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Abstract

The primary objective of this paper is to formulate an extended version of a new mixed-type additive-quadratic functional
equation and to analyze its Ulam-Hyers stability in three distinct cases: odd, even, and odd-even. Specifically, the odd case
corresponds to the stability of additive functional equations, the even case corresponds to the stability of quadratic functional
equations, and the odd-even case characterizes the stability behavior of mixed additive-quadratic (AQ) functional equations.
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1. Introduction

The stability theory of functional equations originated from a question posed by Ulam in 1940 con-
cerning the stability of group homomorphisms [25]. A partial affirmative answer was provided by Hyers
[14] for Banach spaces, which later became known as Hyers-Ulam stability. This foundational result was
further generalized by Aoki [9] and Rassias [21, 22], leading to the celebrated Hyers-Ulam—-Rassias sta-
bility concept. Subsequent refinements and extensions were developed by Gavruta [12, 13], introducing
control functions and broadening applicability. Over the decades, stability analysis has evolved into a rich
and independent research field with deep connections to nonlinear analysis, operator theory, and Banach
space geometry.

In recent years, significant progress has been made in extending stability concepts to differential
and difference equations [1, 10, 16, 23, 24], fractional models [11, 17], nonlinear dynamical systems [2],
and various generalized normed structures including fuzzy, random, and neutrosophic normed spaces
[3, 4,5, 6,7,8, 20]. Moreover, modern approaches frequently employ direct estimation techniques and
fixed point methods, which provide unified and powerful frameworks for proving stability results. In-
vestigations into cubic and higher-order functional equations, Mittag-Leffler-type stability, and related
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analytical transforms [15, 18, 19] demonstrate that the scope of Ulam-type stability has expanded consid-
erably beyond classical additive mappings.
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Motivated by these developments, the present study aims to further investigate stability phenomena
for a new class of functional equations within generalized normed frameworks. Despite the extensive
literature, several open questions remain regarding the interplay between higher-order structures, nonlin-
ear perturbations, and generalized metric environments. In particular, there is a need to unify direct and
fixed point techniques while improving stability bounds under weaker assumptions. The objective of this
work is therefore to contribute to the ongoing advancement of Ulam-type stability theory by establishing
new stability results, refining existing methodologies, and extending applicability to broader analytical

settings.
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2. ADDITIVE MAPPING

Theorem 2.1. Assume that € be a additive function and
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for alll € 7. We have to show the sequence of convergence
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As N approaches to oo in the above and applying additive condition, we arrive
o (U, V) =0.
Next, A satisfies the uniqueness

IA(W) — B(W| = 1))N HA( (tanﬂz ( ))N u) — B((tcmjz (g))N W)

(tan® (3

;
< Gy e () 0 (5) o

oo () 0=t () 0}

2 2 g((tan® (2))" Ny, 0

< G (9)) 25

3 =0 (t(lTlgz

—0 as N— o

for all U € .#7. Hence A is unique.



P. Agilan, V. Vallinayagam, S. Annadurai, Vaddi Seshagiri Rao, Math. & Comput. Sci., 7(3) (2026), 78-87

82

Corollary 2.1. Assume that € be a additive function and P are real constant, then
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3. QUADRATIC MAPPING

Theorem 3.1. Assume that € be a quadratic function and

£ ((tan™ (5))™ 1, (tan™ (5)) ™)

converges in R also

N=0 (tan® (%))m
. ((tan™ ()™ (ran® (5))") ;
N0 (tan® (5))™ '

Let the mapping ¢y - A — J be an even function satisfying the inequality
|74 (W, V)| < € (W, V)

and the defined condition Q(U) is

There exists Q : A — 7 is an unique even mapping, then

1 © g((tan® (2))™ 1,0
3(tan® (§))" fo  (tan® ()™

Proof. Consider V by 0 in (3.2) and applying the even condition, we reach

174 (W) — QU <

1
3 (tan® ()

H%(U) ¢ (U,0)

for alll € 5. Now replacing U by (tan® (%)) U and dividing by (tan® (%))2 in (3.5), we obtain

(
Hﬁf( RENW  Ay((tan® (5) W)
(tan® (7)) (tan® (%))*

(2.10)

(2.11)

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)



P. Agilan, V. Vallinayagam, S. Annadurai, Vaddi Seshagiri Rao, Math. & Comput. Sci., 7(3) (2026), 78-87 83

for alll € 7. It follows from (3.5) and (3.6) that
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As N approaches to oo in the above and applying quadratic condition, we arrive
Q(U, V) =0.

Next, Q satisfies the uniqueness
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Corollary 3.2. Assume that € be a quadratic function and P are real constant, then
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4. ADDITIVE -QUADRATIC MAPPING

Theorem 4.1. Assume that € be a additive-quadratic function and satisfying
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Proof. By the priciple of oddness, we have .7, (U) HalW) _2%%(_11) and by applying this condition
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5. Conclusion

We formulated an extended version of a new mixed-type additive-quadratic functional equation and
established its Ulam-Hyers stability under three distinct structural cases: odd, even, and odd-even. By
decomposing the given functional equation according to symmetry properties, we demonstrated that the
odd case reduces to the stability behavior of additive functional equations, while the even case corre-
sponds to quadratic functional equations. The mixed odd-even case was shown to characterize the sta-
bility structure of additive-quadratic (AQ) functional equations, thereby unifying both classical behaviors
within a single generalized framework. The obtained results not only generalize several existing stability
results in the literature but also provide a systematic approach for analyzing mixed-type functional equa-
tions through symmetry decomposition techniques. The methods employed in this work offer a clear
mechanism to control perturbations and to derive explicit stability bounds, thereby strengthening the
connection between classical Ulam-Hyers stability theory and modern mixed functional equations. The
framework developed in this study opens new directions for further research. In particular, the present
approach can be extended to investigate generalized Ulam-Hyers-Rassias stability, stability in fuzzy, ran-
dom, or neutrosophic normed spaces, and higher-order or fractional mixed-type functional equations.
These potential extensions may contribute to deeper structural understanding and broader applications
of stability theory in nonlinear analysis.
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