blasius equation. Among them are Adomians decomposition [1], homotopy
perturbation [13, 22], analytic approximate solution [20], Runge-Kutta [10], generalized Laguerre func-
tion collocation [27]; Variational iteration [14], differential transformation, Shooting and parallel shooting
methods [7]. Readers may consult other numerous methods of solutions to Blasius equation in literature
[2, 3, 16, 18, 21, 28, 29, 30, 34, 39, 40].

It has been noted that analytical solutions to complicated problems in fluid dynamics can be time-
consuming and tiresome [29]. Slight changes in some system factors and boundary conditions of such
problems can induce remarkable challenges leading to more complications. However, use of numerical
computation for simulation of the problems can offer easier approach to solutions. Motivation to embark
on this study came from possibility of deriving a block hybrid method capable of solving complex systems
often commonly found in fluid dynamics. Particularly by creating a hybrid method through modification
of a class of explicit linear multistep method which in time past was considered unfit for such purpose
due to some barriers. This will be achieved by leveraging on advantages found in multistep block methods
where all step values are acquired in a single block advance thereby speeding up process of computation
of solutions [9]. There are some block methods in literature whose structure, class and capability differ
from the block hybrid method proposed in this study. Some of such methods have specifically targeted
block backward differentiation formulae (BDF) due to consideration of stability [4, 8, 17, 19, 31, 32, 33].
Okuonghae and Ozobokeme [25] introduced an optimal Lstable timeefficient hybrid block method based
on interpolation and collocation, which is particularly effective for stiff systems and AlKhaled et al. [5]
developed a reliable numerical algorithm for solving the Blasius boundary value problem, offering a
recent comparison for accuracy and computational efficiency.

In this study, objectives are to derive block hybrid explicit method (BHEM) with two off-grid points
based on multistep collocation and to implement the block method for numerical solutions of classical
Blasius problems commonly found in fluid dynamics. Development of the block hybrid method will
be achieved particularly by making the first off-grid point an interpolation point and the second off-
grid point a collocation point. The advantage of using multistep block method over single-step method
includes better computational speed, efficiency and accuracy of solutions. Other objectives of this study
include analysis of the block hybrid method and its numerical test on classical Blasius problem.

The remaining part of the paper is arranged as follows: section 2 considers derivation of the block
hybrid method, section 3 centres on analysis of the derived method. section 4 considers results from
numerical simulations of classical Blasius problem and conclusion comes up in section 5.

2. Derivation of block hybrid method

Derivation of the block hyrid method for this study follows Onumanyi et al. [26] hence define a
polynomial of degree p = t+m− 1, t > 0,m > 0 by

y(x) −

t−1∑
j=0

αj(x)y(xn+j) = h

m−1∑
j=0

βj(x)f(x̄j,y(x̄j)), xn ⩽ x ⩽ xn+k (2.1)
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where αj(x) and βj(x) are continuous coefficients defined by

αj(x) =

t+m−1∑
i=0

αj,i+1x
i; j ∈ {0, ..., t− 1} (2.2)

and

hβj(x) = h

t+m−1∑
i=0

βj,i+1x
i; j ∈ {0, ...,m} (2.3)

In (2.1), m are collocation points and xn+j are interpolation points t(0 < t ⩽ k) which are arbitrarily
chosen from {xn, xn+1, ..., xn+k−1}.

Let k = 2, t = 2,m = 2 and two off-grid points x = xn+ 5
4

and x = xn+ 8
5

be incorporated as interpolation
and collocation points respectively hence (2.1) becomes

y(x) = α1(x)yn+1 +α 5
4
(x)yn+ 5

4
+ h

[
β1(x)fn+1+β 8

5
(x)fn+ 8

5

]
(2.4)

In this procedure, it is necessary to obtain multistep collocation matrix D. However, to avoid repetition,
readers may check Onumanyi et al.[26] for its derivation in general form and matrix inversion technique.
Hence for this study, multistep collocation matrix D is defined by;

D =


1 xn+1 x2

n+1 x3
n+1

1 xn+ 5
4

x2
n+ 5

4
x3
n+ 5

4

0 1 2xn+1 3x2
n+1

0 1 2xn+ 8
5

3x2
n+ 8

5

 (2.5)

such that C = D−1 is a matrix where C represents continuous coefficients αj(x) and βj(x) in (2.1). With aid
of Maple software C = D−1 can be obtained and its subsequent substitution into (2.1) give the following
continuous formulation;

y(x) =
(
− 476xn+595h−476x

13h3

(
h2 +

(
− 212x

119 + 212xn

119

)
h+ 80 (x−xn)

2

119

))
yn+1

+
(
(608h−320x+320xn)(h−x+xn)

2

13h3

)
yn+ 5

4
+
(
−

(4xn+5h−4x)(h−x+xn)(95xn+173h−95x)
78h2

)
yn+1

+
(
− 25 (h−x+xn)

2(4xn+5h−4x)
78h2

)
yn+ 8

5

(2.6)

Evaluation of (2.6) at x = xn, x = xn+ 8
5

and its derivative at x = xn+ 5
4

give the following;

yn+1 = − 13
595yn + 608

595yn+ 5
4
− 173

714hfn+1 −
25
714hfn+ 8

5

yn+ 5
4
= yn+1 +

31
288 hfn+1 +

13
84hfn+ 5

4
− 25

2016hfn+ 8
5

yn+ 8
5
= − 539

325yn+1 +
864
325yn+ 5

4
− 147

650 hfn+1 +
21
130hfn+ 8

5

 (2.7)

Equation (2.7) is the derived block hybrid scheme with off-grid interpolation and collocation points.
Convergence analysis of (2.7) follows subsequently.

3. Analyses of the block method (2.7)

In this section, convergence analysis and plots of regions of absolute stability of (2.7) will be consid-
ered.
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3.1. Convergence analysis of the block method (2.7)
Using the approach of Chu and Hamilton [9] and Fatunla [12], reformulate (2.7) to obtain;

M(1)Yn + i = M(0)Yn + hB(1)fn + i, i ∈ R (3.1)

where

M(1) =

 1 − 608
595 0

−1 1 0
539
325 − 864

325 1

 ,M(0) =

 0 0 − 13
595

0 0 0
0 0 0

 (3.2)

and

B(1) =

 −173
714 0 − 25

714
31
288

13
84 − 25

2016
−147

650 0 21
130

 (3.3)

so that the first characteristics polynomial of (2.7) given by;

ρ(λ) = det(λM(1) −M(0))

= |λM(1) −M(0)|

= 0

gives

ρ(λ) =

∣∣∣∣∣∣λ
 1 − 608

595 0
−1 1 0
539
325 − 864

325 1

−

 0 0 − 13
595

0 0 0
0 0 0

∣∣∣∣∣∣
= −

13
595

λ2(λ− 1)

which implies that
λ1 = 1, λ2 = 0, λ3 = 0 (3.4)

According to Fatunla [11], since |λi| ⩽ 1 , i = 1, 2 & 3 the block method (2.7) is zero stable.
The block hybrid method (2.7) consists of three difference equations and order p is determined by

expanding each equation in Taylor series about xn and requiring the local truncation error (LTE) to be
O(hp+1).

Let y(x) be the exact solution. Use the notation yn = y(xn), yn+1 = y(xn + h), yn+5/4 = y(xn + 5
4h),

fn+1 = y ′(xn + h), fn+8/5 = y ′(xn + 8
5h). Expand:

yn+1 = yn + hy ′
n +

h2

2
y ′′
n +

h3

6
y ′′′
n +

h4

24
y
(4)
n +

h5

120
y
(5)
n + · · · ,

yn+ 5
4
= yn +

5
4
hy ′

n +
25
32

h2y ′′
n +

125
384

h3y ′′′
n +

625
6144

h4y
(4)
n + · · · ,

fn+1 = y ′
n + hy ′′

n +
h2

2
y ′′′
n +

h3

6
y
(4)
n +

h4

24
y
(5)
n + · · · ,

fn+ 8
5
= y ′

n +
8
5
hy ′′

n +
32
25

h2y ′′′
n +

256
375

h3y
(4)
n + · · · .

Substitute into the first equation of the block method:

L1 = yn+1 +
13
595

yn −
608
595

yn+ 5
4
+

173
714

hfn+1 +
25
714

hfn+ 8
5
.

After collecting terms, the coefficients of h0,h1,h2,h3 vanish identically because of the coefficients
chosen in the method. The first nonzero term occurs at h4:
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LTE1 =
229

114240
h4y(4)(xn) +O(h5).

Hence the first equation has order p = 3 with error constant C1 = 229
114240 . Analogous expansions for

the second and third equations give

LTE2 =
19

29160
h4y(4)(xn) +O(h5), LTE3 = −

441
520000

h4y(4)(xn) +O(h5).

Thus the entire block method is of order p = 3 and error constants
( 229

114240 , 19
29160 ,− 441

520000

)
respectively.

Following Henrici [15], the block method (2.7) is convergent since it is zero stable and has order p > 1

3.2. Stability polynomial of the block method (2.7)
Definition 3.1. Let S be region of absolute stability in a complex plane and ri, i = 1, 2, ..., k be roots of
stability polynomial π(r, z) defined by

π (r, z) = ρ(r) − zσ(r) = 0 (3.5)

block method (2.7) is said to be absolutely stable with region of absolute stability S if all roots ri of the
stability polynomial π(r, z) satisfy |ri| < 1 for a fixed z = hλ, r = eiθ, where ρ(r) and σ(r) are first and
second characteristics polynomials respectively ( [4], [23]).

Definition 3.2. A numerical integration scheme is said to be A (α) stable for some α ∈
[
0, π

2

]
if the

wedge
Sα∗ = {z : |Arg(−z)| < α∗, z ̸= 0} (3.6)

is contained in its region of absolute stability. The largest α∗
max is called an angle of absolute stability or

an argument of stability (Okuonghae and Ikhile, 2013).

Using (3.5), the (3.1) has the stability polynomial π(r, z) for the block method (2.7) given by;

π (r, z) = M(1)Yn + i −M(0)Yn − h B(1) fn + i, i ∈ R

π (r, z) = M(1)r1 −M(0)r0 − z B(1)r1

π (r, z) = M(1)r−M(0) − z B(1)r

π (r, z) = r
(
M(1) − zB(1)

)
−M(0) (3.7)

so that (3.7) for values of M(1),B(1)),M(0) in (3.2) and (3.3) for

r =

 r 0 0
0 r

5
4 0

0 0 r
8
5

 give the following matrix obtained with the aid of Maple software version 2022.0 as;

π(r, z) =

 r
(
1 + 173

714 z
)

− 608
595 r

25
714rz+

13
595

r
5
4
(
−1 − 31

288 z
)

r
5
4
(
1 − 13

84 z
) 25

2016r
5
4 z

r
8
5
( 539

325 +
147
650 z

)
−864

325 r
8
5 r

8
5
(
1 − 21

130z
)
 , (3.8)

The determinant of(3.8) gives the stability polynomial;

π(r, z) = −
13

595
r

77
20 +

143
5100

zr
77
20 −

1261
71400

z2r
77
20 +

13
1785

z3r
77
20 +

13
595

r
57
20

+
247

35700
zr

57
20 +

13
17000

z2r
57
20

(3.9)
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and the plot of (3.9) using MATLAB software version R2018a gives;

Figure 1: Plot of stability polynomial (3.9)

4. Results and Discussion

From Figure 1, it can be obtained that the derived block method (2.7) is A(α) stable with α∗
max = 88.70.

Hence implementation of (2.7) on (1.3) gives results which are compared with results from Matlab ode23s
and are shown in Figure 2 with α in (1.3) set equal to 0.5.

Figure 2: Comparison of BHEM (2.7) with Matlab ode23s for numerical simulation of (1.3)

From Figure 2, it can be observed that the newly derived block hybrid method (2.7) compete with
Matlab odes23s well. This shows that despite using fixed step size of (2.7) compared to variable step
size of Matlab ode23s, the close matching of the results is an indication that the newly derived block
hybrid method performed well for the solutions of Blasius problem. Also, observation that the newly
derived block hybrid method (2.7) performed well prompted its use for numerical simulation of (1.3)
using various values of parameters α and results are displayed in Figures 3, 4 and 5.

Figure 3: Results showing changes in ux = y using (2.7) for different α
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In Figure 3, there is consistent increase in velocity profile ux for each α along non dimensional x-axis.
However, it can be observed that increase in α brings about decrease in the profile of ux = y along the
x-axis and vice versa. For instance observe that α = 0.01 induced higher velocity profile ux = y at a faster
rate than for α = 1000 . Analogously, results from numerical simulation of (1.3) for vx = y ′

x for various
values of α are displayed in Figure 4.

Figure 4: Results showing changes in vx = y ′ using (2.7) for different α .

For each value of α in Figure 4, the vx = y ′
x attain equilibrium at some points as x tends to infinity.

When results in Figure 4 is contrasted with that of Figure 3 it can be observed that ux = y in Figure 3
does not tend to equilibrium for each value of α. Essentially, the behavior of vx relative to α is similar to
the behavior of ux relative to α because lower values of α induced higher value of vx = y ′

x along the non
dimensional x-axis for both Figures 3 and 4.
While results for Figure 5 tend to equilibrium for wx = y ′′

xx, it can be observed that the higher values of
α induced lower values of wx = y ′′

xx along non dimensional x-axis.

Figure 5: Results showing changes in wx = y ′′
xx using (2.7) for different α .

When solving (1.3) for initial conditions u(0) = 0, v(0) = 0 and w(0) = 0.46957 the α has to be set
equal to 1 so that boundary condition lim

x→∞y ′(x) = vx = 1 prescribed in (1.2) will be satisfied as shown
in Figure 4. Some studies have used initial conditions different from the one used in this research ( [10],
[38]). However, obtaining initial condition y ′′(0) = w(0) for (1.3) has been a challenging task and some
authors have used initial guess to arrive at a value which satisfies the boundary value lim

x→∞y ′(x) = vx = 1
in (1.2) ([10], [22]).

The infinite boundary condition y
′
(∞) = 1 is handled numerically by replacing the semiinfinite inter-

val [0,∞) by a finite interval [0,Xmax]. The Xmax is chosen large enough so that v(x) essentially reached
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its asymptotic value 1. From Figures 2, 3, 4 and 5, domain length Xmax = 10 is used, the plots extend to
x = 10. Using fixed step size: h = 0.1, number of steps (subintervals): N = Xmax

h
= 10

0.1 = 100; smaller step
size h = 0.05 can also be used with more computational efforts where N = 200.

This study considers effects of initial conditions on dynamics of the system (1.3) by making arbitrary
choices of α = 0.1 and α = 100 , the results are shown in Figures 6, 7, 8, 9, 10 and 11.

Figure 6: Changes in ux = y with α = 0.1 for different initial conditions of wx using (2.7).

Figure 7: Changes in ux = y with α = 100 for different initial conditions of wx using (2.7).

For α = 0.1 , the ux showed a curved profile in Figure 6 and for α = 100 , the ux showed a straightened
profile in Figure 7 for different initial conditions of wx . It can be seen that highest initial condition brought
about highest profile of ux . Also, profiles of vx are shown in Figures 8 and 9 for different values of α and
different initial conditions of wx.

Figure 8: Changes in vx = y ′
x with α = 0.1 for different initial conditions of wx using (2.7).
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Figure 9: Changes in vx = y ′
x with α = 100 for different initial conditions of wx using (2.7).

Numerical simulation of (1.3) for vx = y ′
x showed that for α = 0.1, equilibrium can be attained at a

slower rate as depicted in Figure 8 compared to attainment of equilibrium at a faster rate for α = 100
shown in Figure 9. There is direct proportionality between vx and each initial condition of wx. This
means that high value of initial condition of wx brings high value of vx = y ′

x . Effects of different initial
conditions on dynamics of wx = y ′′

xx in system (1.3) for α = 0.1 and α = 100 are also shown in Figures 10
and 11.

Figure 10: : Changes in wx = y ′′
xx with α = 0.1 for different initial conditions wx of (1.3) using (2.7).

Figure 11: Changes in wx = y ′′
xx with α = 100 for different initial conditions wx of (1.3) using (2.7).

It can be observed that the wx = y ′′
xx attained a steady state at much slower rate when α = 0.1 in

Figure 10 than when α = 100 in Figure 11 for each initial condition. Hence there is direct proportionality
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between wx = y ′′
xx and each initial condition.

5. Conclusion

In this study, a new block hybrid method with an off-step interpolation point and an off-step col-
location point was derived. It was shown to be zero stable and consistent hence a convergent method.
To display efficiency of its performance, the block hybrid explicit method was applied to initial value
problem representing classical Blasius flow and results were graphically compared with results obtained
from Matlab ode23s. It was confirmed that the newly derived block hybrid explicit method compete well
with Matlab ode23s. Further investigations of the classical Blasius equation were carried out for different
values of parameter α and different initial conditions using the derived block hybrid method. Hence
the derived block hybrid method was found to be suitable for solving classical Blasius problem in fluid
dynamics. Consequently, it can be applied to solve other similar problems in fluid dynamics.
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